


APPENDIX A

An Ergodic Theorem for Suppes' Continuous Linear Model

The Suppes continuous linear model generates sequences

Xl' X2 ' '0' and Yl , Y2 , ••• of response and reinforcement random

variables which take on values in a real interval W. Let P(~+l<x/sn),

where s (Y, X , Y l' Yl , Xl) be denoted by J +l(xls ).n n n n- n n

For n = a this symbol is to be interpreted as J 1(x) = P(Xl < x). It is

assumed that

(l-e) J (xis 1) + eK(x,Y ), n > 1 ,
n n- n

where K(',y) is a distribution concentrated on W for any fixed y in

W, and a < e < 1. For motivation of these assumptions and a description

of the "prediction" experiment to which the model has been applied see

Suppes (1959).

Theorem 7 follows from the lemma in Chapter IV in much the same way

that Theorem 3 does. We denote the conditional density of Yn given

X , Y l' X l' .. , , Yl , Xl by f ('/X , Y l' X l' ... , Yl , Xl)'n n- n- n n n- n-

Hypotheses (i) and (ii) give conditions on the reinforcement regime. The

first condition is dependence of the reinforcement distribution on a

fixed number of the most recent responses of the subject and experimenter.

The second condition is existence of a non-trivial history-independent

component of the reinforcement distribution.
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Theorem 1. If

(i) there is ~ non-negative integer q and a function f on ~q+l

such that, for n > q

f (yIX,y l'X l' .•• ,Xl ) ~ f(yIX,Y l' .•. ,X ( l)'Y )n n n- n- n n- n- q- n-q

(~if q ~ 0 the right~ is to be read f(y)), ~

(ii) there e~ists a y > 0 and ~ density function g(y) on W such

that f (yIX,y 1" •• ,Xl ) > yg(y)n n n- - then for any positive

integer m, real numbers X EW,
m

exists~~ .!J21 depend.2!! the (initial) distribution J1 of Xl'

Convergence is uniform in the x.'s and in the distribution of Xl'
J - - -- -'---'--.:-...:.:-...::.=

We

have the following estimate of the rate of convergence:---- -------

[

m V., ] (Vl ' ••• , V )
lETT J ~2(x.ls +1) - J m (xl, ... ,x)1

j~l n J n m

1
m 1 1 (1-8) In

~ 24 + LV. -:;""l--""h- --8-
i~l l 0

for all where

and
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Proof. We apply the lemma to the stochastic process zl = Xl'

z2 = (Yl'X2 ), z3 = (Y2 ,X
3

), z4 = (Y3'X4 ), ••• , The notation ) n will

be used for (z,z l, ••• ,zl)'
n n-

Let D and E be Borel subsets of (- 00, 00). Then

(l-e)f·(f d J(XIY+1 )) f (y~ ) dy
D E x n dn n n

f(yI1)dy
n 'n

Thus (b) of the lemma is satisfied with hey and

I-l(DXE) = J~( J~ dxK(X,y)) g(y) dy •

We next note that

If n', n" ::: /, > q and }~, and }~" are such that Zl, •
n -J
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= '('(f d e ni-\l-e)~(X,Yll_k»)f l(yj~I,) dyUD E x k=O n n:1" n

-1(1 d e ni-l(l_e)~(x'Y""_k»)f ,(Ylq',) dy/
D E x k=O n n (fn

where y', =y" II = Y
n n

= 1('( C d e ni-\l-e)~(x,YI'_k»)f ,(y/-1 ' ,) dyUD JE x k=£+l n n In

I ( n" 1 )- Ide I- (l-e)~(x'Y""_k) f ,(yl1..' ,) dyj
D E x k=£+1 n n d'n

+ e ni-
1

(1_e)k/ (' (I d K(X,y""_k») f ,(y/~ I,) dyl
k=£+1 UD E x n n (f n

::; 2e(1_e)£+1 I (l_e)k-(£+l) < 2(1_e)£+1
k=£+l -

Thus (a) of the lemma is satisfied with E£::; 2(1_e)£+l, £ >~, E£ ::; 1,

£ ::; ~.

m v.
Exactly as in the proof of Theorem 3 we see that f(J) = ~PD~XE.(~)

J=l J J a
satisfies (c) of the lemma in Chapter IV ~ith

c. ::; 2( I v.) (l_e)j+l, j > ~
J i=1 l

Thus we conclude that for any XEW

and c.::;( ~ v.), j::;~
J .LeI l1::;:

I(~ ~ P~~XE.)(X) -
J=l J J

::; inf (:~h + 2hl~l-l)
l<s <n
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where 0 = 4 L E. +
s j.2: s J

such that L E.::: g.
j.2: r J

sup o.
j.2: s J

But

and h = 1 - ~ A
r

, where r is any integer

Thus

::: inf (~~h + ~Jil-l)
l<s <n

just as in the proof of Theorem 3.

