


































































































































































































































































































We now turn to the remaining case (i).

If A=0, m>2, then

E(?R,m+n’zk,n) =

frord X(x n+m’yn+m)x n’yn)an+m n+m? ""xl)_dyn+m e Xy

= fooof X(x

WX(x sy )e(y, IOlek(x Ly o 0) +

)

nt+m’ I n+1

(¥

n+m’ n+m

ym-e

6{1-8) k(x Y +vee+ (18 k(x

rtm’ Y ek me2

(x

)m—l

+ (1-8)

c :Y : 3X )] j

n+1 Fntm -1 n+m—1’xn+m~1""’xl)

dyn+m T dx1’

by A3 and repeated applicatidns -of AZ2.

= e Jloon X, oy WXy V(Y )Tk (x )+

nt+m?Y n+m-1

2
" )+

8(1-0) K(x ) vee + (1) Pu(x

*rm? Tnem-2 nm’ Y n+l

m-1
(1-9) cn+l(Xn+m’yh’ = ""xl)][f."f

*

_ Jn+m;1 (yn+mfl’xn+m41"'°’xl) dx oo dx ] Ay dx dy

n+m=1 n+l n+m n+m

dy

nme2 °° dyn dxn eee dx

1

< ST JEeeed RO,y XLy )Gy, Yek(x, Ly, )

nm’ Y ndm-=1

£ 0(1-0)k(x_ Ly . ) .ot 0(1+0)™ 7 K(x )

ntm’ Y ntm-2 n+m’ Yo+l

Yoot (y ey )

m=1
* (le) n+1l n

( 2 ¥ X ,,.,xl)]ff(y

c
n+l n+m n'n n+m=1

(g g ay

"Xl)] dy. n+m—1dyn+m-2'

nem "dyndxn ree QX

1

- 90 -

n+m-1



= SIS X, oy ) Xy ) £y )
' m-2 :
[f""f {ek(xn+m’yn+m—l) + Q{l“e)k(xn+mtyn+m_2)+‘"6(1‘6) k(xn+m) n+l
+ (1) e (x Ly x x)) £y, Voo £y )
1l ndm’ Y n? o i ‘nim-17 """ n+l
dyn+m-l"'dyn+l] f(yn) Jn(xn,yn_l,...,xl) dyn+mdxn+mdyndxnb..dxl.

JITEeeef Xz, oy X5y )2y, ey (2 )+ 8(1-6) 3, (x )

I

mez n-1 :
M 6(:."-8) Jl(xn—i-m) + (1-8) Cn+]_(xnﬂn"yn’xn ""xl)}'

f(yn)J)rz(xn’ynml”'"’Kl) dyﬁ+qun+m§yndxn"'dxl

FIES - X0 ¥ X9 £ ) (00013 O )

m-1
+ (1-8) cn+1(xn+m:yn: vea 2x1) ) f(yn) Jn(xn’ynd’ s Jxl) }

dy dxn+m ﬁyn dxn a0e Gx

n+m L

,ynm)x(xn,yn)f(ynm

[1-(1-0)™ 110 x(x

V3 (= I Ey)

n+m n+im

Jn(xn’yn-l"°"xl) dyn+m¢xn+mayndxn tre dxl

Ve XX ¥,)

+ ()™ [rpfe X

X
n+m

1Y X ;-o-,xl)dy dx_, dy dx ,..dx

a3 x
Jn+l(yn+m’ ntm’vn’"n ntm o ontm 'n n 1

[1-(1-0)™1]

Bt ) B, + (1™ (-

= B ) Bz, )+ (L) J[ffr ] ——ax, - Blz, _, ) B(zg )] .

Z
O,n+m G,n s dm

)m-l is shown not to exceed one in absolute

The term multiplied by (1-9
value by the argument used to approximate the corresponding term
(D-E E ) in the preceeding cases.

This completes the proof.
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We next show that the variance of * Z is dominated by a linear

AN
function of A +times (1/N) for each A.

