

















linear mcdel, Suppeérprbved thét predicted mean test
perfofmanoe-is‘a monotonic function.of block=-size.

| A.key assumptioh in his developument is thaet the items
are learned independently of one another. Of course, the
tenabality of this assumption depends hesvily on the
particuiér set 6f items being presented. But intuitioﬁ-
sgggesté thét instructioﬁal maferial usuaily consists of
items”that are désighed'to teach the same skill, and
hencérare highly interdepeﬁdenta Fér example, a child
acquires facility in multiplication by exercises with
différent numerals. Again, one may learn to heérJthe
difference betweeﬁ-a-Russian voiced and.a vdiceiess
consonant by a procedure.wherein the particular.consonants
and adjoining vowels differ from one item to the nexb.
:Sincé the distinctive feature of wvoicing characferizes
all contrasts; the items would not be learned independently.

Iﬁ céses such as these where dependenf items comprise

:the list, the ?redictién of the block—-size model does not
appear_wholly.realistic. To accent the issue more:
shafply9 consider a paired*associates task in which the
subject_learns.the'Russién equivalents of the numbers
from 1 to 5, and also the translations of fivé'animal'
names. Intuitively, it might well be more efficient to
present the numbers in succession, then the animal names,

instead of interspersing numbers with names. PMore
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generally? The topical ordering of instructional material
refleéts the belief that‘one task should-be mastered
| beforé another ié undertaken. Cn the contrary, topical
-ordering is not recommended by the block:éize model.
Since the model does not include dependent items, it
deals only with Egy_gggx other items should intervene
between successive feinforcements'of the same item -
nothing is said about what they should be. The present
issue isr should an item De surrouﬁded by other members
of the same category or by items from other categories?
‘How can a model be formulated to capture.the notion
of item dependenéy? One treatment would be to postulate
a concept~learning process. (Bower and Trabasso, 19645
Suppes and Ginsberg,l1963). Each exemplar would be viewed
as affording an oppoftunity for the concept to be mastereds
after one-concept was mastered, all its exemplars would
be responded to correctly. But for phoneme discrimination,
acquisition of Russian vocabulary, etc. this model cannot
be empirically adequate. 4 less extfeme hypothesis is
that by virtue of theirrunique properties the members of
- a category cannot be learned simply by mastering a single
concept. Rather, we maintain that when an item is
reinforced, there is positive transfer to other instances
of the same category. If the t:ansfer.were 1009, we

would have the gpﬂcept-learning version. We also adopt
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a Torgetting axiom analogous to that incorporated by
Suppes. The s-r associabtlon for a particular exemplar
may be forgotten when eXemplars of other categories are
presented.

In the interest of mathematical simplicity, most of
the findings to be reported involve the restriction that
sn item be followed by at most one reinforcement of éVery
other item in the list. If paremeter—free predictions
cannot be made here, then a fortiori they cannot be made
when the list is repeated a number of times. At one pole
we have a schedule to be called massed exemplars, and at

the opposite pole we have distributed exemplars. A4

massed sequence.has all presentations of one category9
then all of another categofy, etec. A distributed order
begins with a subseguence containing one member of each
category iﬁsuécessiori9 then a second member of each
Caﬁegdry, with the same category order as before. These
two schedules are extremes in the sense that the number
of other categories intervening between consecutive
reinforcements of the same category is zero in the massed
s@hedule and 2 maximum in the distributed schedule.

