




























































































































Thus:

A
.R (x) K(x) +

n c sl + c(n-ll

and clearly (2.8) still holds, i.e.:

(4.10) lim
1

R (x) - K(x)
n· c

The most striking thing about this (at least at first glance) is that

we have made no assumptions on the 5 's
ni

except for (4.8). Note, in

particular, we no longer assume At this point it seems

advisable to point out that these generalized models have more than

peripheral interest, The reader will note that the fairly intensively

scudied linear model as defined by (1.9) is merely a special case of

our generalized model provided e The parameter values for the

linear model are:

(4.11) i 1, 2, ... ,n-l

c 1, 1

If e < then the linear model can be identified with the generalized

model only if n max { 1 -1 ' le-e} (4.12). Clearly, for large
(l_e)n

n, we may identify freely. 'The identification is trivial if we write

the generalized model as
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)"n 8
1

(x)

sl + c(n-l)

n(x'Y.)dx'
':1. } n-~

),.
n

n

with the stipulation that

and

'rhis0<),. < 10
n -

This is the same as (1.9) provided
. ),.

( )
1-1 no . = a l-a - - ,

nl n

yields condition (4.12). Clearly for the linear model ),. -> 0 and
n

o . > 0 ¥ n,i. We also note that the asymptotic behavior of the linear
nl

model will be indistinguishable from the asymptotic behavior of the

correlated urn scheme with parameters

Clearly the convergence of response moments for the model described by

(4.7) and (4.8) can "be verified as in Chapter 2 (With the same regularity

conditions). Needless to say we cannot repeat the remaining analysis of

Chapter 2 without further assumptions on the " ,u . So
nJ.

In fact, just about

the only tractable case is when o . = 0 + 0(1)
TIl i

and this case will, of

course, be asymptotically indistinguishable from the correlated urn

scheme as originally defined.
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3. Fseudoreinforcements

The concept of pseudoreinforcement was introduced by Suppes and

Rouanet (1964)0 The concept was introduced in connection with the

linear modeL However, the rationale behind it applies equally well to

the correlated urn scheme. suggest that, although reinforcements

Yl , 7
2
"'0 are given, the subject may react as if reinforcements

were given where the

preceding reiD~orcementso

Thus we have:

The

Z
n

Z.'s are weighted averages of
l

Z 1 8 are called pseudoreinforcementso
i

k
where I Po = 1.

i=O l

the distribution of

Clearly, since the distribution of

Z as a functl'on of P P Pn 0' 1'00" k

y
n

is known)

is then knoWllo

For example, we easily deduce that, if the reinforcements are non-

contingent, then the pseudoreinforcements will be identically distri-

buted though no longer independenL Theoretically we could assume that

the subjects' responses are determined by equation (1.6) with r7 )
i

replaced by [Zi J defined by (4014) 0 We could then compute conditional

probabilities of the type discussed in Section 1 of this chapter as

functions of PO' P
l

, o •• P
k

. Unfortunately, in actual practice this will

entail computation of (k + 1) - .:fold weighted convolutions of the

distribution of Y. Except for very special choices of the distribution

of Y (normal distributions are about the only ones that leap to mind),

this can be a Herculean task.
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In the same paper Suppes and Rouanet also suggested pseudorein-

forcements of the form:

(4.15)

for the non-contingent case. Naturally, it is a straightforward matter

to check whether a correlated urn scheme with pseudoreinforcement z·
n

is to be preferred over a standard correlated urn scheme. Clearly all

the results of Chapter 2 will hold for the pseudoreinforced scheme

provided we replace P (which corresponds to Y )
n

by P' , the

probability measure associated with the random variable [Y + fl(Y) ]/2.
n

As we have seen, most of the possible generalizations of the

correlated urn scheme are accompanied by great computational complexities.

Before leaving the subject of generalizations, we recall our earlier

(Chapter 1) remark that if we relax equation (1.3) by allowing

V (A) = c(y), then we are in deep water again. Of all the generaliza-y

tions it would appear that the pseudoreinforced scheme (4.14) is the

most promising (though, as we noted, among its promises is a lot of

hard work) .

