












































Some of the results are shown in Tables 1 and 2. The subjects were
fourth graders with an I.Q. range from 110 to 131; there were 24 subjects

in each group.

Table 1. :Comparisons of errors on different parts of logic exXperiment

Comparison % df gignificance
FA > FB 1.94 46 o1
1A > IB s 328 46 .01
TA # IA 147 HES ————
FB # IB .08 L6 ———
FA + FB £ IA + IB 1.15 ok S
FA + IB # IA + FB 1.07 oL -

Table 2. Vincent learning curves in quartiles for logic experiment

Probability of error in each quartile

Group 1 2 3 L
FA _ 4o | .36 .39 .24
1B .32 | .32 .30 .19
IA 45 41 3% .28
FB .21 21 .28 1k

Perusal of Tables 1 and 2 indicates that the order of presentation,
formal material first or last, does not radically affect learning.

There is, however, some evidence in thé mean trisls of last error that
there was posgitive transfer from one ﬁart of the experiment to the other

for both groups. For example, the group that began with the formal
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material had a mean trial of last error of 1k.1 on this part, but the
group who received this materisl as the second part of their experiment
had a smaller mean trial of last error of 10.9. TIn the case of the
interpreted part, the group beginning with it had a mean trial of last
error of 1803, but the group that received this material after the
formal part had a mean trial of last error of 7.7, a very considerable
reduction. Now one way of measuring the amount of transfer from one
concept or presentation of methematical material to a second, is to
consider the average mean trial of last error for both concepﬁs'in the
two possible orders. If we look at the logic experiment from this
standpoint there is a significant difference between the group beginning
with the formal material, completely uninterrupted as tc meaning, and
the group beginning with the interpreted material. The average trial
of last error on both parts of the experiment for the group beginning
or. the formal part is 10.9 and that for the group beginning on the
interpreted part is 14.6. In a very tentative way these results favor
an order of learning of mathematical.concepts not yet very widely ex-

plored in curriculum experiments.

4, Algorithms in Arithmetic

T conclude this paper with consideration of a pedagogically_imporm
tent and theoretically interesting exemple of a problem that needs deeper
psychological analysis, namely, the problem of how the first algorithms
in arithmetic are learned.

A an initizl model for thinking about algorithms, T would like to

propose the following. We have in mind a given collection of problems
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that we wish the child to be able to solve. To make our analysis definite
at this point, let us consider a set of arithmetical problems. They might

be in the form of 8 - 5 = ,; 8+ = 10, 10 ~ =k, -3 = 5,

_ete. The machinery needed to solve these probiems can be roughly divided
into two parts. One part consists of direct storage in memory of certain
Qlementary facts. Exactly what these elementary facts are will vary from
stage to stage in the curriculum. Towarde the beginning of arithmetic,
it might consist of sterage of the elementary addition facts: L1+ 1 = 2,
1+2=3,2+1=31+0=1,2+0=2,3+0=3, 0+3=23, etec.
The second part of the machinery consists of algorithms, or constructive
rules, for transforming the elementary facts in memory into new elementary
facts or, what ié probably more important, transforming new stimulus pre-

 sentations into one of these elementary facts stored in menmory.

An immediate problem of psychological importance with respect to
a given body of problems is how much should be stored in memory and how
much should be carried by the algorithmic rule. It is seldom the case
that for a given set of problems we want all the answefs stored directly
in memory =-- it 1s certainly contrary to the usual spirit in teaching
mathematics, but 1t is also vnusual to want to store in memory only a
minimal set of facts. For illugtrative purposes, let me describe in
some detall a way of teaching arithmetic that would consist of storing
in memory a small number of facts and transferring the 1arger part of
the load to the algorithmic rules. 1 emphasize that the example chosen
is not one that is meant to have direct pedagogical applications. This
gystem for computing sums.is clearly not the sort of system we would

wish to teach.
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We

3.
.

Let us suppose that our set of problems ig just the following thirty

0+ 0=n 0+n=20 n+o0=2¢
O+ 1lL=nmn 0+ n=1 n+1=1
1+0=n 1l+n=1 n+0-=1=
1l +1=mn l+n=2 n+1l=2
2+1l=n 2+n = 3 n+l=735
1+2=n l+n=3 n+2=73%
3+ 1l.=n 3 +n=4 n+1=2="4
1+ 3=nm l+n==%L n+3=4
2+2=n 2+m =14 n+2=»54
b+ 1 =mn L +n=5 n+1=5

put the following four facts in memory

I1+1=2
2+ 1 =3
5+ 1=tk
L+1=-5

have the following four rules of operation:.