Parallel derivabions for the two schedules appear in
the next section. Two sets of derivations are carried
out, depending on whether or not responses on the

criterion test are reinforced, The salient finding is
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that when the second (%test) cycle through the list is
reinforced and réplicates the first cycle presentation
order, ther massing of exemplars is more efficient than
distributing them. This prediction is independent of
the model's parameters, and the numbers of categories and
ekempiars, No gereral result has been found for the
method.of nonreinforced test trials, although some insight
is furnished by numerical computétions°
IT. Derivations

1. Notation |

A particular item is denoted as aij’ where 1 and

index the category and exemplar, respectively (1 T i

1S3 = E). For each iten a;; the probability of a
Correct_r65ponse can be Transfermed by three path-
independent operators: the acgquisition operator A applies
ﬁhen aij is presented, the (positive) transfer.operator T
applies when a,, (k # j) is presented, and the forgetting
operator applies when an item not belonging to category
i is presente_d°

Now we define the schedules in terms of sequences of
the aij's. In all subsecuent work the segquences are
described by strings of operators. Written in matrix
form, schedules M (massed) and D (distributed) given by

the matrix



811 B TTTTT 4E
8o 8pp TTTTT gop
811 B2 7777 3iE
gc1 Bg2 77T &gml v

Reading from left to right within a row, taking first the
top row, then the second row, etc. gives schedule M. To
obtain schedule D, we transpose, reading down the columns

‘beginning with the leftmost column.

2. - Operator Sequences

The first step in the derivations is to write the
operator seguence for item aij.under each schedule.. it
this more abstract level we generalize to N ¢ycles through
the list, but when we restrict the operators we also find
it convenient to restrict N. It is easier to divide the
sequence into two subsequences.,. The first begins with an
item's initial preséntation and ends on the_trial before
its finsl presentation. This constitutes the N-1 complete
cycles for each item, where N is the number of reinforce-

~ments per item. The second sequence 1s a partial cycle

beginning with the item's last reinforcement and ending
with the last reinforcement of the terminasl item in The
list.

Calculation of the operator sequences is straight-
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forward for the N-1 complete cycles. Schedule M yields

;. [apEd p(CTLIE qJ-19N-1 (1)

The product in brackets represents the sequence for one
cycle. Independent of i? item aij gets one presentation,
then E~J exposures to other members of the same concept,
then (C-1)E trials on other concepts, and then exemplars
851 through a; j-1.
The expression for schedule D can be written two
ways; sometimes one computational form is more convenient

and sometimes the other, so we give both. The first is

e [AFC_:L (TFG-l)E—l]Nﬂl' (28.)

That is, the cycle for aij is-initiated_with é presenta—
tion of that item. Next there are C~1 forgetting trizls,
consisting of 2 preéentation of one exemblar from each of
the remaining C;l concepts. The next block of C trials

is the sazme as the firsit, except that aij gets replaced

by a,, (k # 3D, yielding TFC 1. And if there are E

C-1

exemplars of each concept, the TR seguence must

intervene E-1 times between successive'appearances of
aij‘ Hence the product in brackets denotes the sequences
for a single cycle. TIn the alternative form for the N-1

complete cycles, 1 appears explicitly:

D: [AFC—i (Fi"l TFO—i)E_l Fi“l]N—l. (2b)
C-1i

Here the AF” — factor signifies the effect of the sequence
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from the aij to aCj’ inclusive. The factor-in parenthesis
means that a.member of concept i is preceded by i-1
exemplars of other concepts and followed by one exemplar
of each of the remaining C-i concepts.

The ecuivalence of Egs. 2z and 2b is obvious. Note
that both are independent of j. If in Bg. 2b we move

i=-1

the first F' ' term to the left of the parenthesis, the

expression becomes
D [AFc_i Fi"l (TFC_l)E_g TFC“i Fi-le“l
which is the right side of Eg. 2a. |
Now we derive the operator product for ﬁhe partial
cycle thet begins with an item's 1aét présentation and
ends with the final reinforcement of the experiment.
Here the expressions will depénd’on both i and j; since
en item's position in the sequence determines the number
of subsequent presehtations, For mzssed exemplars it is
clear by comparison with Eq. 1 that the operator product
is
E-J F(C-i)E.

