




























































































































































































?un Sl (X)

P(Xn = xlyi“”°¥hnl) T 5.t cln-1)

1
ek kn ) ani L/ﬁb (%! ) :
¥ .z& 5. * c{n-1) L o i ’Yﬁui o
A
This is the same as (1.9) provided ¢ = s, =1, EE = (l~6)n_l and

ani = e(l-e)i‘l - ;E ;  With the stipulation that 0 < kn < 1. This
yields conditicn (4.12). Clearly for the linear model Kn -0 and
‘ 6ni >0 ¥ n,i- We also note that the asymptotic behavior of the linear
model will be indistinguishable from the asymptotic behavior of the

corralated urn scheme with parameters

(L.13) 5, = 9(1_9)i‘l

P =1, 2,000
i S

Clearly the convergence of résponse moments for the model described hy
(4.7) and (4.8) can be verified as in Chapter 2 {with the same regularity
conditions). Needless to sayrwe cannot repeat the remaining analysis of
Chapter 2 without further assumptions cn the bni?SD In fact, just about
the only tractable case is when ani = 5i + o{1} and this case will, of
course, be asymptotically indistinguishablie from the corfelated urn

scheme as criginally defined.
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3. FPeeudoreinforcements

The concept of pseudoreinforcement was intrecduced by Suppes and
Rouanet (1964). The concept was introduced in connection with the
linear model. However, the rationale behind it applies equally well to
the correlated urn scheme. Thoy suggest that, although reinforcements

Y., ¥ .. are given, the subject may react as if reinforcements

1’ "277
Zﬁ, Zé,nﬂﬁ were glven where the Zi?s are welighted averages of

7

praceding reinforcements. The Zi’s are called pseudoreinforcements.

Thus we have:

k
(h.1h) Z = 2 p, Y |
=0

k
where Z: pi = 1. Clearly, since the distribution of Yﬁ is known,
=0

the distribution of Zn as a function of po, R e is ‘then known.

1’0 k

"For example, we easily deduce that, if the reinforcemenis are non-
contingent, then the pseudcreinforcements will be identically distri-
buted though no longer independent. Theoretically we could assume that
the subjects' responses are determined by equation (1.6) with {Yi}
replaced by {Zil defined by (4.14). We could then compute conditicnal
probabilities of the {ype discussed in Section X of this chapter as

funetions of po, P.yeeeP Unfortunately, in actusl practice this will

17 k'
entail computation of (k + 1)- fold weighted convolutions of the
distribution of Y. Except for very special choices of the distribution

of Y (normal distributions are about the only ones that leap to mind),

this can be a Herculean task.
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In the same paper Suppes and Rouanet alsc suggested pseudcrein-

forcements of the form:

(L.15) z = [Yn +u(Y)1/2

for the non-contingent case. Naturally}_it is a sitraightforward matier
‘ to check whether a correlated urn scheme with pseudoreinforcement ZA
is to be preferred over a standard correlated urn scheme. Clearly all
 the results of Chapter 2 will hold for the peseudoreinforced scheme
provided we replace P (which corresponds to Yﬁ) by P', the
probability measure associated with the random variable [Yﬁ+ r(y)l/2.
As we have seen, most of the possible generalizations of the
correlated urn scheme are accompanied by great computational complexities.
Before leaving the subject of generalizations, we recall our earlier
(Chapter 1) remark that if we relax equation (1.3) by allowing
vy(A) = ¢(y), then we are in deep water again. OF all the generaliza-
tiong it would appear that the pseudoreinforced scheme (l.14h) is the
most promising (though, as we noted, among its promises is a lot of

hard work).

4. Application tc Two Person Interactions

(Thé reader is referred to Suppes and Atkinson (1960), Chapter 2,
for an example of this type of analysis with the stimulus sampling
model.) For this case we have the players predicting a point on the
continuum [a,b] and we denote their predictions on trial n by

, X(i) and Xig)u We assume that for each player a correlated urn scheme

ST



is applicable and that reinforcement is given to both players contingent

on both responses. That is we assume:

) s )