Use the four facths in memory +o replace equals by equals,
Replace a term of the form a + ‘b +c¢) by (a+b~+c, or
vice versa.

Réplace e term of the form a + b by b+ a,

Cancel an equation of the form a + n=a + ¢ 1o get n = ¢.

These four rules are then used to transform a problem, step by step,

until we reach an expression of the form n = ¢. Thus,
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2+2=mn Problem

2+ (L+1) =n by (1)
(2+ 1) +1=n by (2)
3+ 1=n by (1)

Y =n by (1)

or, similarly,

Z+n=5 Problem

3 +n=14+1 by (1)
3+n=(3+1)+1 by (1)
3-&-n=3+(l+l)‘by (2)
Z+n=3+2 by (1)
n=2 by (&)

There are several immediate criticisms to be made of this set-up,
as I have described it. First, I have not been really explicit sabout
parentheses in connection with rule (1). And I have not really made
clear the role of the asgociative law, i.e., rule (2), More importantly,
T have not written down a genuine algorithm for the set of problems.

The four rules are four rules of proof, not an algorithm for solving
any one.of the thirty problems.

To convert the four rules into an algorithm, it is necessary to
specifly an order in which they are ¢ be applied, and this order, to be
efficient, should vary with the particular problem. Not only is it
hecessary to gpecify an order, but it also is neéessary to show that the
algorithm can be given t0 a machine and automatically used to solve any

of the thirty problems.
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To convert the present four rules:into & genuine algorithm is some-
what tedious. Let me degcribe another simpler system that may be used
to solve the same thirty problems.

We put in memory the following five definitions:

1=/
2=//
3=///
/117
/117

1=
1l

5

1

Our algorithm is then thé following:

(1) Replace all Arabic numerals by their stroke definitions and
delete all plus symbols.

(2) If there are strokes on both sides of the equal sign, cancel
one-by-one starting from the left of each side until there remain no
strokes on one gide. Ignore n in cancelliing.

(3) On the one side still having strokes, replace the strokes by
an Arabic numeral, using the definitions in memory.

The solution in the form n=¢ or ¢ =1n will result.

Let us apply this algorithm to the two probiems previously‘considered.?

First problem:

2+ 2=n Problem
[/l //=n by. (1)
b =n by (3)

In this case no cancelling ig required.
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Second problem:

3+ n

/] a

Problem

/1117 vy (1)

I
1

I

/[l w=//]] vy (2)
/[ m=/// vy (2)
n=// by (2)
n=2 vy (3)

It should he clear from these examples how the algorithm wmay be
applied to soclve the other twenty-eight problems in the original set,
© and moreover, how simply by adding new definitions in memory we may,
without changing the algorithm, move on to similar problems involving
larger numbers.

From a logical standpoint this algorithm is perhaps as éimple as
any to be found, and is very close in spirit to a direct characteri-
zation of the operation of counting. Consideration of its possible use
by children takes us cut of the domain of elementary mathemstics ~-- the
theory of algorithms for simple mathematical systems -- into the domain
of psychology. Let me try to state some of the problems we encounter
as we enter this domain.

(1} It seems highly unlikely that any children, without training,
actually use the algorithm just described. The perplexing gquestion is:
what algorithms do they in fact use? At the level at which this problem
is often discusgsed, the obvious answer ig that they use the algorithms
taught in the classroom and presented in their textbooks. But even casual

inspection of the curriculum shows the Inadequacy of this response, for
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algorithms.for the thirty problems lisied above {or with thé numerical
variable "n" replaced by & blank or box) are not explicitly taught,
although some partial hints in terms of counting may be given. A typical
curriculum instruction to teachers is to let the children find the answer
"intuitively" by working with the nuwbers. Parenthetically, the use of
the word “intuition” in ite nominal, adjectival or adverbial form by a
curriculum builder, reformer, planner or evaluator should be a signal
to the psychologist that unexplained and ill-understood learning behavior
is about to be meniioned, and, unfortunately, often described as if it
were understoodn.

So the problem remains, how do children in the fourth, fifth, or
sixth month of the first grade, solve problems like those in ocur set
of thirty?