M: AT (partial cycle) (3)

For distributed presentations the useful expression

derives from Eg. 2b and is
p: a0 1 (171 0pCTyETI | (partial cycle) (4)

This reflects the fact that after exemplar ;J has been

reinforced the finel E-J exemplars of esch concepd

remain to be presented.
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%, Linear QOperators.

We proceed by assuming that allsoperators are linear.
As in the Sﬁﬁpes' model fof fhe effect of vocabulary
block—=size, our sqle concern ié-with the mean learning
curve. Hence we can assumé elther a one-element cor a
single~operator Lﬁnear process. Letting qij eqﬁal the
probabllity Qf an error upon presentation of item aij’
the (path“indepepdent) linear coperators for all 1 and J

are for 0 ¥ a, b = 1.

A(qij) l'“" aqij
, quij) = bqi_j
Flagy) = (1 - ) ;5 * £(1 - 8), (5)

where l-g has the customary one-element or linear

interpretations. Therefore C = €1 - g, and we

anticipate that a < b. Routine computations of the
operator products in Sec. 2 are facilitated if we record
a well-known result.

If(fis any operator such that for response probgbility

LQCQ) = Rq + S,

where R and S are suitably constrained constants, then

g°(a) = R(Rq + 8) + § = R°q + 5(1 + R)
) - s k .
qu(Q_) = Rk'q + S 1 -R

: : . 1-R |[. (&)



Now we derive the complete~and partial cycle expressions
for schedule I, followed_by those for schedule D. Major
interest in éll four derivations focuses on the case of
only one cycle (complete or partial)-through the list.
This restriction materially simplifies the comparison of
the two schedules. That is, the comparison must be based
on meaﬁ performance over all items, and the averaging over
i and j becomes complex if we permi? more than one c¢ycle.
Schedule E.. Eguations 1 and 6 are relevant for the
complete cycle, Let ﬁh(q) bé the outcome of a complete
cycle under schedule M, starting at an initial level g.
Abbreviate (1 - f)o_l ds x. By Eq. 1, g gebts transformed
into abE_jq, then into x© ab® 9 g+ (1~ XE)(l - g). The

final ™71 in Eq. 1 carries this latbter quantity into
Y (@) = x° av” tar p37 (1 - (A - e (7

The outcome of N - 1 complete cycles can be written at
once via Eg. 6. HoWevér, we omit this, since 1t does
nct seem to offer any new insight into the analysis.
Instead, we find the mean over items of Wﬁ(q), denoted

qy+ Averaging over (and 1) gives

Gy = X" 8b T g+ (1 - X - g){

1- %"
E(1 - b)f. (8)
Using primes to denote partial cycles, Eg. 3 implies

that
Vol = @ - o) ODE 450 ¢ v1- - 0@ VEGQ - g,
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Letting ¢ = 1 - g, the mean over 1 and J is found thus:
b : (C~-1i)E E-j
¥l = (1~ 1) (1 -g) [e07d -1]+1-g,

G e -0F a-wfa 1o drri-e @
L1~(1 E el I I'E\l*b |

{

Schedule 2.‘ As before, we derive the meen g-value
Tor a.coﬁplete cycle end then that for = partial cycle.
These will be the analogs of.Eqs; 8 and 9 respectively.
From Eq. 2a we have that thé initial AFC 1 transforms
e g-value into xaq + (1 = i)(l -~ g). Then Eq. © tells
C-1

us that B - 1 applications cf TF transform our new

¢—value into
(o)E U xeq + (1 - 0 - 9] +
1-00 -8 [1 : (xh)E‘l}

1 - xb
Again 1ettihg the initial g-value be 1 - g, and cecllecting
the coefficients of (1 - x)(1 - g) gives
ap = )F L xa(1 - @) +

(1 -0 -g |1-
1 - xb . (10)

We are Jjustified in replacing'ﬂb(l - g). by aD on the left

side of the above equation, since the former is found to

be independent of i and J.