1 2
Theorem 2: Var(Zk,N) <F {5 + 2\ + é-]
N N
Proef; Var{Z = — Var 4
Broof: Ver(syy) = 5 Var() =, )
Loy 2 T
= - ~ Var z + = _ Covariance{z, ;37 ]
T s TR L b’ S
L Yoo tv% T ool ]
< = Var z + = Coviz, ;%
W pel Asm nﬂJmll hon’ ki
, X 5 B-1 maximum(X,2) N-n l
<5 L L+ = X 3 feov( |+ v cov( )
TN n=1 K~ n=1 m=1 n=max(A,2)+1 )
-1 (a2 N-n
<+ S T {Y 1+ Y (1-9)““1}
' N2 n=1 lm=1 m=1
N-1 N-n
E%+%(N.(M—2))+-Q_ E .1;.:.(1_'%1___.
N N2 n=1
N-1
51%*” 2{ 2) N _25 (sl)
N N n=1
.1, 2(2) 2 (N-1) 1
TN N N W o
1, 2(m2) 2,1
SFTET R G
1 2
=5 f2A + 5 + 5}

We now repeat some definitions already given in the first chapter.

M
Su,v = Zo,n * gl(zx,m " Zo,w

M T PM, M
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Next we show the SM almost certainly converges to the integral of the

weighted generalization function over A.

Theorem 3: SM - fA h with probability one.

Proof: TFor each random variable ¥ with finite mean, we abbreviate

*
X - E(x) by X. Then

* - * M
Prob{]SM,N| > €] = Probf| (1-M) Zow E Z, o > ¢l

< Prob{(M-1)|Z. |+ %ﬁ | > )
< Pro - o8 & 1y €

* '3 . € 3
< Probf (M-1 _€_ 7, | > S
< prob((-1)| 2, ol > g or (12) ol > ) or
* - *
or (12, 4l > ) or o (gl > Ep)

y .
‘ * *
< Prob{(M-l)' ZO Nl < M__‘e-l} + Z Prob{le NI < M—Ie-l}
b4 A=1 ?

M+]_)2

M+l)2
€

€ 2

M *
+ Y Var(Z)L’N) (

< Var((M-1) ZO',N) ( 2

by Chebyshev's inequality.

2 2 2 M
_ (M-1)"{(M+1) M1
= 62 Var(Ze,N) + ( z ) )\E]_ Var Z?»,N

Applying the approximation of Var(Z obtained in the preceeding

Y

thecrem gives
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2
2 (5+=) 2 M

* ME, .
Prob{lSM’Nl > e) < ( . l) N@ + (le) %- Z: [5+2R+§3

A=1

2

CM?_I)E (5+5J
€ ik

» (D o (5D + M) ]

1 1
;2— ¥ (M‘l“l

)A

in

(5+2)

Summarizing this result so that we may easily refer to it we have

Y * 11 b 2
(*) Prob[iSM,NI > e}l < ﬁ';g‘(M+l) (5ﬁ;)

In particular we have for p > 1

s K 1 P h 2
Prob{iSM; > . ) < &r 4 (M+1) .(5ﬁ§)

on
%
By the ratio test Z\ Prob{|s | >_;£} < w, for each P. Thus by the
M=1 P
Borel-Cantelli lemma, for each p

- o % 1.F
Prob{ﬂnzl UM:nd

Thus

* : by
But this subset of Rw, U;:l n::l U;=n {x ¢ R [SM(X)} >(%)}

*
contains [x & R s SM(X) dces not tend to O0}.
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*.
This is clear because if SM(}:) doeg not tend to zero, then there is
some p such that for all n, however large, there is scme M > n
. P
* 1
guch that ISM(x)] >(5) .
' *
Thuse SM — 0, with probability one.

Finally, since 1lim E(S

*
” M} = fA h<e and 55 =8

M

have 8 - fA h, with probability one.

We begin the study of the integral of the weighted generalization
function over a collection of sets by repeating some definitions given
in Chapter I.

(1)

For each natural number i we let A be a measureable sub-

g6t of R=. We define

(1)

Z(i) _ L (Xn+k’yn) €A
hs 0, othervise
. N
(1) _ 1 (1)
Z = = ) 2
AN SN n§1 Ayl
(1) S
g = 7 + Z -Z
M,N o,N gl( AN O,N)
S&l) _ S(l)i
M,2 " M!
Clearly for each 1, SDSIE) — fA h with probability one. In fact

the convergence is uniform in a sense made explicit in the next theorem.
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Theorem 4%: For each ¢ > 0, & > 0 there is an integer M such that

m > M implies Prob{n?_1(|8éi)—f (i)h|§;e)] > (1-3).
- A

ﬁ Wl 5 e
Proof: Prob(U;_; (ISM -fA(i}h| > €)=
e
Prob(u,_, ([s.(l)i | > e}
= M,2 M!
N :
< > Probf]g(lj | > e}
i=1 M,2 M
L 2

