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Case 2.2. [X]C/TC[y] and [z]C/TC[w] and [w] TP/TC [z] and

[y]TP/TC[x]. By hypothesis of (XIIa) and CS Theorem 51, we have: [w],

[z]GL/TC[y], [x]. Then, by hypothesis of case 2.2 and using the fact that

(XIIa) is established for case 1, we get: cp([z]) - cp([w]) < cp([x]) - cp([y]).

We transpose the inequality to obtain the desired result.

Case 3. Not both [x]C/TC[y] and [z]C/TC[w]. (XIIa) follows

immediately by CS D14 (iii), and (VIIIa).

Now we prove

(XITh) If cp([y]) - cp([x]) < cp([w]) - cp([z]) then [x], [y]GL/TC[z],

[w] •

Suppose not. Then, by CS Theorem 55, (XIIa) and hypothesis of (XIIb),

we must have

[x], [y]GE/TC[Z], [w].

By cs D15 and CS D14, we distinguish 3 cases.

Case 1. [x]C/TC[y] and [z]C/TC[w] and [x]TQ/TC[y] and [z]TQjTC[w].

Using CS Theorem 35, distribution, CS Theorems 48 and 55, and (VI), we see

that for this case we may assume

(20) [x]TP/TC[y] and [z]TP/TC[w]

since (XIIb) is trivial or holds vacuously for all other cases.

Now, from (19), CS D15 and D14 (i) we easily derive that for any [u]

and Tv]'

(21) if [u], [v]D/TC[z], [w] then there are elements [r] and [s]
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such that {r1, [s]b/TC[x], [y] and [u], [v]TR/TC[r], [s]. It f'ollows

f'rom(21), def'inition of' q[x], [y]) ,CS D10, (20)' and (VIIIb) that

the least upper bound of D( [z], [w]) ':s' the least upper bound of'

n 'Hence, by (XI),([x],[y])'

(22)

But, using (19), CS D15, and as D14 (i) again, we also derive that

f'or any [r] and [s]

(23) if' [r], [s]D/TC[x], [y], then there are elements [u] and

[v] such that [u], [v]D/TC[z], [w] and [r}, [s]TR/TC[u], [v].

Hence, it f'ollows easily that the least upper bound of'

[)([x],[yl):S the least upper bound of !J([z],[w])' and we infer by

(XI):

Comparing this result with (22), we obtain:

But this contradicts the hypothesis of (XIIb).

Clearly, by CS Theorem 48 and (22)ihe proof' is trivial unless we

have both [y]TP/TC[x] and [w]TP/TC[z], But then, since the hypothesis
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for (XIIb) may be transposed to yield: cp([z]) -cp([w]) < cp([x]) - cp([y]),

we are justified by our results for case 1 in deducing [w], [z]GL/TC[y], [x].

iCS Theorem 51 then yields the desired result for case 2.

Case 3. Not both [x]C/TC[y] and [z]C/TC[w].

From (19), CS D15 and CS D14 (iii), we have:

(24) [x], [y]TE/TC[z], [w].

Assume, first, that not [x]C/TC[y]. Then, by the hypothesis of (XIlb)

and (VlIIb), we derive: [x], [y]TL/TC[ z], [w]. But, by CS Theorem 27, this

contradicts (24).

Next, assume that not [z]C/TC[w]. By indirect argument using (24), we

easily infer: not [x]C/TC[y]. The rest of the proof is similar to the

above.

The consideration of these three cases completes our proof of (XII).

Using (Xlla), (XlIb) and CS D16, we can immediately infer:

(XIII) [x], [y]GR/TC[z], [w] if and only if cp([yJ) - cp([x])

~ cp([w]) - cp([z]).

Further, we note that from (VI) and CS Dll, we have at once:

(XIV) [x]TQ/TC[y] if and only if cp([x]) ~ cp([y]).

Next, we define the relation GR'/TC (for [x], [y], [z], [w] in K/TC

in the expected way. This relation corresponds to the GR' relation defined

in D16a; and using D16a, we obtain:
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(xv) (i) if [x] TQ/TC [y] and [z]TWTC[wl, then [x],

[y](}R'/TC[zl, [wI if and only if [x], [y]GR/TC[zl, [w].