(k.26) P(Xgi) < x!Yﬁi)ogayfli ) =

(1) (1)

n-1 A &

+ n "CL-J (1) ? Y(l)) ax!
R O B PR & f ECE

Where Yél) is the reinforcement given to player 1 on trizl n. We
assume there exist two densities hél)(y) [1 =1,2] on [a,b] and
four families of densities hgl)(y[x) on [a,p] 1 =1,2; 3 =1, 2]

parsmeterized by x ¢la,b] such that

n *

: . : y s
cean 2o < el 1@« et [T a

=

Oéi)fay hl(.i)(y“!xél)) ay’

cof D [T 8 1xB)) ay 1=,

. i i i .
where Qé + Oi 9 =1 [; =1, 2]



It will be seen that the interaction is obtained by reinforcing contin-
gent on both players' responses. We also note that we assume that the
responses on trial n are conditionally independent (given
(1) (He) 1) (=) (1) (2) :

LA AT A SR ST LSuEe .). Provided that

T (1)

Z: Knl <o [i=1, 2] we may verify that, analogous to the result for
n=l

the linear model, at asymptote Ril)(x) [i =1, 2] satisfy:

. oft) b, .
(4.18) Ro(ol)(x) = T)_o_ W sP ) e g
c . & a 0

N ES |
+%ET [j f o P, y) hil)(ylcp) o' day a 3 (g)

ol i)

x pb pb . .
c2s [ P sPole) e a axPe)
cC a a =

[1=1, 2]

Naturally these will be difficult to solve unless we make very advanta-

geous assumptions about the form of the functions _%ET q(l)(x,y) and
» c .

h§1)(yfx)u The reader is referred to Suppes and Atkinson (1960) for

examples of particularly advantageous choices.
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We have presented this application as an illustration of the remark
that: 1in whatever situations a linéér model (or a stimulus sampling
model) might apply, a correlated urn scheme deserves consideration. The
asymptotic response distributions are identical, but the urn scheme
exhibits mére Tlexibility in dealling with sequential statisties. The
similarity in range of applicability between the linear model and the
urn scheme is clearly attributable to the fa;t that the former is

asymptotically indistinguishable from a special case of the latter.
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APPENDIX A
AN EMPIRICAL, COMPARISON WITH THE LINEAR MODEL

In this section we will make use of the data collected by Suppes,
Rouasnet, Levine, and Frankmann (1964). Our aim will be to compare the
sécond crder conditicnal predictions assuming a correlated urn scheme
with the predictions obtained by the above authors assuming a linear
model. The readér is referred to their paper Ffor z detailed descriptién
of the experiment and for the analysis leading tc the linear model
predictions: We will present here only those details necessar& for |
comparison;f

For:the experiment in question, the interval (a,b) was the circum-
Terence of a circle and responses and reinforcements were measured in
radians (i;ea, a =0, b= 2r). Non-contingent reinforcement was used

with reinforcement density:

(AL) 'f(y)fgy; _?Sy<%
-5 -y FEv <
S0 msy<d
= 35 (en - ¥); gE <y <Sex
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We assume

% a(x,y) = %g i Ix-yl <a
=0 3 |X - yl > g

where ]X - y[ is computed modulo 2n and where a 1s a parameter to
be estimated from the data. Using (2.8) we readily verify that the

asymptotic response density function is given by:

(A3) r(x) = —}§ (x2 + ae); C<x<a
ar
= 2% 3 a < x < . a
o
_E'_ _i_(l X)2+2" £—8.<X<]l
Tw T2 2 " &1 2 = 2
=r(x - x) ; g <xz<mn
=r(x -nw) ;3 =®w<x< SE
= r(en - x) ; §£ <x <2n

provided that s < % \

As we shall see our estimate of a is less than so that (43)

1A

is valid.
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* %
We define the suxiliary random variables Xn, Yh as follows:

* . . i-1)x im .

Xn =1i if 5 ) < Xn < 5 5 i=1,2, 3,4
% . .

voog ogr DT oy o 2 i=1,2,3, 4

n 2 n—2a

and we wiil consider the statistics:

