





increased by cne. Combining these results and computing the appropriate

elementary probabilities, we obtain:

| A = Ah(1- %}-) (1-x) + whl e (Lx) (1-)} (2- }ﬁ)(l-ﬂ) |

P(A l,t)

2,t+h

+e(lon) 2+ (1= 2)(2-n)]]

It

(1 £)(1-n) + walS1-n) + (- F)(1-x)]

It

1 %C '
(vp)n(l- £)(3-n) + (1-x)h . (32)
We have not yet gaid so, but 1t should be made explicit even if it is
evident in the sbove derivation that (32) holds only for h small.

As h increases other events may intervene between A and Al

2,t+h Lt

and both a reinforcement and a new sampling separate from the one
immediately following the reinfercement, may take place. In principle
the expression for arbitrary h, and not just small h, may be derived,
but the expressions are complicated, primarily because the number of
intervening reigforcements or response-shift§ is a random variable whose
expectation must be calculated.

For small h we obtain by the above methods the following tran-
sition matrix

A A

1P t+h T2, t+h
Al 0eOB Ok W §) + BT (eoOnlG (- F)e B
By o[ e W DB Lalor W) (- P B9

Given data on this transition matrix we may use the likelihood function
derived for the one-element model with discrete-trials in Suppes and

C
Atkingon (1960, P. 49) to provide an estimate of [(W + w)(1- %) + %*],
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but obviously other estimates will be needed to identify separstely
c, » and N. We may, of course, estimate c/N in g fairly standard way

from the mean learning curve.

7. Comparison of Mcdel T and Model IT

It is natural to seek a test that will compare the two basic models
proposed.  Such a test, by ngcessity, has toc be built around the only
Teature which differs in the two models, i.e., the occurrence or non-
cceurrence of & new stimulus sampling.after a reinforcement. Thus, we
must consider some statistic referring +to what happens after a rein-
forcement. We consider a time interval of length U from to to to + U;
in which to is the time at which a reinforcement occurred. In

+, t_ + U), a total of H switchings of the response will be recorded.
o’ o

(%
H is distributed accerding to a Poisscon law with mean AU. How shall
we choose U? If U is too large, then AU, the expected number of swifch—
ings dué to the stimulus sampling process will also be large and hide
the effect that the reinforcement has on the pumber of changes i the
response. IT U is too small, we get a time interval for which latency
eifects are relatively important.

This situation leads us to the following test. In the interval

[bo’ b+ U} we congider the random varizble R(U) = number of changes in

the response position from tO to to + U.

_R(U) = Ry + RE(U)

1 if the reinforcement at time
E. = ¥ to entails a change

0] otherwise

Dl



and Rg(U) = number of changes in the response

position in(;+ t + UjJ.
\O’ o

Since line Rl is a 0-1 random variable, its expectation is alsc the

probability that it is equal to 1. For both models, RB(U) has the same

distribution which will be analyzed later. However, Rl is different for

the two models. The following table tells how much.

Insert Table 1 here

As for the distribution of R2(U), it involves the number H of
stimulus samplings which occurred in (to,.to + U), the number of
stimuii conditioned to Al at time t; (since this number remains con-

stant throughout the time interval considered and, when divided by N,

represents the probability of getting an A, response at each new stimu-

i
lus sampling). The exact distribution has been derived, Donio (1964),
and regquires detailed computations, Approximations, however, may be
used here.

As already indicated, we do not want to cheoose U in such a way that
RQ(U) would be toc large or tco small. We shall choose it of the same
order of magnitude a5 Rl’ i.e. we shall choose U such that MI= 1. Then

H(y) will be a Poisson random variable with mean 1. In the interval

(to, b, + U), H(y) stimulus samplings occur, each one bringing back an

+
N (t7) .
Al response with probability 5 and an A2 response with probability
Nl(tj;)
- For small H(U), it is possible to consider all sample

paths and the corresponding probabilities. If H(U) = h, the number of
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TABLE 1. Comparative Distribution of Rl
for the Two Models

At Asymptote Model I - Model IT
_ _ I S
E{Rl]}{(to) - 0, El’tc}_ . | .