(2) A proposal ofien heard is that children solve such problems
by simple rote learning. This ig a possible response when any single
set of twenty or thirty simple problems is considered. It does not geem
nearly as plausible when we look at the larger set of problems from which
our thirty have been drawn. There are 55 ordered pairs of numbers summing
to 9 or less (0 + O - 0, 0+1=1,1+0=1, etc.). There are then
165 problems of +the same type as our thirty (n + 0 = 0, 0O+ n=0,
0+ 0=mn, ete.). And the number of problems is increased considerably
further by adding triplets of the form 1+ 2 +n=4, 1 +n+ 2 = L4, ete,
1% is extremely doubtful that this large stock of problems is held in
memory, available for direct access. The child solves them by applying

some sort of algorithm. Some of the possibilities are the following.
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(a) The child counts off the neecessary number words, aloud or in
gilent speech. Thﬁs,‘the solution to 'k + 5 =n" is obtained by
counting off five number names after "four", namely "five, six, seven,
eight, nine.” The solution to "4 + n = 9" is obtained by counting
off number names after “"four"” until "nine" is reached and then Judging
the cardinality of the set of nuwber ﬁames counted off. Even without
detailed analysis it is clear that the second kind of problem is harder
than the first. The third kind of problem is still harder. The solution
to n+ 5= 9" ig obtained by counting off enocugh number names such
that five more take the child to "nine.” It seems doubtful to me that
the algorithm can be successfuily applied in this form to the third kirnd
éf problem. Notice that nc advantage has been taken of the commutativity
of addition. BSerious training on this property would enable the child
t0o reduce problems of the third kind to those of the second kind. The
relatively greater difficulty almost all first-grade children have with
.the third kind of problem, when the unknown is at the far lefi, indicates
that 1f the algorithm just described is used, it is not augmented by the
commutative law.

For a great many different reasons it seems improbable that the
élgorithms actually used reguire very many closely~knit steps to obtain
an answer. The couniting algorithm just described is realistic for problems
of the form "4t + 5 = n" and not out of the guestion for problems of
the form "4 + n = 9." For problems of the form "n + 5 = 9" +the child
may, without being explicitly conscicus of it, make rough estimates of
n and test the guess by counting. EHEe remembers, say, that 5 + 5 = 10,

and '"nine" is close to "ten,” so he trys 3 or 4. Or, he may remenber,
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that is, have in immediate storage, that L4 + L& = 8, and he uses this
fact to guess 3, 4 or 5.

(b) In many ways the above discussion sells the counting algorithm
short, because of the seeming difficulty of counting a set of number
names like "five, six, seven, eight" pronounced aloud or in silent
gpeech, because the trace of "five"™ wmay have departed before “eight"
is said. When the algorithm is externzlized and applied in terms of
physical objects (even the fingers) it seems much eassier., T heve seen
something iike the following used quite.successfully in Ghana with harder
problems than those we are now discussing.

The child hag a counting set of pebbles on his desk. To solve the
problem "4 + 5 = n" he first counts out L pebbles from his pile. He
sfops, and then counts out five more. This counting is done by simul-
taneously saying the number names “one, two, three, four" and pulling
one pebble from the pile as he says each rame. After counting out the
set of four, and then coumtiﬁg cut the set of five, he now counts the
separated set of nine pebbles and gets the answer. He sclves the problem
"t + n = 9," by first counting out a set of nine pebbles and then taking
four away, that ig, by counting off a set of four from the set of nine.
(It is to be emphasized that each of these counting operations ig a
highly physical thing.) After taking away the set of four, he then
counts the remaining set of five to obtain thé answer. Notice tThat
the act of taking away four from the set of nine pebbles can be clearly
and succinctly taught even though the subtraction synbol has not been
introduced. As already remarked, lots of people have observed that for