Turning now to the partial cycle, Eq. 4 tells us

that as a preliminary step we must compute the effect of

(Flﬂl TFle)E—J operating on some g-value. Straightforward

calculation gives fo: the effect of Fi_1 T
qa>(1 - bg+ [2-2 - D7 b - g).

C-1i

This is transformed by the F operator, so the outcome

of one of the E - J replications is
a> -0 T g+ -0 e-g) -
(1~ %@ -g) + [1-1 - G - @),
sbxg (1 - 0T Q- -1)+ (- )@ - bx). (1)

50 by the general Egq. 6, E - J replications yield

q ¥ (o) q+h, |1- (L™
- bx »

where hi represents all terms to the right of bxg in

Eqg. 11. The average cver J is

F_- (bX)E}[A(l - bx) - hé}+ h,
(1 - bx) L 1 - bx i-bx .

Averaging over i, we need to determine

E C C h
1~ ()" 11 ¥ q(l*bx)-hi+l._ Y i
2 e e T
E(1 - px)T)C 1i=1. ¢ i=l 1 - px. (1lla)

From Eq. &4, q is the outcome of AFO—l ocperating on 1 - g;
soq=(1-0%%a-g + [1-2 - DY@ - ). To

forestall a possible confusiocn, we note that when g
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¢

represented the error probability &t the start of the
cexperiment (es 1n deriving fgs. 9 and 10), we hed g =

1 = g. 4ilgebraic manipulation of the terms inside the
et aymmatd on 8] e - 01

first summetion ebove yields g(1 = bx) ~ h, = (1.~ £)

(1 - g)la(l - vx) -~ (1 - x)]. Hence the mecans over i
1

(1 - g) fa(i =~ bx) = b(1 - x)] +

Q- Jo- 1= - %+ ol - )

c{1 = bx) £

After simplificetion, the entire gverage over i is

35 =-a - Y - e - e - va - o] -
}“(l - ) | C =(1 -~ bg? 1 - bx
l-bi\x1-g. (12)
1 - bx
i, Compsariscons between nmogsed ahé distributed schedules.

The ccomplete cycle ceomparisen is between Eg. 8 for
schedule M =2nd Zg. L0 for schedule D. The corresponding
results for & partisl cycle are Egs. 9 and 12, With
either btype of item cycling, our main gquestion is: which
schedule produces a higher predicted proportion correct

on the test? As we have already remsrked, the answer.

depends heavily on how we conceive of the test. If we

<
,_J.
®
ot

he test as simply a second run through the list,
with reinforcement coentinuing to follow each response,
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then we have the‘complete‘cycle procedure. In our
vocebulary experiments reinforcements indeed occurred on
the test but there the items were not selected from common
categories. On the other hend, if we éonform to the more
customary methdd, thaet of withholding reinforcement on
the_test, then the learning phase 1s:'a partial cycle. A4s
we shall now demonstrate, under a complete cycle schedule
M is more efficient than schedule D for all values of a,
b, and f, and all number of concepts and exemplars. Un-
fortunately, with a partial cycle no analytic condition
has been discovered that would guarantee the superiority
of one schedule to the other.

To verify these two conclusions we cite the derivations
in the preceding section. For a partial cycle the com-
parison of_Eqs. 9 and 12 is not very enlightening. Of
course, the trivial case E = 1 yields a& = a%: Also,
it is hardly surprising that when b = 0 (perfect learning
on a transfer trial) massed presentations are less effec—
tive than spaced, as the reader can guickly show. Another

oy | i |
clue concerns the upper bound on dp = Gy

aD T Gy £y : . (13)

where we ebbreviate from Eq. 12 thus:

y o= 1-(1 —~ f)c, 7 = lf(ﬁX!E. , u=v01-g) bl -x)(1-z).
f o E(l - bX) c (l - bX)