: 1 1
E{:{ljx(to) = 0, EEJtJ _ 0 (1- ﬁ) - T
iR I%(+ ) = 1, B, . = 0 (- &) (1-n)

Y1 > Pty N
E(R|X(t ) =1, E = c (1- 3) (1-n) + £
ig o} 7 T2, N N
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paths to be considered is 2. then H(U) becomes large, this is no longer
possible, but because H(U) has a Poisson {with mean 1) distribution, this
occurs with a rapidly decreasing probability. It is then possible to
give approximations whose order of magnitude will be discussed soon,

Table 2 provides &a bagis for discussicn.

Insert Table 2 here

We explicitly note that the table 1s constructed on the assumption that
the interval U is selected so that AU =1, Az an example of how the
table is computed, under the conditicon that no reinforcement occurs be-

tween £ and t_  + U:
© o]

’ 7 k2
0 with Prob. (ﬁ)
(R ‘(U)IX (t%) =1, N (t9) =x, #5{U) =2) ~41 with Prob. 1- &
AT 2 e’ ToTr U1V o 7 : ) N

2 with Prob. (k/N) (1-—%)

“

We may average ocut over the distribution of H(U). Then:

P@E(U) = olx(t)) =1, L =§

Since we have chosen AU = 1, this gives:

; (EJ 1 e-kU(&g)l
I it ¢

E oy “(1'%
P{RE(U) = olx(tZ) =1, I (t;) = 9 =e ¥ = e .
More generaily:
P (0) = lx(E) =1, () =)
:igo P{RE(U) = Jlx(eh) =1, m () = x, B() =j>o P(E(V) =§,

—2G=-



TABLE 2.

Probabilities of Various Numbers of
Switchings for Different Wumber of
Stimulus Sampllngs in the Interval

(tgs B, F u).

BU) = #

of stimulus

samplings in

#- of -

Underlying conditlons Ny (t* ) k and-

X (+F 5y= 0

) (80) =

¥

(tg,'to.+ U) P(H(Q)=j) switchings - prbb&bility switchzngs ,prcbaﬁility w
o 0,366 0 o 0 1
| o | k/N 1-k/N
1 0.366 l*k/N 1 k/N
(k/)? (k/m°
2 0.183 1-k/N k/N
k/N(1-k/N) k/jN(l»k/N-)
(x/m> o (1-k/m)°
| 2
| (1) (1-% +§2) 1 = - % l“-+ %)
3 0.061 2 | .2
k . K | 3k K
£ (1.k) 2 k(2 -3 k)
F oy N N
2 2
K K ey
5 1 -35 | 3 (1 - %) (ﬁ)
Ge/m)t . (1-c/m)
K ok 2K 1 k.. 2k 2K
(1-5) (2~ 5 +N—2 .ﬁ(1~ Z)
2
" 0.015 Y ne®) |oe (1-5y(3-2k .2k
5 2K ) N 2 )
N
k k.2 kK- .
25 (1_-—N- 3 2 Ez {1
2 .
5 () 2 iﬁ ()"




TABLE 2.

(Continued)

Underlying conditions Nl (toﬁz 0

+

H(U) = X, (‘cg) =1 % (t;;: 0
of gtimulus e - I [ N
samplings in f/<# of %““u\\///?# of o -*»\\\
(tz, t o+ U) | P(H(U)=3}switchings probability ¥ switchings probebility
1 5 g
k" (k/N ¥ k7
0 155(1\]) alyrll B x ()
l 33 l i1
> b 0.009 2 " 2 "
3 it 3 1"
J-l- 1 ;_# H
5 i 5 it
n 13
1 i
i H
. T i
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and this quantity lies between &  (same guantity) and
i=0

£ (same quantity) + I P{%(U) e 5},
1=0 15

o0
where we gee from Table 1 that T P (H(U) = i) = 0.009.. This explains
i=5

why we get a good approximation on the distribution of Rg(U). COnce the
computations are done, one gets the conditional probabilities shown .in

Table 3.