American children the "n + 5 = 9" sort of problem is harder than the
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"h + n = 9" sort. For the counting algorithms just described they would
seem to be on an equal footing. I think, but do not have real evidence

at hand, that the Ghanaian children have the same sort of relative diffi=-
culty. The explanation is mogt likely to be found in the decoding regquired
to pass from the written problem to the physical execution of the algorithm.
The detailed analysis of how the stimulus arrangement expressing the |
problem sets off the algorithmshall not be gone into here, but I may say

in passing that this kind of example provides an excellent opportunity

to analyze the behavioral semantics of the simpiest sort of language.
Briefly put, I interpret a problem format like "4 + n = 9" as a command
in the imperative mood. The gymbol %9% standing by itself to the right
of the equals sign means for the pebble model "Count out a set of nine
pebbles.” The symbol "4" means “Count out a set of four pebbles from
the set of nine."™ And, roughly speaking, the remaining phrase " + n"
means “'Count the remsining set of pebbles and record the answer." For
this kind of semantic the clasgical notion of truth is replaced by that

of a response, or class of responses, saﬁisfying a commsnd. What I have
sketched here in the roughest sort of way can be made precise by using
With‘only slight modification the standard methods and concepts of formal
semantics.

From the standpoint of the usﬁal way of characterizing algorithms,
the pebble~counting algorithm is unusual, for the operations of the
algorithm are performed on the pebbles and not on the number gymbols
themselves. In this case the number symbols have meaning and this
meaning is used to give instructions for performing the algorithm. It

would seem that it is this gort of algorithm many people now advocate
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in arithﬁetic in order to avoid development of great facility with algo-
rithms defined wholly in terms of the number symbols and which may'thus

be learned without "understanding numbers.”

In order to give a concrete sense of some of the complexities that
arige in understanding how childéren learn and perform algorithms, I would
like to review briefly two pertinent experiments.

In the first experiment children in the firsi, second and third
grades (ages 6, 7 and 8 years approximately} were agked to give the correct
answers to the 63 problems of the form 1+ 2 =1, L+ n=3 and
n+ 2 =3, with sums ranging from 0 to 5. The problems were shown
on a screen by a slide projector in the form 1+2=__  , 1+ =3,
ete,, and ‘the subjects responded by pushing one of six buttons marked
0, 1, 2, 3, 4, 5; the bubtons were arranged linearly. A timer also
meagured the regponse latency from the appearance of a problem on the
screen to the pushing of one of the six buttons. In a given daily session
a subject was presented with each of the 63 problems for a total of 63
trialg. One group of first graders had six sessions; the remaining
subjects had three sessions. The only data we shall examine here are
those resgulting from summing over all grades, days and subjects. This
summation yields a total of 280 responses for ezsch of the 63 problems.

In line with the general discussion of possible algorithms; the
following simple model is proposed for anslyzing the rather complex data
of this experiment. The fundamental operation, it is postulated, is

that of counting. For problems of the type a + b = m, where a and D

are given numbers and m ig to be found, the time required is (b+l)g + 8.

Here & 1s a consiant of the sort familiar in reaction time studies;
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& 1s the time it takes to count one step for problems of this tjpe
(hereafter called Type I); b + 1 rather than b steps are called for,
because "O" is the first possible answer, "1" the second, etc. In
the case of Type II problems, whose form 1s a + m = b, the only change
is to replace the timing parameter ¢« by g. Thus the time required
to solve a +m=%b is (m:l)g + B. Note that here m replaces b,
rbecause in all cages we think of counting up to the sum. For problems
of Type IIT, that is, problems of the form m + a = b, we introduce a
third parameter ¢, and the time required to solve m+ a =7o 1is
(m#l)y + 8. Also in line with the earlier discussion it is natural to
postulate that o< g < 7. Concerning errors, it is élso natual %o
postulate a parameter € such that for the three types of problems the
probability of an error oun each counting step is 6q, 68 and 6y respec-
tively. Thus for n=-step problems of Type I the probability of an
error ig 1 - (luea)n, which in first approximation is simply néq,
because, O < 6 < 1. (It is assumed For simplicity that the probebil-
ities of an error on the successive steps are statistically independent
and that successive errors will not cancel each other out.)

The detalled analysis of this model will not be pursued here. The
model goes badly awry in a number of its detailed predictions, but
several qualitative features are well confirmed without requiring statis-
tical estimates of the five parameters ¢, B, 7, O and 9. Here are
some predictions and the supporting or disconfirming evidence.

| 1. Tor the three problem types, the order of increasing difficulty
both in response error and latency is I < IIT < III. The éata are shown

in Table 3, with the distribution of the three types given for the first
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21 with least errors, the second 21, and the third 21, and corresponding
data for the first 21 problems in speed of response, the second 2L and
the third 21. TPFor each entry theerror data are shown first and the

latency data second.

Table 3. Error and latency distributions for three types of problems in

rank-order blocks of size 21.

