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such that - [r], [s]D/TC{x], [y] ~anda [u], [v]TR/TC[r], [s]. It follows.
from (21), definition of V) , GS D10, (20)'and (VIIIb): that
([X];{Y])
the least upper bound of E%[z] IW]) < the least upper bound of
s

Ij([x],[y])' Hence, by (XI))

(22) o([w]) - o(lz]) + A < o([y]) - o([x]) + A.

But, using (19), CS D15, and CS D1k (i) again, we also derive that

~ for any [r] and [s]

(23) if [r], [s]D/TC[xj, tyi, theﬁ there are elements [u] and

[vl sueh that [u], [vID/TC[z], [w] and [r]l, [s]TR/TC[u], [v].

Hence, it follows easily that the least upper bound of
Ij < the least u bound of ij ; and we infer b
([x1,[y]) = 5% upper ([2],[w])’ o

(x1):
o([y]) - o([x]) + A < o([w]) - o([2z]) + A.
COmparing this result with (22), we obtain:
o(ly1) - o([x]) = ?([W]) - w([Z])o'
But this contradic£§ tﬁe hybéthesis of (XIIb>.

case 2. [x]¢/Tc[y] eand [z]Cc/TC[w] and eitpgf [y]TP/TC[x] oOF

[w]TP/TC[2].

‘Clearly, by OS Theorem 48 and (22) the proof is trivial unless we

have both [y]TP/TC[x] and [w]TP/TC[z]. But then, since the hypotheésis




-176-

for (XIIb) may be transposed to yield: o([z]) - o([w]) < @([x1).- o([¥]1);
we are justified by our results for case 1 in deducing [w], [z]GL/TC[y], [x].

EGS Theorem 51 then ylelds the desired result for case 2.
Case 3. Not both [x]¢/Tc[y] and [zlc/TC[w].

From (19), CS D15 and CS D1k (iii), we have:

(24) [x], [y1TE/TC[2], [W].

Assume, first, that not [x]C/TC[y]. Then, by the hypothesis of (XIIb)
and (VIIIb), we derive: [x], [ylTL/Tc[2], [w]. But, by CS Theorem 27, this
contradicts (2k).

Next, éssume that not [z]C/TC[w]. By indirect argument using (24), we
easily infer: not [x]¢/TC[y]. The rest of the proof is similar to the
above.

The consideration of these three cases completes our proof of (XII).

Using (XIIa), (XIIb) and CS D16, we can immediately infer:

(x111)  [x1, [ylGR/TC[2], [w] 4if and only if o([y]l) - o([x])

< o([w]) - o([21).
Further, we note that from (VI) and CS D11, we have at once:
(x1v)  [xlTQ/TC[y] if and only if ¢([x]) < o(ly]).

Next, we define the relation GR'/TC (for [x1, [y]l, [z}, [w] in K/TC
in the expected way. This relation corresponds to the GR' relation defined

in Dl6a; and using Dl6a, we obtain:

v g e
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(xv) (i) if [x]Tq/Tc[y]  and  [2]TQ/TC[w], then [x],

[yleRr!/Tc[=], [w] if and only if [x], [ylGR/TC[2], [w].

(11) if [x]TQ/Tc[y] and [w]lTP/TC[z], then  [x], [ylGR'/TC[z],

[w] if and only if [x], [ylGR/TC[w], [z].

(ii1) if [ylTP/TC[x] and [z1TqQ/TC[w], then [x], [y]GB!/Tc[z],
[w] if and only if [y], [x]GR/TC[z], [w]. ‘
(iv) if [ylTP/TC[x] and [wlTP/TC[2], then [x], [ylGR'/TC[z],

[w] if and only if [yl, [x]GR/TC[w], [z].

- We next show that, since (XIII) and (XIV) hold, we must have:
|  (XVI) [x],_[y]GR;/TC[z]?v[w]  if.éndﬂoﬁly‘if ’
[o([x]) - o([¥])| < |o([2]) - o([w])} -

Corresponding to (XV), there are four cases to consider. -We
illustrate the proof for case 1, since the proof for the other cases
is similar.

Case 1. [x]Tq/Tc[y] and [2]TQ/TC[w]. For this case, we see by,L
(XVI) thet [x], [ylGR'/TC[z], [w] if and only if [x], [yleR/TClz],
[w]l. But by (XIII) the latter relation holds if and only if -
o([y]) - o([x]) < o([w]) - o([z]). Further, by (XIV) and the
- hypothesis for case 1, o([yl) - o([x]) = [¢([x]) - o([y])], and

o([w]) - o(l[z]) = |o([2]) - o([w])|. Hence (XVI) follows at onceonj
 Case 2. - [x]TQ/TC[y] and [w]TP/TC[z]-

Case 3. [y)Tp/rclx] ena [21TQ/TC[v].
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Case k. [ylTp/Tc[x] and [w]TP/TC[2].

Summarizing our proof up to this point, we see that we have established
that if < N, {A > and < N', qA, >, are any two numerical Jjnd structures

isomorphic to < K/TC, L/TC >, then by (Ia),

- (XVII) there exist 1-1 functions @, and @, defined on K/TC with

ranges N and N', respectively, satisfying (XIV) and (XVI).