4. Application to Two Person Interactions

(The reader is referred to Suppes and Atkinson (1960), Chapter 2,

for an example of this type of analysis with the stimulus sampling

model.) For this case we have the players predicting a point on the

continuum

and

and we denote their predictions on trial n by

We assume that for each player a correlated urn scheme
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is applicable and that reinforcement is given to both players contingent

on both responsesQ Tnat is we assume~

(4016)

ax]

[i=1,2]

Where y(i) is the reinforcement given to player i on trial n. We
n

assume there exist two densities h(i)(y) [i = 1, 2J on [a,b] ando
four families of densities h~i)(ylx) on [a,b] [i = 1, 2; j = 1, 2]

J

parameterized 'by x E[a,b] such that

(4017)

where

- 65 -



It will be seen that the interaction is obtained by reinforcing contin-

gent on both players' responses. We also note that we assume that the

responses on trial n are conditionally independent (given

[i = 1, 2] we may verify that, analogous to the result for

y(l) y(2)
1 ' 1 '
00

L: ),.(i) < 00

n=l n

(2) (1)
Y2 ' •.• 'Yn-l' Y~~{ .). Provided that

the linear model, at asymptote R(i)(x) [i = 1, 2] satisfy:
00

(4.18)

and

[i=1,2]

Naturally these will be difficult to solve unless we make very advanta-

1 (i)
geous assumptions about the form of the functions ~ q (x,y)

c
The reader is referred to Suppes and Atkinson (1960) for

examples of particularly advantageous choices.
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We have presented this application as an illustration of the re~~rk

that: in whatever situations a linear model (or a stimulus sampling

model) might apply, a correlated urn scheme deserves consideration. The

asymptotic response distributions are identical, but the urn scheme

exhibits more flexibility in dealing with se~uential statistics. The

similarity in range of applicability between the linear model and the

urn scheme is clearly attributable to the fact that the former is

asymptotically indistinguishable from a special case of the latter.
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APPENDIX A

AN EMPIRICAL COMPARISON WITH THE LINEAR MODEL

In this section we will make use of the data collected by Suppes,

Rouanet, Levine, and Frankmann (1964), Our aim will be to compare the

second order conditional predictions assuming a correlated urn scheme

with the predictions obtained by the above authors assuming a linear

model, The reader is referred to their paper for a detailed description

of the experiment and for the analysis leading to the linear model

predictions. We will present here only those details necessary for

comparison 0

For'the experiment in question, the interval (a,b) was the circum-

ference of a circle and responses and reinforcements were measured in

radians (i,e., a = 0, b = 2n), Non-contingent reinforcement was used

with reinforcement density:

I

(Al) f(y)

(It - y);

(y - n)

(2lt - y);
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We assume

~ 'l(x,y) l
2a !x - yl < a

0; Ix - yl > a

where Ix - yl is computed modulo 2n and where a is a parameter to

be estimated from the data, Using (2.8) we readily verify that the

asymptotic response density function is given by:

(A3) r(x) 1 2 2
= 2 (x + a );

an
0< x < a

2x
= n2

;

1 1 [( n 2
+ a

2
];

n n
2 2 - x )

2
- a < x < .-

n 2
all

r(n - x)
n

; -<x <n
2 -

provided tha't

r(x - n)

r(2n - x) ;

n
a<4

n<x<3n
2

As we shall see our estimate of a is less than ~ so that (A3)

is valid.
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We define the auxiliary random variables *X ,
n

as follows:

*X i
n

*y i
n

if

if

(i-l}re < X < .ire
2 n - 2

(i-l}re < y < in
2 n - 2

i 1, 2, 3, 4

i lJ 2, 3J 4

and we will consider the statistics:

* il y* 1 * i = 1, 2, 3, 4l(A4) lim p(x = = j, y = k)
n n- n-2 j 1, 2, 3, 4'n -> 00

k = 1, 2, 3, 4

Referring to equation (406) we see that

(A5) *lim P(X
nn--7 00

where

(A6) fb ~ q(x,y} f(y} dy dx;
a

i = 1, 2, 3, 4

and

ire ~

(A7) 4

fi-~}n f 2 1 f(y} dy dx;
i = 1, 2, 3, 4

Yij =- c q(x,y}aXY (j-l}n j 1, 2, 3, 4
2 2
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Note that in (A7) we have used the fact that

andf(y)Substituting for1, 2, 3, 4).(i1
f(y) dy = II

irt

fi~)rt
2

1 q(x,y) from (Al) and (A2) we readily verify that
c

(AS) 1
~i = 4a

XY
i 1, 2, 3, 4

and

(A9) 4 [
1

a J)'1 1 )'2 2 )'3,3 )'4,4 = axy II - 4rt, ,

4
[4rt - ~:2J)'1 2 )'2 1 )'3,4 )'4,3 a

XY
, ,

)'1,3 )'2 4 = )'3,1 = )'4 2 0, ,

4 [a
2

])'1,4 )'2,3 )'3,2 = )'4,1 = a
XY

&2

The equalities among the above parameters are well supported by the

data, and we have grouped them accordingly. Using the notation of the

Suppes, Rouanet, Levine and Frankmann paper we denote
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(AlO)

We will write (i,j) = S if I'ij = I'S ; (i,j) = L if etc.