Ingert Table 3 here

At asymptote, we know the joint distribution of X(to) and N (to),
before the occurrence of the reianforcement, Table 1 allows us to com-

pute what happens at to and from Table 2 we may then deduce, under both 7
models, the distribution of R(U), the number of switchings in (to,

‘to + U) - computations will not be developed any further here. As an

example, we shall write down the exact value of':

R ___3;\]-1 N-1-j
= X .ﬂ e nJ(l-ﬁ) for
_ . e j=0 J Model T
P{R(U) = 0lx(s.) =1, El,tcj =4 . 41 .
{ =L
Ll Lo (V) o ¥ (1)
Y j=0 7

for Model IT .

The probability for Model II is equal tc that of Medel I, multiplied

by the factor €F+ ;ﬁg). Algo, for Model I, this probability is greater
ﬂ2 n(1l-r)
than n and smaller than =« + > + T as may be shown by elementary

computations.
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TABLE 3.

Conditional Probabilities For R, (U) = J.

All the Quantities Given Here Are the
Lower Bounds.
to the Lower Bounds Plus €.009.

The Upper Bounds Are Egual

+ + + +
Ro(U) | X (8)) =1, m(t)) =k X (t)) =0, m{t) =k
X K
0 e—(l_ ﬁ) e W
k Tk K K
1 (1- %) [0.625 - 0.091 & = E.625 - 0.091 3
5 P
K K
+ 0.091 = +0.091 =
= W
K N K k & K
o 5 (1- 3 ‘3.259 + 0,061 T 5 (- ) E3.3uo - 0.121 ¢
B | 2
K k
+ 0.03 — + 0.030 =+
2| 1}
3 k (1- i5—)2 0.061 + 0.015 & (1- £ K F) ofé - 0.015 &
i R T R ]
3 z 2
5| 0.015 i}fg (1 - %)2 0.015 —1132 (1- %) '
> U
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At any rate, provided we are in a more than one-element model,

the following is true:

< P{R(U) = 0|X(to) =1, El"bo , Model 1}< 1+ 0.19

P{R(U) = Ol‘Xito) =1, B o Model 19 = (n + 5%’5). P{R(U) = 0}
L)

Xt ) =1, E Model I}

—

»
1,to

For W large enough (N > 3), it mey be shown that there are values
of 1 for which:

P{R(U) = olx(to) =1, B,  , Model II> <@ < P{R(U) = 0, X(t,) =
. o Vo .

1, El,to’ Model 1}

For example, =« = O.h end N > 3 would satisfy this inequality.

We now have a test to differentiate between the two models. For
a glven level of error, one may coﬁpute thé number of values to be
recorded before knowing with the preassigned error on which side of x
the frevious probabiliﬁy falls, thereb? pointing to one model prefer-
entially.

The test preSented‘here does not use the whole available distri-
bution as we might have. The reason lieg in the difficult formulation
of this distribution and the fact that extensive numerical computations

are required.
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8. Preliminsry Experimental Test of Model T

To give an at least tentative gense of how well the theory fits
experimental data, we conclude thig paper with a brief report of a pilot
experiment. The general experimental conditions under which this ex-
periment was run were not satisfactory enough to warrant a full-scale
anzlysis, or even to apply Model II, which was itself concelved in
reflection upon problems of data analysis. This pilot experiment was
run under adverse conditions at the Stanford Computation Center bhefore
the Institute's Computer-based Laboratory for Learning and Teaching was
completed.

For a report of much more satisfactory data, although obtained wiﬁh
rate rather than humansg as subjects, the reader is referred to Karsh &
Suppes (1964). Karsh & Suppes obtained probability metching in con-
tinuous time with individual rats and for thousands of reinforcements,
verifying thereby the single most important prediction of the theory.