_ % % % i=1,2, 3 4
(Ak) lim P(X_ = iIYn_l =3, ¥ , =k
n —» e y=1,2, 3, 4
k=1,2, 3 4
Referring to equation (4.6) we see that
. * * ¥
(45) lim P(X_ = 1IY£_1 =3, ¥, =k)
n—=wm=
- 5 8
By % %y T 715 %1 Oxy T Vax %2 Oxy
where
L 5 g
) t == [ 2 [l e was 121,258
Xy i-1)r Ya :
E
and

ix an

[}

‘ L 2 2 1 ' 1=1,2, 34
(A7) 7., = q(x,y) £(y) ay ax; r s
S JLE et st

XY Y (i-1)x

2 2
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Note that in (A7) we have used the fact that

im

(1 =2, 2, 3, k). Substituting for f(y) and

e

f(y) dy =
(i-1)r
2

% a(x,y) from (Al) and (42) we readily verify that

1 .
(28) | £y = bo gy t=1,2 54
and
y [1
) i ) k1 e
(49) 71,1 - 72,2 h 73:5 B 74:)4' - Iy _4 )-I-Jf:|
¥ 2
) _ _ 4 te At
1,2 772,10 T34 T Ty (e T
71,5 = 72,4 T 73,1 " 74,0 =0
T i
LY 72,37 3,20 Tkl ap [ g2

The equalities among the sbove parameters are well supported by the
data, and we have grouped them accordingly. Using the notation of the

Suppes, Rouanet, Levine and Frankmann paper we denote
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(410) 711 T 7y
Yo =7
713 = 7A
7T 7
We will write (i,j) =S if Y3y = 7g 3 (i,j) = L if 745 =7, etc.

Six hundred trials were run on each of 30 subjects in the experiment,
and to parallel the Suppes, Rouanet, Levine and Frankmann anslysis we
will base our results on the last 400 trials for each subject, grouped
over subjects. Based on the asymptotic response variance (i.e., the
last 40O trials) we estimate a by a8 = 0.1930 1. The reader is
referred to Suppes, Rouanet, Levine and Frankmann for the derivation
of this estimate. The derivation is valid for both the linear model
and the urn scheme since the asymptotic distribution is the same for
both models. |

An exercise in elementary calculus yields:

5 2

(A11) ' G = Tt +(a—2ﬂ)%€

XY

[‘Ol—q
=

% _ _
Substituting the value a = 0.1930 n in (49) and (All) yields:
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(A12) 7g = [0.808)/c

7y, = [0;168}/0XY
7y =0

7p = [oooeu]/oXY
Oy = 0.269 e

From the original data for the last LOO trials we have the estimates

(A13) 5 5. =0 107 @
3 1 9%y = C1,400 = 0-107 T
N _ : 5
5 o = = 0,003 =«

2 %%y = % hoo

where the bars are to indicate averaging over subjects. Thus cur esti-

mate of XB GXY ise
P
A g =g

3 XY XY C1,400 B Ce,uoo

(0.159) ==

Substitubting these estimates in (A5), we obtain the theoretical
urn scheme values given in Table 1. In the t&ble the first entry in
each triple is the observed proportion based on the last- 400 trials.
The second number is the theoretical proporticn assuming a linear model,

and the :last number is the theoretical proportion assuming an urn scheme.
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TABLE 1

% %
P(Xn =iy, =3, ¥ , = k}
(1,3) =
(i,k) = 8 L A P
0.433 0.258 0.168 0.150
3 0.550 0.345 0.291 0.299
0.478 0.224 0.157 0.167
0.419 0.277 0.148 ¢.151
L 0.410 0.206 0.152 0.160
0.470 0.216 0.149 0.159
0.394 0.3Lk 0.146 0.177
A 0.37h 0.169 0.115 0.124
0.469 0.215 0.148 0.158
0.388 0.287 0.146 0.1k
P 0.380 0.175 0,121 0.129
0.469 0.215 0.148 0.158

The average deviation between theoreticai and observed values of the
sixteen statistics is 0.061 for the linear model and 0.037 for the
correlated urn scheme. The theoretical proportions for the linear model
were based on s minimum -X° estimate of 6 (recall equation (1.9).