Six hundred trials were run on each of 30 subjects in the experiment,

and to parallel the Suppes, Rouanet, Levine and Frankmann analysis we

will base our results on the last 400 trials for each subject, grouped

last 400 trials) we estimate

over subjects. Based on the asymptotic response variance (i.e., the

*a by a = 0.1930 rr. The reader is

referred to Suppes, Rouanet, Levine and Frankmann for the derivation

of this estimate. The derivation is valid for both the linear model

and the urn scheme since the asymptotic distribution is the same for

both models.

An exercise in elementary calculus yields:

(All) 7 2
aXY = 24 rr + (a - 2rr)

2
a
3rr

*Substituting the value a 0.1930 rr in (A9) and (All) yields:
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(Al2) I'S [0.808J/crXY

I'L ~ [0;168J/crXY

I'A ~ 0

I'p ~ [0.024J/crXY

crXY ~ 0.269 1(2

From the original data for the last 400 trials we have the estimates

(Al3)

~°2 crXY ~ C2,400

where the bars are to indicate averaging over subjects. Thus our esti-

mate of A.
3

crXY is~

/'-

A.3 crXY crXY - Cl ,400

(0.159) 1(2

Substituting these estimates in (A5), we obtain the theoretical

urn scheme values given in Table 1. In the table the first entry in

each triple is the observed proportion based on the last 400 trials.

The second number is the theoretical proportion assuming a linear model,

and the last number is the theoretical proportion assuming an urn scheme.
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TABLE 1

*p(x
n

*= j, Yn-2 = k}

~(i,k) = S L A p

0.433 0.258 0.168 0.150
s 0·550 0.345 0.291 0.299

0.478 0.224 0.157 0.167

0.419 0.277 0.148 0.151
L 0.410 0.206 0.152 0.160

0.470 0.216 0.149 0.159

0.394 0.314 0.146 0.177
A 0.374 0.169 0.115 0.124

0.469 0.215 0.148 0.158

0.388 0.287 0.146 0.144
p 0.380 0.175 0.121 0.129

0.469 0.215 0.148 0.158

The average deviation between theoretical and observed values of the

sixteen statistics is 0.061 for the linear model and 0.037 for the

correlated urn scheme. The theoretical proportions for the linear model

were based on a minimum _X2 estimate of e (recall equation (1.9).

If we had used minimum _X
2

estimates of 51 and 52 then it is clear

from a study of equations (1.6) and (1.9) that the urn scheme predictions

could be no worse than the linear model predictions. The fact that the

urn scheme predictions are better than those of the linear model even

when the former are based on the theoretically consistent estimates

(c ) does indicate that the urn scheme shows promise.i n,
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APPENDIX B

COVARIANCE COMPUTATIONS

We wish to verify eQuations (2052) and (2053) in order to justify

the appJ.ication of Lemma 1 to the seQuence [X. Y. k j'" where k is
1 1- i=l

a fixed positive integer 0 Conditioning on preceding reinforcements, we

readily verify that:

E(X Y X Y )
n n-k n+p n+p-k

= E
n-l
I p(i,n)

i=l

[

Ad
X n+p 1 -I-

sl + c(n-l) .

n+p-l
I p(j,n+p)

j=l

We must consider two cases depending on whether k is larger than p

or not.

Case 1 k>p

Expanding the above eQuation, we have
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A d { [n-l+ n+p 1 + E Y Y
sl + c(n+p-l) n-k n+p-k i~l

E(X Y x Y )
n n-k n+p n+p-k

A d
n 1

+ -S-l-+:-"'-C'(=-n_"""'I") I [n~-l Jb
E Yn- k Yn+p - k .L p(i,n+p) x q(X,Yi )

J=l a

p(i,n) Jb x
a

+ E {Y k Y + k [nt p(i,n)J
b

x q(x,Y.) dx1
n- n p- i=l a l J

However from Chapter 2 we know:

x
[

n+p-l JbL p(j,n+p) x q(x,Y.)
j=l a J

[

(n-l)A
+ n

sl + c(n-l)

An fl(Y) dl
sl + c{n-l)

I-An]+-­
c

+ [-Sl---;-A~n,--" + °c
k

]+ c(n-l)

Thus, making use of the fact that the

identically distributed we find:
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COy (x Y k' X Y k)n n- n+p n+p-

\ d
n 1

= -8
1
-+"=:""CT

( n=---"'l---)