I IT TII
First 21 11, 11 5, 6 5y W
Second 21 6, 6 8, 6 T, 9

Third 21 L, & 8, 9 9, 8

The evidence that Type I problems are easiest is goed, both in terms

of errors and latencies,because they are concentrated in the first 21
problems in both distributions, but the discrimination between Types IT
and IIT iz subtle and does not strongly favor the hypothesis that B < ¥,
evén though other pedagogical evidence does.

2. For problems of a given type, the speed and accuracy is greater
when the number of counﬁing cteps is less. Thus we may begin by looking
at matching pairs, suchas 3+ =5 and 2+ =5 to see if
indeed the first is easier. To be more explicit; let each prcblem be
defined by a triple (x, ¥, 2z) of nunbers such that x + y = z; A matching
pair then consists of two problems (x, y, z) and (y, x, z) of the same
type, 1l.e., with the blank in the same spot. For ezample, ~  + 1 =75
and __ + k=15 forma pair. There are 27 pairs with x # y. TFor

simplicity, I restrict myself to the latency data. The prediction of
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the model is that the response will be faster for the member of each pair ' e |
having the smaller number to find. Thus the response to + 4 =5,

which should take 2y + & seconds, should be faster than the response

to + L = 5, which should take 5y + & seconds. These predictions

for the matching pairs are pretty well borne out by the data. The pre-
diction is true for 20 of the 27 pairs. Four of those for Which it is
not are problems of the form ____t 0 == when these gpecial cases
of adding zero are eliminated, the results are even more favorable to
the model.
%, The problems with the smallest error rate and latency are consis-

tent with the model, namely O + O = 3 +0=0 and O+ = 0.

On the other hand, there are some striking anomslies, hard to explain
from nearly any standpoint. On only féur problems is the error rate
greater than for 1 + 1 = ___ , which was missed 26§ of the time! Part
of the explanation may be that the subjects responded very fast to this
problem, -- it ranked fourth immediately after the three "zero” problems
Just mentioned -=~; and thus made many careliess errors. The mean latency
for 1+ 1= __  was 3.5 seconds; it was 2.6 seconds for 0 + 0 =

ag the minimum of +the get of 63 problems and 7.0 seconds for L4 + =5

as the maximum. Whatever the explanation; only a quite complicated model
seems likely to fit this surprising error rate into the scheme of thingé,
Other aspects of the response errors are not well-explained by the model,

but shall not be considered here.

The analysis presented has been necessarily very sketchy. A more

detailed quantitative assessment will be made elsewhere of the family

of models suggested by the simple five-~-parameter model examined here.
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The preliminary results seem to be encouraging enough to warrant such
investigations in greater depth.

I want now to move on %0 & second experiment that has gsome interesting
bearing on the complexity of understanding the learning of algorithms.
Roughly speaking, the significance of the experiment I want to describe
is relsted to the fact that we probsbly have been and will continue to
be much misled by the mathematical structure of algorithms, so that we
are deceived into thinking that young students learn the material wvery
much in the way it is formulated from = mathematical standpoint. As
in mosﬁrareas of complex learning, what ié actually going on is undoubt-
edly a good deal more subtle. The experiment is one performed with 9-
and 1lO-year old children who had already been given extensive instruction
on the commitative, associative and distributive laws of arithmetic.

They had had verbal instruction as to the significance of thesge laws,

and they had performed and executed presumably correctly, but without
detailed check on the part of the teacher, a great many exercises applying
the laws, Many of the exercises emphasized the fact that the commutative,
asgociative and distributive laws are central to the justification of

the more compléx algorithms of elementary arithmetic -= nmultiplication

of two-digit numbers, the algorithm for long division, etc.

The experirent was conducted as part of the program of the Computer-~
Based Laboratory we have counstructed in the last two years at Stanford;
the experiment was performed adjacent to the school classroom in a very
small room in which was located = teletype that was connected to the

computer at Stanford. The school itself is approximastely 20 kilometers
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south of Stanford. The children participating in this experiment had used
the teletype for at least a month for the purposes of.review ana drill in-
elementary mathematics, and were fully familiar with the instrument and

the experimental setting. We had noticed in earlier work that the students
were having difficuliy with the commutative, associative, and distributive
laws and that they particularly had difficulties with exercises that called
Tor a rapid shift from one law to another.