If we had used minimum X5 estimates of 51 and 52 then it is clear
from a study of equations (1.6) and {1.9) that the urn scheme predictions
could be no worse than the linear model predictions. The fact that the
urn scheme predictions are better than those of the linear model even
when the former are based on the theoretically consistent estimates

(C ] does indicate that the urn scheme shows promise.

i,n
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APPENDIX B
COVARIANCE COMPUTATICHNS

We wish to verify equations (2.52) and (2.53) in order to Jjustify

the application of Lemma 1 to the segquence in Yi k}m where k is
' T i=l

a fixed positive integer. Conditioning on preceding reinfcrcements, we

readily verify that:

E(Xn Zﬁ—k Xn+p Yh+p—k)

’

)\'n dl n-1 ~b
= B¢ Yl’l-k Yn-l-p-k m + igl P(l,l’l) Ja X Q,(Xin) dx

N\

kn+p dl nt+p-1 ' b
N x en-1) _Z: p(J,ntp) b/\ x Q(X:Yﬁ) dx | o
1 J=1 3

We must consider two cases depending on whether Xk 1s larger than p

or not.

Case 1 k>p

Expanding the above equation, we have
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2 2
Ao as[p(Y)]
- o 1
B, Yok Yy Ypap) = To, 7 (a0 105, o(mI]

dl n+p-1

A b
n .
* s) * e(n-1) B Yﬁ-k Yn+p-k: SZi p(l,n+p)h/; * q(x,Yi) dg

-

/7

}\'n+p d]_ n-1 b
+ s, + c{ntp-1) + E Yﬁ-k Yh+p~k _Z: p(l,n)k/1 X Q(X’Yi) ax
= i=l a
n-1 b
tEQY o Yn+p—k igl P(l,n)j; X q(x,yi) dx

. ntp-1 b
% > p(J,n+p)f x ax,¥;) ax
J=1 &

However from Chapter 2 we know:

rou(Y) a (n-1)x 1-*
E(X Y ) =-2 Loy n__ ., wly) ¢
n “n-k s ¥ c(n-1) 5, + e(n-1)
Kn Bk
* Sy + cfn—lj * S CGXY

Thus, making use of the fact that the Yi's are independent and

ldentically distributed we find:
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cov (Xn Yn—k’ Xn+p

A
n dl

sl + cfn—li

A d
- n+p 1

Yn+p—k

i

+ B

s, + c(n+p-1)

Yﬁ—k ¥£+p—k

)

n+p-1 b
: . ,
E (Yn-k Tnap-k L P(l!n”fp)fa x qfx,¥. ) ax

S

i=1
(n+p-1)>» 1-a |
- [u(y) ]2 c o otp n+p
A + 6]:{
nrp
- + —_—
w(¥) “Ixy s, + elntp-1) ¢

n-1 b
E
(Yn-k Yn+p-k Z p(j_,n)f x q(x’Yi) dx )
i=1 Y

~1)A -\
(nl)n 1

8, + ¢(n-1) - c

) e a n

by B
n k

- w(¥) “Oxy s; + e(n-1) e

n=1 b
2 »oli,n) J;_ x q(x,Yi). dx

i=1

n+p-1

o
x| X P(.J',n+p)f x ax,Y.) ax
J=1 a dJ

“13n Y +p-1)n -
(n-1) 0 1 0 (n+p-1) 4D 1

s, + c(n-1) t s

ntp

L elarp-1) T ©

(continued)
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. A o) A a)
_ c2 2 n k n+p k
c

%y 5] + c{n-1) * sl'+ c(nip-1) T

. S »Y A 3
- ) ao (2D, + " ntp + -k
XY s, + e{n-1) c s + c{n+tp-1) ¢
+p-1)A 1 - A A )
. (ntp-1) np__ . n-+p n .k
sy * c{n+p-1) ¢ s, + c(n-1) ¢

)

A+B+C-D-E-F

~ where A, B, C, D, E, and F are cbviously defined.

Now

A & 5
n d 2)hn-i-p ptk k

) | ; |
A= ————Hi Y ey (Y) e B - [u(Y)]" e @] 5, + c(np1) =t

Ny

A 3
n+p + K
c

s, * e{n+p-1)

= “(Y) CGXY

Y A e)
n dl n+p otk

- s, + c(n-1} n(Y) Oxy s, * e(n+p-1) M

where we have made use of the fact that oy, = B - (YY) . Completely

analogously we have

by d
n+tp 1
8y + c(n+p-1) 1(Y) Iy {s

B =
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Next we have

’ Hn+p-l
C-D=[uY) &£ ap - M) & F) jp(n-k,n) )3 p(s,mp)]
L 3=1

[§ # n-k
L J # ntp-k

Hn-!-, -1
+ p(ntp-k,n) % »(3,ntp)
L J=t _

(g £ n=k
| J # ntb-k

’-nwl
+ p(ntp-k,n+p) | ) plJ,n)