[,

(n+p-l)\
_ [1-l(y)]2 c a: n+p

8
1

+ c(n+p-l)

glx,Y.l ax] ')
l /

1 - \ J+ __n,,-+:.£p
C

[
\ 5 ])Y ca n+p + ~

- )J.() XY 8
1

+ c(n+p-l) c

[

(n-l)\ 1-\ ~ [(n+p -l)\if n + n n+p
8

1
+ c(n-l) -C- 8

1
+ c(n+p-l)

{ [

n-l
+ E Y Y

n-k n+p-k i~l

[
n+

p
-l Jb ~lX .L p(j,n+p) X q(X,Y.) ax

J=l a J

1 - \ ~+ n+p
c

( continued)
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2
- c

2
- c A 5 Jn+p k

c(n+p-l) + C

[

(n+p-l) A
+ n+p

sl + c(n+p-l)

= A + B + C - D - E - F

+ 1 -C\+pl [~SlAn + 5ck1}J + c(n-l) J

where A, B, C, D, E, and F are obviously defined.

Now

" { . [ 2A 5 5 JA = +nC(~_l) [~(y) c ~ - [~(y)]2 c a]
n+p +~+~

sl sl +c(n+p-l) c c

cerxy [Sl

A . :k]}- ~(y)
n+p

+ c(n+p-l)

An dl ~(y) ~erXY [Sl

A
+ 5p;k]n+p

sl + c( n-l) + c(n+p-l)

where we have made use of the fact that erXY = ~ - ~(Y) a. Completely

analogously we have

A d
B = n+p 1

sl + c(n+p-l)
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Next we have

[
n+l2--1 j

+ p(n+p-k,n) ,2. p(j,n+p)
J=l

[

,j F n-k ]

j # n+p-k

r n-l J+ p(n+p-k,n+p) I L p(j,n)Lj=l

[

j F n-k ]

j *' n+p-k

2 2 2 ::>+ p(n+p-k,n) p(n+p-k,n+p)[~(Y) C ill
1

- [~(Y)] C 00]

2 2 2 2::>+ p(n+p-k,n) p(n-k,n+p)[c ~ - [~(Y)] c cr]
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Where (1)1 ~ ~2 ~b Y [Jab x <;t(x,y) dx] 2 dP and its existence is

assumed,

Thus:

+ [Sl

ic o %(n+p-1)ic 1
- ic ]n +~ n+p + cn+;p

+ c(n-1) . c sl + c(n+p-1)

+ [Sl

ic OJ [ (n-1)ic 1 -
icn]n+p + k n +

+ c(n+p-1) ~ sl + c{n-1) c

+ [Sl

ic ok J[ (n-1)ic 1 - 'n]}n+p .£!::l2. n +
+ c(n+p-1) + c s]; + c(n-1) c

+ [Sl

ic

+ :kj [Sl

ic +O~+p]n n+p
+ c(n-1) + c{n+p-1)

x [",(Y) c
2 2 2 if 2 a ~]~ + [",(Y)] c - 2 ",(Y) c

ic

+~] [
ic 0 ]

+ [
n n+p + k

sl + c(n-1) c sl + c(n+p-1) ~

x [",(Y) 2 + [r.t(y)]2 2 if - 2 r.t(Y)
2 a ~]c (1)1 c c
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Now we recall

+ [Sl

A

Ok] [
Ie .

+ ;~]n n-rp
+ c(n-l) + C 6

1
+ c(n+p-l)

[c2 r;,2 + [i-l(Y) ]2 2 if - 2i-l(Y)
2

0: illX c c

+ [Sl

A
o J[ A o Jn .~ n+p + ~+p

+ c(n-l) T c sl + c(n+p~l)

. 2 2 2 2 if _ 2i-l(Y) 2
ex ill.x: [c r;, + [i-l (Y) ] c c

cov(Xn Yn- k , X Y ) = A + B + C - D - E - F and we
n+p n+p-k

substitute the above values for A, Band C - D and simplify.

Thus, for k> p, we have

cov( X Y k' X Y )n n- n+p n+p-k
Ie 0 jn+p ~

+ c(n+p-l)" + c

2
+ c

len + Ok_P]}
+ c(n-l) . c

,('I 0 'n {[-Sl-+--,A'~'7(-n_-:l") + <O~_p] [s:n:p:~~~;~L + 1 - cAn+
p

]

(Continued)
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(El)

Case 2 k::; P

For k::; P analogous methods yield

Cov(X Y k' X Y )n n- n+p n+p-k
+ ark]

2
+ C

Equations (2.52) and (2.53) may then easily be deduced from (El) and (B2),

and the required uniformity condition is readily verified.
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