IA
g
rof

e

(M+1) " (537

by the inequality, (¥*) developed in the preceeding theorem

- 1 1 b _
<Y 5 %o e 5
i=0 ¢ 2
1 1 L 2.
= ;5' ﬁ?°(M+l) (5+§w

thus,

o o) .
Prob(U}_, (| 8y - >

N (1) .
Sup Probii. (]s - b} >e))
N i=1M "M A(l)

1 1 i
<% o Y

(5+2) .

Since the right hand side converges to zerc as M tends to Infinity 1t
is possible to find Mo sufficiently large sc that the right hand side

ig less than ©. That is,

m> M, > Probe§=1(|S§9- IA(i)h|-> e)} <38
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» - L) = W |
This is equivalent to wm > Mo = Prob{ﬂizl(l M

We now consider the assertions made in the section con estimating
the integral of the generalization function. First we repeat the

relevant definitions given in Chapter I.

For A such that BR(A) = fjA Eﬁ?Y dx dy < » we define

1 e o~
- , if (xn+kfyn) ¢ A and f(yh) £0
£(y,)
W =
hynl
0 , otherwise
N
1
W = = W
A W ngl A, I
M
Ty, = Yo, u(®) * A:ZI[WMN(A) - WO,,N(A)]

In nearly all cases, the proofs which were presented in the study

the random variables =z can be adapted in a mechanical fashion to

A,n
give proofe of assertions about the KO For example, we show that
7
for fixed A, the random variables Wy n are identically distributed.
2
Theorem 5: For A >0, n>1, Lo and W, | eare identically distri-
- - - 2 . >

buted. Furthermore, the mean of w is finite and

A1
E(wo,n) = IIA jl(x) dx dy

E( + e(l-e)X Iy k(x,y) dx dy.

Na1,n) = [10(120)" BGry )
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Proof: For each real;“a, define

) . o Srlile g
: J ’ . e

¥(x,y) = |

LO; otherwise

Then

! = < % 5,
Prob-.WO,e __<_ 8.} ffff *(Xgiye)tjg(ye)xgﬂdrl)xl) dya) d-x'e dyl dxl

h? s ¥
JI Eay,y,) 35 (ygsx,) Ay, dx,

PTOb{WO,l < aj

by the first chain of eguations given in the proof of theorem 1 which

is modified by writing Prob(w al for E(ZC)E)’ %(yé,xa) for
2

0,2 =

f- R
X(yg,xg) and Prob;wc}l <a} for E(Zo,l}

Similarly, for n > 2, the substitutions Problw < a}l for

O,n
)

N
Yy ﬁ(xn,yn) for X(xn,yn) and Prob(w < a)] for E(z

E( 0,1 =

Zo,n Q,1

permits us to adapt the second chain of eguations to give

Probfw < a) = Prob{w <al.

Q,n 0,
By the same trick we show that for X > (, Prob[wh n <a} =
3
Prob{wh,l <aj.
Now we compute the expectations. By A0, f 1is bounded and for
some real T, v £ [-T,T] dimplies £{y) = 0. Furthermore, k is

bounded. It follows that is bounded since jl(x) = [k(x,y)£(y) ay

J1

I

T T
J[ k(x,y)f(y) dy S’,f k-f ay = k-F+2T < « where
L , 7

supif(y)ly € R). We use facts to

51
It

£ = euplx(x,¥)] (x,7) < R°),

and to show that it is finite.

compute E(Wo,l)"
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oo > B{A).sup jl-sup r> IA —T”T Y)J (x) alx,y)

fA _T_T' y) d(X,y)

- E(v, ;)

O,l

Next we show E(Wk 1) is firite for A > 1. To do so, we note
: , :
that gn is bounded. In fact, since for each n, g, &an average of

numbers in the range of k and which are both bounded, we have

91
for n > 1, Sup gn < Sup k + Sup jl
To keep the notation simple, we define
£ = 5up k + Sup jl + Sup f

Then, for A= 1

£ —fzﬁr‘ d(xgy]_)

2f ——§T§17—“[f ji(yl’xl) 3K13 d(Xg;Yl)