(ii) if [x]TWTC[y] and [w]TP/TC[z], then [x], [y]GR'/TC[z],

[wI if and only if [x], [y]GR/TC[w], [zIg

(iii) if [y]TP/TC[x] and [z]TQ/TC[w], then [x], [y]GR'/TC[z],

[wI if and only if [y], [x]GR/TC[z], [w].

(iv) if [y]TP/TC[x] and [w]TP/TC[z], then [x], [y]GR I/TC[z],

[wI if and only if [y], [xlGR/TC[w], [z].

, We next show that, since (XIII) and (XIV) hold, we must have:

(XVI) [x], [y]GR'/TC[z], [wI if and only if

Icp([x]) - cp([yl) I :::I'cp([z]) - cp([w]) I .

Corresponding to (XV), there are four cases to consider. We

illustrate the proof for case 1, since the proof for the other cases

is similar.

Case 1. [x]TQ/TC[y] and [z]TWTC[w]. For this case, we see by

(XVI) that [x], [y]GR'/TC[z], [wI if and only if [x], [y]GR/TC[z],

[wI. But by (XIII) the latter relation holds if and only if

cp( [y]) .., cp( [x]) ::: cp( [w]) - cpC[ z]) . Further, by (XIV) and the

hypothesis for case 1, cp([yl) ,.. cp([x]) = icp([x]) - cp([y])l, and

cp([w]) - cp([z]) = Icp([z]) - cp([wl)l. He,nce (XVI) follows at once.

Case 2. [x]TWTC[y] and [W]TP/TC[z]~:

Case 3. [y]TP/TC[x]' and [zITWTC[w].

, ,
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Case 4. [y]TP/TC[x] and [w]TP/TC[z].

Summarizing our proof up to this point, we see that we have established

that if <N, J.6. > and < N', J.6.' >,are any two numerical jnd structures

isomorphic to < K/TC, L/TC >, then by (Ia),

(XVII) there exist 1-1 functions CPl and CP2 defined on K/TC with

ranges Nand N', respectively, satisfying (XIV) and (XVI).

We have shown in our reduction lemma (Section 5), that < K, TQ, GR I >

is a difference structure. It follows immediately from the equivalence

between the properties of elements and coset properties, that < K/TC, TQ/Tc,

GR'jTC > is also a difference structure. But then (XVII) justifies us in

using (B) of the fundamental lemma for difference structures (Suppes-Winet,

[26], p. 19) to get that there are real numbers ~ and 1 with ~ > 0 such

that for every [x] in K/TC,

(XVIII)

We uae this fact to prove:

(XIX)

We first define two sets, for [x] in K/Tc, in the following way. We

say that 0 is·· in ,11 ([x] ) if and only if there is a [y] in KITe such

that [x]c/TC[y] and ICPl([x]) - CPl ([y]) I =0; 13 is in J ([x]) if and
2

only if there is a [y] in K/TC such that [x]c/TC[y] and ICP2([x])

- CP2([y]) I = 13· We see by a compar:i.son of these definitions with our earlier

definition of J[x] for an arbitrary isomorphism cp, and by (V) that
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(25) 6 is the least upper bound of J
l

([x]); and 6,1 is the

least upper bound of /2 ([x]).

Now, let a be in J
l

([x])., Then by definition of J l ([xl),

there is a [y] such that [x]C/TC[y] and I~l([x]) - ~l([y])1 = a.

Hence, £ a= I£ ~l ([x]) + 1. - (~ ~l ([y]) + y( )1 ; that is, by (XVIII),

£a= I~2([x]) - ~2([Y]) I • Since [x]C/TC[y], we must have: £ 0: is

in 1
2

([x]).

In a similar way, we establish that if ~ 0: is in 1
2

([x]) then

a is in ~ ([x]), and we conclude:

(26) a is in J1([x]) ifandonlyif ~a is in ..J2 ([x]).