Taking D. = W, E. = (- 00, x
J
.) and denoting

J J

we obtain

< inf (~+ 2h(~I-l):::5
- 1< s<n l-h

/ Fn-l
< Ih > 1 - h + 2h

where < Fn >

we have, for

is the largest integer::: Fn. As in the proof

~ ( m ) ( ) s+1
s > q, 6 ::: 2 4 + LV. l~fJ . Since if

s i=l l

of Theorem 3

r > q,

( ) r+l
" <2~L,E._ fJ '

j.2: r J
it follows that

10

L E.
j.?r J

<];
- 8 if



(
a )In lb

r ::max In(l-a) - l, g+l = r O '

2
It follows just as in the proof of Theorem 3 that for n:: (g+l)

IE[tI J~~2(Xj IJn+l)] - /V
l
,··· ,V

m
) (Xl'" .,Xm) I

S 2( 4 + Jl Vi) -::l-_...:l:"'h-
O

Q.E,D.



APPENDIX B

The Asymptotic Joint Distribution of Two Successive IRT's

We note that

p( t 1 <w, t < v lSI)n+ . n n-

1

L:
i=O

I +l(wli, x,s 1) u.(x) dI (xis 1)n n- 1 n n-

Thus

=I
o

v Jo [(l-ei ) In(W/Sn_l )

+ e.K.(w,x)] u.(x) dI (xis 1)
1 1 1 n n-

p(t +1 < w,t < v) = E[P(t 1 < w,t < vis 1)]n n n+ n n-

=} V(l_ I: e.u.(x)) d E[I (xis 1) In(w[sn_l)]a i=O l l X n . n-

J
v 1

+ L: e.u.(x) K.(w,x) dI (x)
a i=O l l l n

so that

1
L: e.u.(x) K.(w,x)

i=O l l l

(Bl) lim P(tn+l < w,tn < v)
n.... 00

1

L:
i=O

e.u.(x)) d I(2)(x,w)
l l x

dI(x)

where r(2)(x,w) = lim E[In(xlsn_l ) In(wlsn_l )]. Thus it remains only
n.... oo

to determine r(2)(x,y).



Now

= Ef(I (xis 1) I (Yls l)l {f"" I: (1_e.)2 u.(z) dI (zls I)}]n n- . n n- ~ 1 n. n-O i=O

+ E [f
o

""

+ E [J~""

+E[f:

1

L
i=O

1

L
i=O

1

L
i=O

(I-e.) e.u.(z) K.(y,z) d I (zls 1) In(XISn_l )]
1 1 1 1 Z n n-

e~ u.(z) K.(y,z) K.(x,z) dI (zls 1)] ,
1 1 1 1 n n-·

Let us assume that the difference between the first term and

1

L
i=O

2(I-e.) u.(z) dI (z)
l l n

is negligible, This is the same sort of approximation as the negligible

~(t) approximation in the text, and as in the case of the negligible

~(t) approximation no error is introduced if u(t) =p. We then obtain
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= E[I (xis 1) I (yls 1)] r'"n n- n n- , 0

2(I-e.) u.(z) dI (z)
l l n

+f'" I (I-e.) e.u.(z) K.(x,z) d E[I (zls 1) I (yls 1)]o i=O l l l ~ Z n n- n n-

(
'" 1

+ L: e~ u.(z) K.(y,z) K.(x,z) dI (z)
Co 0 i=O l ~ l ~ n

or passing to the limit

(B2)

where ~ =['"
, 0

1

L:
i=O

2(I-e.) u.(z) dI(z), Q(y,z)
l l

1

L:
i=O

(1-~) R(x,y) = f'"
o

2e. u.(z) K.(y,z) K.(x,z) dI(z) ,
l l l l

and I(t) is to be regarded as known. This equation may be rewritten

(1) )where M (x,yjV,W = Q(y,v) X( )(w) + Q(x,v) X( )(w).
-co ,x -oo,y
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An argument like one of those leading up to Theorem 5 gives us the