00 > gE B(A)

Il

v

because the inner integral is equal-ﬂaf(yl} < £

X( )yl)
f(‘*y— [f ge(xe’yl)J (Yl: ) dx, ] d(XE:yl)

( E’y}
=/ __§T§17 Jo(xg5yp %) dlxy,y,%))

= E(Wl,l)
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Similarly, for A > 2,

w > 15 B(A)
X(x, . ,¥q)
2 M1771
= A L s Lyy)
£(y,)
X{x, -,¥,)
a1y
Z j f ——T—T—-ﬂ f,j?L y)\.‘”c)\," L .xg’yl,x}_) d(yk}x)\.' . °x2)xl)]
d(xk+l’yl)

X0 19 097)
J

T [f gk+l(xk+1’yk’""°’y2’yl)

H = .
J)\.kyk’x)\.’ s ’Xl) d(y}\‘: e s :X2 ’Xl) ] d»(X)d_}_:Y:e

X( ¥q)
1291 . .
B fiy_l J)\.}.l( ;\:I-l’y)&’ ”’yl’xl) d(XM_l,...,Xl)

k,l) )

Since E(w}h l) ig finite for A > 1, the formal operations used
2
to compute E(Zk l) in the proof of theorem 1 are valid after
3
X(X ¥ ) :
M7 L is written in the place of ¥X{x V. When this is
——-f(?;m— nin P }\Ti'l,yl . S

done, it is seen that E(wh n) = [1-9(1_@)7“‘jL

2

\ . A-L :

- .
Bz, ) + 809" "[] k(x,y) ax dy
The computation will not be repeated.

Corollary: E(Wk n) < (Sup £ + Sup k + Sup jl)z B(A
Lorel lary: o’ =

Next we show that second moments of distribution for each Wk o
2

are finite.
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Lemma 3: There is & real' constant V such that for all A > 0O,

2
E(Wh)l) < V.

: Proof: 8Since k and jl

than both Sup k and Sup jl. It follows that for each M¢ 4 will be

are both bounded, we may take f greater

greater than Sup gk.

Then 4 BA) =2 f X%%§§l a(x,y) > f é%%;%l, 3, (x) a(x,y)

X (x,7)

2X(x,7) a(x,y)
Z0) 31(x,¥) ¥

2
= E(WO,l)

For *» =1, £ B(A)

H]
=

) an,y)

PR g ) e atey)

Il
=

: f X(X:Y} £

| 2 (y)

f X(X:Y)
2(y)

(Y) jl(xl) d(X:YJxl)

v

g, (x,5) £(y) 3.(x)) alx,¥,x;)

f X(X:Y)

5 je(XJYJxl) d(X:YJXl)
™ (y)

2
= B(w) )

for A>1, £B(A) = 2 [ 5%%§§l a{x,y)

' X {x .
= £ f _i§?§% [f Ji(yhyxx)°'°:x2:3rixl) d(yk’xk’“""XE’Xl)]
d(X:Y)

because the inner integral is just f(y)
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X(x,y)
_>_ f z f g?\ri-l(x’yk’xk’ v :XEJY;XI)

£ (y)

ji(nyXKJ"‘JX2JYJX1) d(yk)XKJ"')XE)XI) d(x1Y)

¥{x,¥)
2 (y)

] Ky X dix X. ese X X
JX+1( ’yh’ }y, 1) ( }YK) K 2Jy} 1)

Hence E (w2

N 1) < g B{(A), completing the proof.
,10 =

Corollary: Sup{Var(wk n);)x >0, n>1} <w .
At , - z

. 2 . .
Proofﬂ. Since E(Wh,n) and E(Wk,n) are finite, so is

2,2 -
Var(wk,n) and Var(wl’n)ﬁE(w%n) -E (W}u,m)f E\Wh,m)—E(Wk’l)i 4B{A)
2
Lemma 4: Let V = Sup E(w] ,), +then
R
. . m-1
(i) if m >2, then | COV(WO,n’WO,n+m)I < (1-8) v
coy w , . m
(11) if m > 2, then | Cov(wl,n’wl,n+m)| < (1) Vv
(i11) if m > A > 2, then | Cov(wk,n,wk,m_m)[ < (1-6)" Vv

Proof: The proof depends heavily upon arguments already presented in
detail in the proof of lemma 2. Lemma 3 shows that the iterating and
interchanging orders of integration of the integrals defining the