We have shown in our reduetion lemma (Section 5),‘that < K, TQ, GR' >
is a difference structure. It folléws immédiately‘from the equivalence
between the properties of elements and coset properties, that < K/TC, TQ/TC,
GR'/TC > is also a difference structure. But then (XVII) Jjustifies us in
using (B) of the fundamental lemma for differénce'étfuctures (Supﬁes—Winet,
[26], p. 19) to get that there are real numbers 3 and'ﬁ- with ¢ > O such

that for every [x] in X/TC,

(xviIz) . o,([x]) = £ o, ([x]) +7 .

We use this fact to prove:

(XIX) , , A" = EA.

We first define two sets, for [x] in K/TC, in the following way. We .

say that o is in zfl'([x]) if and only if there is a :[y] in K/TC such

that [x]¢/TC[y] and Jo ([2]) - o ([¥]) | =as & is in ‘Jé ([x]) if and

only if there is a [y] in K/TC such that [x]¢/T¢[y] eand ]@2([x])

- @2([y])| = p. We see by a comparison of these definitions withvour earlier

definition of x/[x] for an arbitrary isomorphism ¢, and by_(V) that
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(25) A 1is the least upper bound of Jl ([x]); and A' is the

least upper bound of ,/2 ([x1).

Now, let @ be in Jl ([x]).: Then by definition of zfl (Ix1),
there is a [y] such ,that. [x]c/Té[y] énd }q;l([x])_ -.cpl([‘y])' = .
Hence, £ Q= |¢ cpi([x]) +7 - (& cpl([:ﬂ) +) )1 ; that is, by (Xv1II),
ta= |o,([x]) - o,([y])] . Since [x]c/TC[y], we must have: ta 1is
in j_g ([x1). |

In a similar way, we establish that if ¢Q is in’ ,/2 ([x]) then

o is in ,Ji ([x]), and we conclude:
(26) o is in Jl([x]) if and only if ¢« is in JZ (I[x1).

Now suppoée that (XIX) does nét hold. Suppoée,‘first, that
Al < E A Then there is an &> 0 such that A' = & A - & . Since
A is the upper bound of Jl ([x]) by-(25), we can find an o in
. Jl([x]) with a>A - &/e. But then ta is in ,fg([x]) by (26).
However, £a > EA - & = A'; and hence, by (25), ¢ 1is not in
Je ([x]). From this contradiction, we conclude that Af > E A

We next suppose that AY > & A. Then clearly there is an « in

JE (I[x1) with o> g A. By (26), a/t . is in Jl_([x])o But, using

(25), this leads to a contradiction, since oz/_g > A. -We conclude that
A' = £ A, as was t0 be shown.
We now define the linear transformation fér real numbers «

by the following equation:

¥a) = ga + 7).
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We prove that:
(XX) @ is in N if and only if y(a) is in N'.

Let a %be in N. Then, by (XVII), for some [x] in X/TC, a::mf[x]);
and by (XVITI), (XVII) and definition of v, w(o ([x]) = ¥(a) ig in N'. We
prove in a similar way that if V(o) is in N' then o is in N. :

Finally, we establish
(X1) @, BJ,7, & if and only if (@), ¥W(B)J, . ¥(7), ¥(s).

First, assume that a, B{ﬁy, D. We distinguish three cases.

Case 1. la - Bl <A and & - ¥y > A. By hypothesis for this case, we

have [(ga+7) - (£B+N)| <tA, and (ed+)y) - (E7+)) > £ A. Hence, by
IX and definition of ¥, |y(a) - ¥(B)| <A'" and ¥(5) - ¥(y) >A'. But then,

by definition of J ,¥(a), W(B)JA,\V(y), ¥(3).

Case 2. |® -7|<A and & - B8 >A. Proof similar to proof for case 1.

Case 3. |0 -PB|>Aand |8 -7>A and (3-7) - (B-@) >A. By

hypothesis for this case, we easily derive: |(ga+7) - (€ B+N)| > eA
and [(gs+n) - (¢ )] 2 en, and [(e8+7) - (6 7+7)] - [(eB+7)
- (6a+)1 > £A . Hence, by (XIX) and definition of ¥, |¥(0) - w(B)| > A’
and  {¥(8) - W(7)| >a' and (¥(3) - ¥(»)) - (¥(B) - ¥(@)) > A'. We infer,

by definition of J,, ¥(a), w(a)JA,w(y), v(3).

We next assume that (o), W(B){Q,W(y); ﬁ(&), and again diétinguish

three cases. We illustrate the proof for case 3 that o, B{ﬁy, Do
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case 1. |y(a) - ¥(B)| <A' and ¥(5) - ¥(y) > A'.

Case 2.  |¥(8) - v(y)| <a' and Y(a) - ¥(B) > A'.

‘gsse 3. 1w(@) - W) 24" emd [¥(3) - WM 24 ma (¥(d)

- ¥(y)) - (w(g) -»w(a)) zéﬁj, By definition of ¥ and (XIX), we have
for this case:
[(ea+n) - (€B+7N)| > € A;
and '
[(eo+m) - (er+ ) 2 £ s
and

'[(g'a+?z) - (g7+)1 - “[(564}7) - (g1 > : A

We derive t{a- B|> & A and |5 ~7[> ta and g[(3-7) - (B-2)] > £ A.
Hence, we have: | - B| >A, |8 - y|>A and (8-7) - (B-@) >A. Ve
infer, by definition of {ﬁ,.that va,_Bisy, o

' The proof of (XX) and (XXI) complete our proof of Part (B), and we
conclude that < N,;A > and < N',;A, > are related by a linear

transformation.
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