Now suppose that (XIX) does not hold. Suppose, first, that

/::::,. I < £ /::::,.. Then there is an 2.> 0 such that

6 is the upper bound of /1 ([x]) by (25),

1"1([x]) with a> 6. - S/~. But then ~ 0:

6 r = ~ 6. - S Since

we can find an 0: in

is in

However, ~ 0: > £ 6. - S = 6. I; and hence, by (25), ~ a is not in

J 2 ([x]). From this contradiction, we conclude that 6. i 2: ~ 6..

We next suppose that 6 I > ~ /::::,.. Then clearly there is an 0: in

J 2 ([x]) with a > ~ 6.. By (26), ah . is in ll( [x]). But, using

(25), this leads to a contradiction, since o:/~ > 6.. We conclude that

/::::,. I = ~ 6, as was to be shown.

We now define the linear transformation 'Ir for real numbers a

by the following equation:

'Ir( 0:) = ~ 0: + 1( .
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We prove that:

(xx) a is in N if and only if w(a) is in N'.

Let a be in N. Then, by (XVII), for some [x] in KITC, a ""cpi[x] );

and by (XVIII), (XVII) and definition of W, W(CP1([x]) = w(a) is in N1
• We

prove in a similar way that if w(a) is in N1 then a is in N.

Finally, we establish

First, assume that. a, ~J6.Y, O. We distinguish three cases.

Case 1. Ia - ~ I < 6. and 5 - I' 2: 6.. By hypothesis for this case, we

have I (~ a + ~) - (~~ + y[ ) I < ~ 6., and ( ~ 0 + ~) - (~ I' + rn 2: ~ 6.. Hence, by

IX and definition of "', l"ljr(a) - w(~)1 < 6.' and W(5) - W(y) 2:6.'. But then,

by definition of J6. 1w(a), w(~)J6.'W(Y)' W(o).

Case 2. r 5 - 1'1<6. and a - ~ 2: 6.. Proof similar to proof for case 1.

Case 3· la - ~ I 2: 6. and 10 - 1'12: 6. and (B-1) - (~-a) 2: 6.. By

hypothesis for this case, we easily derive: I(~a+ ~) - (~ ~ + 11) I 2: ~ 6.

and l(~o+~) - (~y+~)/ 2: ~6., and [(~5+~) - (~y+y[)] - [(~~+J?)

- (~a+yn] 2:~6.. Hence, by (XIX) and definition of W, Iw(o:) - w(~)I2:6.'

and IW( 5) - W( 1') I > 6. 1 and ( w( 5) - W( 1')) - (W( ~) - W( 0:)) 2: 6. '. We infer,

by definition of J6.' w(a), W(~)J6.rW(Y), W(B).

We next assume that w(o:) , w(~)J6.'w(y), "'(0), and again distinguish

three cases. We illustrate the proof for case 3 that a, ~J6.Y, 5.
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I",Ca) - ",( 13 ) I < 1:::,.' and ",( 0) - ",( y) ~ I:::,. I •

I"'Co) - ",C y) I < 1:::,.' and ",(a) - ",CI3) ~ 1:::,.'.

Case 3. 1",(a) - "'(13)1 ~ 1:::,.' and ,,,,Co) - ",Cy)/ ~ 1:::,.' and ("'(0)

- ",Cy)) - C",CI3) - ",(a)) ~ 1:::,.'. By definition of '" and (XIX), we have

for this case:

and

and

We derive~l a - 131 ~ ~ I:::,. and ~ lo-yl ~ ~I:::,. and ~{Co-Y) - CI3-a)] ~ ~ 1:::,..

Hence, we- have: Ia - 131 ~ 1:::,., 10 - '1 I ~ I:::,. and (0-'1) -(13-0:) ~ 1:::,.. We

infer, by definition of J
ts

, that a,I3JI:::,. '1, O.

The proof of (XX) and CXXI) complete our proof of Part CB), and we

conclude that < N,J > and < N',J ,> are related by a linear
6. I:::,.

transformation.
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