E{w ) is valid even though the w's need not be bounded since

W
Ayn  A,ntm
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Following lemms 2, we consider (ii) and (iii) first and write

E( ) =

W, W
A,n o A,nim

foerf -X(xn+m+k’yn+m) ) X(I'clr1+?v"~y-n)
IR R G £y, )

A-1

i-1
0 igi (1-6) k(xn+m+k’yh+m+k-i)

h=1 )

+6(1-0) k(x

A Y ndm

m
+0 Yy (1-0
i=A+1

)

i-1
) k(xn+m+k’yn+m+x~i

m
* (2007 o O Ve na1? %)

.

*
Jn+m+h_1(yn+m+x-1”"’ dx

Xp) Xy eee G

A=l m .

=6 YA, .+ G(I-Q)X_;B'+* 6 (16) 7% ¢,
N 1 . 1
i=1 i=dtl

+ (1-6)" D

Exploiting the similarity between these iterms Ai,B,Ci and the

corresponding terms in lemma 2 in & manner now familiar we obtain

A =E( )E(W

i Yo,1

B= [fx(t,s)k(t,s) dt ds E(wh’n)

C. = E( BE(w

i Wo,l) h,n)
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Therefore E(Wk,n+m'wk,n) =

1 L A=l

E(whn)fh-e(l-e)}“" JE(WO,l\)ﬁ 6(L-9} I s(t,8) at as}
+ (lme)m[DmE(WO,l)E{WX,n)1
- E(Wh,n)E{Wk,l) + (lwe)m[DAE(wO,l)E(wX,n)]' ,

by theorem 5.

2
wk,n+mfwi,n)€E (Whgl)

Thus  Cov{w ) = B(

5W
A,n’ A, ntm

(1-8)"D-E(w _ IE{w

3 T
O)ll X}nh

The proof for these cases is completed by approximeting the ferm D.
Since [X(x,¥)/f(y)] need not be s bounded function on A +the technigue
used in lemma 2 will not work. Alternstively, we use the Cauchy-Schwartz

inequality in the form

[fa(x)b(x)p(x) ax]® < fa© (x)p(x) ax [b°(x)p(x) ax

for sultable functions a,b,p.

% : r
2 ‘[ X(Xn+m+h’yn+m) [X<XH+K’yn)

¥
f(yn+£} f(yn;

-
[Cn+k(xn+m+l’yn+k—l’°””’Xl}Jh+m+X-l(yn+m+kul’°“n’xl)]

2
d(xn+m+k’“°"xl}
- A
< kan+m+k’yn+m)j (x )
......, f(y ) Cn—i—)\‘ n+m+}\‘,yn+)\'—l, o o ,Xl
n+m
j* (y e 4 X ! d(X o ) X.
nmEA=10 ndmt A1 721 ntmt h-17 thid
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XX y0¥,) . (x )
® ffyni A e Tpen-1? 000

~

.,X

+*
Jn+m+h-1(yn+nr+x-l’ vee ’xl) d(xn+m+k-1’ ot 1)

where the first integral is evaluated by successively integrating with

- respect to each of v, excluding y ., 1o

b A1 =17 T e m

obtain

) 2

_J' X(xn+nﬁ-k’yn+m
[ ,x

c_ ., (x )Y s )
f(yn+m) n+h TnbmE A Y nt -1 1

) al{x

* ) .
P ) Insner Tneaerr o v%y SYUNEYE AN S URPRREPLY

-]' X( *ntme A’ yn+m) *
xl)

f(yn-i-m)- Jn+)~.(3"n+m"1‘cn+m+ M ptA-1? 02

d(x

A nem? Tnae a7t 0¥

"

The second integral is evaluated by guccessively integrating with respect

-
to ¥4 To glve E(Wk,n). Summarizing, we have

Kt e h’ymmi- A1t

‘ 2 2 2 2
* -
(*) 0 <D< \/E(wo’l)E(wk’n) < @p E(wk,l) \/Sl;p E(Whn) = V
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X 2 2
Since 0 < Var_(wl_L p) = E(wu’ ) - E (WH P) for >0, p>1, we

P $

2

have also

0 5E2(w

\ 2 2
0,1 G, ) <Elwg

) BG, ) <V,

3L 00 =

that is 0 < E(wo 1) E(w)L r1) < V. Combining this inequality with (*),
= s =

we have

0 <lCovliy 3%y nam)! =

(1-6)" | D-E(wg )EGw, I

< (16

which completes the proof for cases (1i) and (iii).