The proof of the above inequality proceedé by subtracting

-1
u from dp and showing thet the difference, although

-1
positive, is less than Qe

- ol -2 m ) -
C

1 - bx

Q-v $1l-g-yG -8 bA-xQ1 - 2)
1 - bx _ C _ 1 - bx

= y(1~-g) [za-1]+1- g.
c ;

Here and in Eq. 9, the product before the final 1 - g is
negative. But the absolute value of the product in the
.above line exceeds that in Eq. 9,'56 55 -~ £ a&, which
verifies Eé. 13. One would like to procéed by comparing
aﬁ - (aé - @) with u, but the author hes not found any
'iﬁtéresting-fesults, even when b = 1 — f. Recall that
in Suppes' development for independent items the largest
bloék—size is optimal when the learning parameter éxceeds
the forgetting pafameter, whereas the smallest size is
'opﬁimal when rorgetting is faster than 1éarﬁing. But
in the present development the relative effects of E
and C introduce complications that were absent from the
block~size model. HNote that u # 0 as C >o3, although -
this limit is not of practical importaﬁcé.

To explore further the partial cycle comparison

) -t -t
between schedules, numerical computations of Ay and ap
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were performed. Arbitrerily fixing a at .3 and 1 - g at

67, we took all combinations of b = .3, .6, .9, with

f=.3, b, .9and C =73, 6 end E = 3, 6. Inserting these
|

values in Egs. 9 znd 12, we made 36 computations of qy and

-
36 of ape Figures 1A - 1C plot the

Insert Pigs. 1A — 1C here

probability of an error against f, each pranel corresponding

to a particular value of b, C, and XE. 2

One striking generalization is that low values of b
and £ produce a£ < a&, whereas high values of these two
perameters reverse the inequality. When there is little
positive transfer (b = .9), then massed exémplars are
more efficient than distribubed for most explored values
of the other parameters. Bub when positive transfer is
high (b = .3, moreover, b = a) then in general distributed
exemplars are more efficlent thsn massed. By and large,
Figures 1B and 1C also suggest that the difference.between
aﬁ and a£ is more pronounced when the number of exemplars

exceeds the number of concepts than when the converse

holds.

Another instructive point is that within the range

_.1'7—.
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Figs. 14 - 1C. Theoretical procbability of an error plotted against f.
Panels in a figure represent different values of b; whiié E and c
vary from one figure to another. AlLl computaticns were made with

a=.% and 1 - g= .67.
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of sampled values, i& depénds mestly 6n C and is. relatively
insensitive to changes in f, b, and E. Figures 14 and
1B reveal that when C = 3, ﬁﬁ raﬁges only from .41 to .50,
except for the first point in Figure 14. TFigure 1C and
the results for C = 6, E = © indicates that M varies only
from .52 to .59. Within fhe set of values studied, then,
performence under the massed schedule-changés liﬁtle as
we vary b, f, and E while holding C constant.

By way of éﬁmmarizing‘the numerical anaiysis, we
note that with a high degree of learning schedule D is
Superior to schedule M, and conversely when a single
cycle produces 1ittle learning. Thus from a practical
sngle schedule D is superiocr to schedule M. Cur rationale

for this evaluation is that the comparison between schedules

possesses more than academic interest only if at least

one schedule is effective,

For partial cycles, how can we reconcile this evalua-
tion with inﬁuition and with any data that might favor
sdhedule M? One tentative answer is that for a difficult
task schedule M might Be preferable, but more than one

cycle might be required to reach a iow probability of
“error. A second possibility is that the underlying
lesgrning model may be empirically inadequate. "For example,
the transfer operator may not be path—-independent. Future

theoretical efforts might include an exploratiocn of these
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two suggestions.

A much‘more satisfying conclusion emerges when we
exemine the situation with reinforced test triasls. The
relevant equation for schedule M comes from setting q =

1 - g in Eqg. 8, while that for schedule D appeers in Eq.