In the experiment to be reported here, adult subjects were required
to predict the appearance of a small airpiane. In accordance with the
continuous-time theory, the subject was always either in the left-
response or right-response state awaiting the arrival of a "target" or
signal on a random schedule. His objective was to be on the side a
target appeared as often as possible. When he was, the airplane image
"exploded" shortly after appearance, in partial simuiation of a target
"hit".

METHOD

Subjects. -- The experiment started with 37-subjects who were to,
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complete a set of four one-half hour sessions each. For variocus reasons
which will be explained later, 37 completed the first session,'26lthe
second session, 20 the third, 16 the fourth. The subjects who completed
81l four sessions will be referred tc as group I; ali other subjects
will constitute group II. The age range for these subjects was 18 to
23, and almost all of them were students at Stanford University. Males
and Temales were egqually represented.

Désign. -~ In Bession 1, reinforecing signals were given at a fast
rate according to a Poisson process (approximate mean rate: 1 per
second), and a constant probsbility wm=0.625 of reinforcing the right
side. In Session 2; one day later, reinforcing signals were given
according to a slower Poisson process (approximately 1 sigral per 4
seconds), and the same probability ==0.625 of reinforcing the right side.
One day later, Session 3 was a repetition of Session 1 and a day after,
Session Ut was a repetition of Session 2. Departure from this design
occurred when the cne-day interval between sessions was not kept be-
cause of unavallability of the subjects or the computer.

Bguipment. -- The whole experiment was "programmed" on the PDP 1
computer which is located at the Stanford Computation Center. A machine
program generated the reinforcement signals, sent them to a 19-inch
cathddeuray tube in front of which the subject was seated, displayed
them, recorded both the signals when they were given, and the changes
in the response, when they occurred, and at the end of each session,
analyzed the data and punched out on tape the results. During the fast

schedule {Sessions 1 and 3) approximately 1,184 reinforcements were
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sent whereas only 296 of them were gilven during the slow schedule
(Sessions 2 and 4). -

Procedure, -- The subjects were run individualily. Each subject was
seated on a small chair with the cathode-ray tube on a low table in front
of him. He held in his hand a button attached tc the computer. When-
ever the subject depressed the button, the display of his response
state, which was a small dot on the cathocde-ray fube, changed sides,
The subject and cathcde-ray tube were located under a tent which sheltered
them from the outside noise and light. The subjects were instructed to
guess when and where the signals or images would appear and to respond
accordingly. As already stated, a correct response was rewarded by
disintegrating the image of an airplaﬁe on the cathode-ray tube. At the
end of a segsion, the subjects were given their scores in terms of the
number of hits. BSubjecis who exhibitedABayesian;behaViQrA(i.e;-once they
were aware of the greater frequency of appearance of the signal on the
right, left their response on the right during the remainder of the
experiment) were asked not to come back, and their data were left out
of the analysis. There were 4 such subjects out of 37.

RESULTS AND DISCUSSION

Mean learning curve. -- The most interesting mean learning curve
is the one of Session 1: After that, the subject had been acquainted
with the experiment and responses are close to asymptote. Figure 1

gives the mean learnling curve for Session 1, group I + group IT (a1l

Insert Figure 1 here
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Figure 1. Mean learning curve Al~re5ponse state for Session 1.



33 subjects), from minute to minute. The mean asymptote value is also
shown. Notice that the starting probability of responding A, at time O
ig 1: This is s0 because the starting position was fixed as the sane
for all subjects. An asymptotic level was reached after 7 or 8 minutes.
The learning curve indicates that there was a slight tendency to over-:
éhoot the asymptotic value of n=0.625.

Asymptotic probability of an A, response, -- Since the model pre-

1
diects asymptotic probability matching, thig ig one of the first things
which was checked. Table 4 gives the results for group I and groups

I+IT over all sessions, with the results summed over subjects and time

intervals.