We now consider case (i}). If m > 2, then

E (v v )= f.X(xn+m’yn+m) X(xn’yn) #* oy x.)
L) - LN | - Fl 5. 3
O,n+tm O,n’ f(yn+11? f(yn) Y ntm 1
dyh+m “ee dxl

sY. ) X(xn;yn)

m-1 X(xnﬂn n+m
- E(wo,n+m)E(WO,n)+(l'9) [ffe-+] T )

.* ' * r a
Jn+l(yn+m*xn+m’yn’xn""’xl) ay. dx dy dx

n+im ntm “n 1
- E(WO,n+m) E(Wo,n)
X(x 2y )
by a chain of equations which 1is obtained by writing f?;m ?+m .
+
X(xn:yn) : .
__?Tygy— for x(xn+m’yn+m) . X(xn,yﬁ) in calculation E(ZO,n+m'zO,n)

An lemma 2,
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) x

i . P m_l . e —
It follows that |Cov(wojn+nfwo,n)l— (1) |- 1( } &y, - -0X
AECwo,n+m)E(wo,n)[. Since we have already shown that O S-E(wo,n+m
E(w0 n) <V in the proof for cases (ii) and (1ii), the proof will be
¥

complete when we show that the integral, cail it D,

Since
that Dz_s V2 ag follows.
Da _ jx( n-l-m’yn-i-m) X(xnsyn)
(Y pam) ly,)
n+1(yn+m tm? I
dQ%+m n+m
2
' X(x n+m’yn+m)
= fly,, )
. n+m
n+l(yn+m Yt %
2
X(?Cn;yn)
x HEW)
s %
Jn+l(yn+m n+m’y
2 2
=By ner) Bl o)

P

where the

to first Y pim and then x .

n+m
2

~ Since E(wb n+l) E{w> ) 1is no greater than v =

O,;n

we have 0 <D<V and the proof is complete.
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satisfies 0 <D S'V.

D is clearly nonnegative the proof will be completed by showing

ll,x

see xﬂ

":x)d(y P X)

n+m’ n+m n

1

n+m’ n+m n’ 1

gecond integral is simplified by integrating with respect

5 2
[S;tp E(vy o)1 s



v 2
Theorem 6: Var (TX,N) <y ler+ 5 + 51, vhere V= smip E(wk’l)n
Proof: Define u =w, 4/V . Then the random variables u will
Ayn A,n

be non-negative, will have variances no larger than one and will
gatisfly all the conditions on covariances given in lemma 2. The
argument given in theorem 2 uses only these facts, so we may repeat the
argument to obtain,

N
.1 1 2 2
Var{D—I n;}- 'll)\',n} < T {5 + '}\‘—’ + é-]

The proof is compietecl with the observation that

Theorem 7: T —>ffA k{x,y) dx dy - €

MON in probability, as N — e,
2
[E(w

MJ

) - E(w, )1
where €= (lei')M 1,2 G ,O’l -

M

M
. = - Y o=
Proof; E(TM)N} E(wo . gl[E(WMN) E(WO’N)]. Thus E(TM,N,
M
E(WO,N)+ }E}*[E(wk,l) - E(WD,l)] because W)\.,N is the average of random
variables, each having mean LAVEE
3

M

Thus  B(Ty o) = E(WO,N) + 0 gl (1-6)" ffA (x,y) ax dy

- E(Wo,l)]’ by theorem 5

= Bl ) + [1-(0) 1, k(x,y) ax ay - Blug 1)

1

[k - (o) - Blwg 1))
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Again, by theorem 5, the term in brackets is %{E(W - B(

1,1) Wo,l)]

Thus, for all N > 1, E('I'M’N) = [,k - &y

By theorem 6, Var(w tends to zero for A= 0,1,...,M. There~

o
fore, by M + 1 applicatlons of Chebyshev's inequality, TM,N converges
in probability.

We coﬁclude this appendix by stating one additional theorem. I%
will not bhe necessary to offer a proof since the results we have already

established vermit us to appropriate each argument in the precisely

analogous theorem 3.

Theorem 8: Tyt = ffAk(x,y) dx dy with probability one.
, " N .
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