We decided to perform & fairly simple learning experiment on the
mastery of this matérialn We broke up the types of problems into 48
categories; shortage of time prohibits me from giving e description of
thése L8 categories. They depend on which particular law is involved
and where the blank occurs. The eguations 5+ 3 =3+ _ and
5+ 3 = ____ 5 would be two instances of two categories exemplifying
the commutative law of addition. The subject got 24 problems a day and
they cycled through the entire 48 types every two days. The students
- were given 10 seconds to answer each problem. If an answer was not given
in that time interval, the program returned conitrol of the teletype to
.the computer, and the fteletype pfinﬁed out "Time is up" before repeating
the problem again. After the gecond appearance and feilure to respond
correctly or within ten seconds, the correct answer was printed out, the
problem was repeated for & finzl time, and the.program moved on to a new
problem.

' The results for the first six days of the experiment are shown in

Table 4.
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Table 4. Mean learning data for the first six days of the compubter-based

teletype experiment on the laws of arithmetic.

Prob. Prob. _ Prob. Mean Time

. Day Correct_' Wrong - Time-Out in Sec.
1 v53 22 25 | 630
2 56 - .33 | 11 520
3 RO ..21' .05 323
i .72 23 .05 | 390
77 .18 .05 355

6 .91 | .08 .01 279

For the first déy‘the mean proportion of correct responses was .55, the
mean proportion of errors .22, the mean preportion of time-outs .25 and
the mean completion time H30 seconds for the entire set of.Bh problems.
S0 the students began by being rather slow and by making lots of errors,
The secoﬁd day we =see an increase, and an incresse each thereasfter,
except on the fourth dsy, until on the sixth day of the experiment the
mean proporticn correct is ,9l, the number of fime-outs is ﬁery slight
and there is a very considerable reduction in mean completion time from
€20 seconds to 279 seconds. TFrom the standpoint of learning we get very
clear mean results. If I had tﬁe time I would show youhthe results for
the best student and the worst student in the class on the first day.
Both of them showed considerable learning and one of the pleasing things
about the experiment is that every student showed marked improvement in
performance. Now one next guestion to ask is about how to analyse the

difficulty of items. At the moment it appears that the best way 1s not
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in terms of the mathematiecal law involved, for example, the distributive
law, but in terms of the kind of patterns requifed in the answer. These
patterns can be defined fairly directly in a psychological rather than
in & mathematical fashion. For instance, regardless of whether we are -
concerned with an associative, commtative or distributive law, if the
student must fill in a single blank on the right of the equation, using
a stimulus pattern or a numeral already occurring on the left, then the
?roblem is relatively easy. What appears to be the case psychologicall}
ig that the students sre perceiving the kind of pzttern required without
regard t0 the mathematical meaning of the law involved. Data for this
sort of problem are labeled Type A in Table 5. Of next order of diffi-
culty are the problems requiring that two blanks be filled in on the left,

but using numerals that occur on the right; for example,

5x (6+3) = (5x___) + (5x___ ).

[

Data for this kind of problem are labeled Type B in Table 5.

Finally, most difficult are the problems that require the use of a
number not shown on the right-hand side of the equation, which in the
‘present experiment were essentially examples showing that neither sub-

traction nor division is commutative:
12 =« 7=T7 =~ .

Data for this sort of problem are labeled Type C in Table 5,
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Table 5. Learning data on the three types of problems in the computer-
based teletype experiment,
Days Type A Type B ' Type C

Prob. Prob. Prob. Prob. Prob. Prob. Prob., Prob. Prob.
Correct Wrong Time-out Correct Wrong Time~out Correct Wrong Time-out

1.2 .65 .21 .16 57 .35 .28 06 .80 .1k
Sl .89 .09 L0262 ' 56 402 .26 .53 .21
5-6 <93 £06 .01 | .75 .2h Nl .23 .55 .22

Admittedly a deeper sort of theory is required to explain the data
of Table 5 than that exemplified in the simple five-parameter model
discusged earlier. On the other hand, this experiment as well a& the
earlier one should make evideni that a theory of how mathematics 1is
learned and mathematical concepts are formed will not fall cut of the
consideration in any direct or egimple way of the structure of mathematics
itself as it is usually thought of by mathemzticians. A new and rather
subtle psychelogical thecry gf learning is clearly necessary. The present
paper has merely tried to delineate what may be important aspects of guch

a new theory.
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