Insert Table 4 here

The it between the predicted and observed values is quite good.
However, there seems to be some hendency slightly to overshoot the
asymptote (in sessions 1 and 3 (fast schedule)), as was pointed out in
connection with Figure 1.

Betimation of the parameters. --

i) estimstion of ¢, the parameter of effectiveness of the
conditioning, assuming that we have & one-element model. According to
the theory developed earlier, we may have & maximum-likelihood estimate
of ¢ if we suppose that we have a one-clement model. We need to solve
a second-degree equation wﬁose coefficients depend on transitions numbers
rij' For all sessions, summing over subjects and timé.intervals (of
length T = 1/10 second), the transition matrices shown in Table 5 were

Obtained.
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TABLE k. Observed Asymptotic Values of the Probability
of an A, respcnse

1
Segsion Group I Groups I+IT
1 0.643 0.670
2 C.586 0.611
3 0.659 0.684
L 0.627 0.633
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TABLE 5.

Trangition Numbers for Frequently Observed

(every l/lO of a second) Response Process:
Groups I and II Together.

Al,t’+T

'A2,t+T

272,313

9,792

9,785

133,928

Session 1

By gar

Ao f4m

135,831

7,001

6,9%

62,763

Session 3

-30R-

Al,t+T AE,t+T
Al,t'l66’347 6,057
AE, 6,046 {105,827

Sesgion 2

A1,t+T A2,t+T
Al’JB 93,304 | 2,628
Ag,t 2,623 §h,o7u'

Session U




Inserf Table 5 here .

Solving for the maximum-likelihood estimate of ¢, we then getl:
Segsion 1 Session 2 Sessgion 3 Session 4
&= 0.98 3.50 145 2.8k
These bad estimates show clearly that a one-element model is unsatis-
factory for this experiment.
ii) pseudo-ﬁaximum—likelihood estimation éf A, the stimulus samp-
ling mean rate, and c.

Under the assumption that we have an N-element model, we may use

the same transition numbers to compute a pseudo—makimum-likelihood

estimate of u = . Since T is small enough (1/10 of a

second), we may expend the exponentials and get estimates for the term
* + pc.  For the fast schedule o = 0.108 and for the slow schedule
4= 0.0269. We then get a system of two equations in two unknowns

A ~
&

A and vhose sciution is:

0.07k

o> >
I

1l

0.379

iii) estimation of A and c by the method of moments: The asymp-
totic response process is Polsson with mean rate 2n(l-nt)(A+mc). We
may use this to estimate M+tuc for the fast schedule, then for the slow

schedule, and then solve for A and ¢. As a result, we get:

0.0756

second estimate of A

second estimate of ¢ = 0,380
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The agreement between this method of estimation and the preceding one
1s guite good. Since we know the distribution of the asymptotic response
process, we may go one step further and give a 95% confidence interval

for'% and @, which uses Tchebychev's inequality.

¢ = 0.00075 o = 0.000066
A )
Thus  0.0739 <A < 0.0773 0.339 <& < 0.340

The joint statement can be made with & 90% confidence.
iv) estimation of N by -curve- fitting:
Since the wvalues of Q and © are well determined, we may Tind an

estimate of N by fitting the mean learning -curve to the theoretical
m,t mgt

= + K, e . By doing so, the value N = 18

-eurve xl(t) =n+k e 5

wag found. The corresponding values of m, and m,, and of the parameters

_ 1 o
kl and k2 are
/\ .
m = -0.016 {r}e = -0.096
A
{21 = -0.338 k, = 0.713

We conclude that the mean results £it the prediections falrly well,
but the asymptote ig actually reached slower than predicted. Further-
more, it seems that the estimated number N of stimuli is quite large
compared to estimates obtained in relatively similar discrete-trial
experiments, but as already indicated any definitive inferences from

the present pilot experiment would be premature.
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