10. Hence
-t - B B £
C.IM = 4y == (1 - x ) (1 - b)) 1l - xb £ 1
E(L - b) (1 - x)'{l—(xb)E]
B i B
DD S RS SR P (xb)d L
J=1 i=1 j=1 .

But now we can show that the last ineguality holds for

all values of E, C, and the three learning parameters.

A simple proof by induction on E is given in the appendix;
Therefecre if a complete cycle is given and the presentation
order 1is repecated on the test, schedule M is more efficient
than schedule D.

Let us mention one objectiocn that can perhaps be
raised Tto the learning assumptions underlying our com-—
parison of tThe two schedules. If two members of a common
category do indeed share structural properties then
reinforcement of the cone exemplar might well Tacilitate
performance on the second prior to the first reinforcement
of the latter. To minimize formal complexity we have

ignored such "proactive" facilitation. Upon casual



reflection, 1t might appear that "prcactive" interference

could also result, due to other concepts preceding the

first presentation of a perticular item. However, the

argument for interference does not seem so cogent as

that for facilitation. The item affected by negative

transfer would have its initial probability of a correct

'response lowered below the chance lével. More important,

our

interpretation that intervening concepts produce

forgetting rather than negative transfer rules out

"proactive" interference.

Therefore if an item is affected at a2ll prior to

its first reinforcement, the influence would seem to be
facilitory. The initizl probability of an error on the
jth exemplar would be reduced from 1 - g to (1 - g)bj_l,
independently of the schedule. A 1little thought reveals
fhat this modification does not affect our conclusion for

a complete cycle. Referring to Egs. 7/ and 10, we merely

replace 1 — g by ba_l(l - g). Then the average over

_ WE _
is %%I—:EB% (1 - g) for both schedules. With g originally

set
two
two
- The
the

at 1 - g, the Term containing g was identicsl in the
schedules. All we have done is to multiply each of
identical expressions by bj_l, so they remain identical.
import of this derivation is that we have generallized

complete cycle result to include proactive facilitation,

s the term is used here.
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Footnotes

1
This investigation was supported by Contract

5=14-013 between Stanford University and the U. S.

Office of Education.

2 o
"The figure for C = E = 6 is what we would expect from

the others and is omitted for brevity.

3

“This is exercise 1.16 on p.20 of Mathematical

Analysis, A&postol (1957).



Appendix
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Theorem. For all x,b<1l,,

E E
Z XJ_l E Z bJ"l
]

_ (xp)d™L
i=1 ' J

HA

t=

1 =
"

(14)

The proof is straightforward and proceeds by induction

on E. ¥When E = 2, the azbove line is simply

I

(1 + x)(1 + ﬁj 2(1 + xb), or

x+tb £ 1 + xb,

which 4is obviously true. Next, we sepaﬁéte out the final

term of each sum in Eg. 1A.

E-1 . Y V. E-1 . o
3 x0Tl 4 BT rz pd Lt o+ pE 1) £E Yy (xDb)* Lo+ E(Xb)E l*
J=1 J=1 J=1

By The induction hypothesis it suffices to prove that

w1 L LE-1 L I
E R
5=1 5=1
E-1
Y ()3Tt 4 m(xp)EL
5=1 :

Subtracting (Xb)E_l from both sides, the above line re-—

duces %o
E-1 . _ E-1 ‘

(XE_l 'b‘]~1 + bE_l Xa_l) é Z [(X-b)J_l + (X.b)E—"l].
g=1 3=1

A sufficient condition is that for each wvalue of J the

Al



term on the left be less than or equal to the corresponding
term on the right. That is, for all J such that 1 £ j.
£E, '

L pdTh 4 BTl 37 (xp)37L + (Xb)E“l'
Dividing through by (xb)d 1 3

XEfj + pEd = 1+ (Xb)E_J, or
T (1 - pPdy 21 - BB

The last statement is indeed velid, and the proof is
complete. LEquality arises only when E = 1.
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