L3
j ok ]
J # n+p-k

—

n-1

+p(n-k,n+p)[ 2, pli,mn)

J=1
J # n-k
J # nitp-k

+ p(n-k,n) p(n-k,n+p)[u(Y) & w = (Y P & ]

S

+ plutp-k,n) p(n+p-k,n+p) [u(¥) & w - [w(Y) P 2 o]
+ p(n-k,n) plntp-k,ntp) [ B - [W(V)FF & o]

+ p(ntp-k,n) pln-k,ntp)[& B° - [w(¥)]° & &)
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b b 2
Where cnl = % f M4 [f b'd q(x,y) dx] dP and its existence is
c &8 a
assumed.
Thus:

A B

C-D=[k(Y) & @B - [ux)F & o "S’T%GTIT*EB
1

- - A
(n+p l)hm‘p 1 ntp

X
s, * e{ntp=1) * c
Y 5 +p-1)M -2
+ n “ k—pw (n#p-1) atp . nt+p
s. + e(n-1) 7 ¢ g, + c(ntp-1) c
1 ‘ i 1
i ~1)\ - A
+ nip + & (n-1) n " L n
s, + c{ntp-1) e s, + c{n-1) ¢
_ 1 | 1
xnﬁj 5k+;p (n 1)xn 1 0
+ + — +
s, + c(n+p-1) c 5y, + c¢(n-1) c
A & A o)
" n + B ntp + K2
s, + eln-1 c 5. + c{n+p-1) ¢
2 2 2 2
x [u(¥) ¢ @ + [N & oF -2 u(y) & @p]
A 3] A o]
n n + Ep n+p + E
By * e(n-1) c s; t ¢ n+p-1) ¢

X [u(Y) .cg ®; + (¥ P & & -2 u(x) & ap]
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A e] 5]
Y G- - T
s * c(u-1) ¢ sy * c{ntp-1}) ¢
x [ 68+ (NI & F - 2u(y) &€ @8]
A o) N &
" n . k-1 n+n N k+p
s, + e{n-1) c s, + e(nt+p-1) c

X [c2 52 + [u(Y)]2 e F . 2u(Y) c2 Bl

Now we recall cov(Xn Y )=A+B+C-D-F-F andwe

n-%’ Xn+p Ytn+p~-k

substitute the above values for A, B and C -~ D and simplify.

Thus, for k> p, we have

7
A4 A 9]
‘ n 4L ntp pik
= +
COV(Xn Yn—k’ Xn+p Yhfp—k) 1(¥) Oy sy ¥ e(n-1) s + e{n+p-1) c
5]
hn+p dl Kn X=p
+ +
s, + c({ntp-1}| I s, + c(n-1) o
1 1
A 5, -1 ) A 1 - A
+e puly) Go L 4 —RP (mp-2) nip_ LD
XY )5y * e(n=1) c s, * c{nt+p-1) c
s} LA -A
+ n+p . k+ (n-1) + L n
5, * e{n+p-1) c s; * e(n-1) ¢

{Continued)
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*[® B2+ ()P @ P - au(y) & aB]

A 5 A 8
% pal L _E-p ntp L KD
s. + e{n-1) c s. + c{n+p-1) e
1 1
2 2 2 2
() oy T - 2u(y) & ol
o)
)“n ak kn+p kip

X T e YT +
£ . n p-
s, + c(n-1 c 5, c{n+p-1) e

A o A B
o + KB n-p ;K (BL)
s * e(n-1) e s, + e(ntp-1) ¢

+

Case 2 k<P
For k <p anslogous methods yield

. il > +p 6p+k
e} n
COV(Xn Yn—k_’ Xl’l+p Yn+p-k XY Sl + c(n-l) Sl+ c(n-l—p._]_) c

A 5 (n-1)x 1-X
P n

5 : +
XY |s, + e(ntp-1) T s * c{n-1) c

n

A ) 1y 5
2 2 14} k n+p k+P e
xy ¥ 1(¥) @ - P ] s, * e(o-1) T c s + e{n+p-1) T (52)

+ c?[o

Equations (2.52} and (2.53) may then easily be deduced from (Bl) and (B2),

and the required uniformity condition is readily verified.
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