Neumann series

(B4)

if

'" kf'" f'"I(2)(x,y) = R(x,y) + I (1: ) M(k)(X,y;V,W) dR(v,w)
k=l "' 0 0

where the iterated kernels

the formula

are obtained recursively from M(l) by

'(B6)

We will now prove that (B5) holds at least in the case

ui(t) =Pi' Po + Pl = 1, eO > O. First we note that 0 S M(l)(x,y;V,w)

1
< 2 I (l-e.) e.p. =A.o Suppose inductively that

i=O l l l

(B7)

Then by (B6)

(nn) )o S M (x,y;v,w

(n)( ) nOS M . x,y;v,w SA.o

(1)
d•. M (~,~;v,w)
s,~

(l-e.)
l eiPi(JO'" d~Ki(~'V») (fo'" d~X(~,~/w»)]
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1
\' (l-e.) e = ;>,.n+l
L.- J. iPi

i=O

We conclude that

since

0<;>,.=

2 e.(l-e.) < 2 e. (1- e2i ) = 2 e. - i = 1 _ (1_e.)2
J. 1 1 1 1 1

1 1 2
L 2e.(1-e.) p. < L (l-(l-e.) ) p. = 1 - fl •

i=O J. J. J. i=O J. J.

so that



APPENDIX C

An E . t 12xperlmen

This appendix contains a very brief report of an experimental study

of pigeons' responding on simple contingent schedules with reinforcement

functions

together with some qualitative observations on the results from the view-

point of the linear free-responding model.

Method

Two pigeons with much key pecking experience were subjects in this

experiment.

The relevant features of the small cubicle to which the pigeon was

confined during an experimental session were a source of general illumi-

nation, a small circular aperture in one of the walls at the level of the

pigeon's head which exposed a thin sheet of translucent plexiglass (the

"key"), and a large square aperture downward from and to the left of the

key. The key was illuminated from behind by a green light. Reinforce-

ment consisted of a three second presentation to the pigeon of a small

tray full of mixed grains ~mmediately after a key peck. The position of

the tray was such that the pigeon could eat from it by sticking its head

through the square aperture. The feeder mechanism had its own source of

illumination which was turned on whenever the tray was made available to
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the pigeon. The recording and reinforcement programming equipment was

located in a room adjacent to the one containing the experimental chamber.

Sounds from this equipment were attenuated by the walls of the pigeon

chamber and masked by a white noise of moderate intensity.

When not in the experimental chamber, pigeons were caged individually

in a room apart from the ones containing the apparatus discussed above.

Water was always available in these cages, but, except as noted below, food

was never available there. Experimental sessions for a pigeon were always

at about the same time of day, and, with few exceptions, these sessions

occurred daily. A pigeon was weighed before and after each experimental

session. On the basis of performance during the first few days of pre­

liminary training (see below), a criterion body weight between 75 and 80%

of the pigeon's ad libitum body weight was selected. This weight was

approximately maintained throughout the course of the experiment by

adjusting, the session length so that an amount of food was consumed during

the session sufficient (it was anticipated) to bring the bird's end of

session weight to just below criterion. If the end of session weight was

indeed below the criterion weight·, a portion of mixed grains equal in

weight to the difference was fed the pigeon upon its return to its living

cage. This portion, usually quite small, was apparently always consumed

immediately.13

The general plan of the experiment was to vary p for Bird 8 while

holding T constant at 2 sec. and to vary p for Bird 9 while holding

T constant at 6 sec. Preliminary training for Bird 8 was as follows:

The first 30 responses (approximately) of the first session were rein­

forced. For the rest of the session the schedule T = 2, P = I was in
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before the weight maintenance regime

/

force. Seventy-five reinforcements were thus received. The schedule

~ = 2, P = 1 was in force for the next five days. The schedule during

the first session and the first 10 minutes of the second session for

Bird 9 was ~ = 2, P = 1. For the next 14 minutes and 45 seconds of the

second session and for the following four sessions the schedule ~ = 6 sec.,

p = 1 was in force. Performance was relatively erratic during this pre-

liminary training in part because of the weight fluctuation which occurred

detailed above waS instituted.
14

The experimental chamber used during preliminary training was not the one

used during the experiment proper, but the description given above is

applicable to both.

Table 6 describes in detail the sequence of schedules used after

preliminary training for each bird.

Table 6

Sequence of schedules used after preliminary training for each

pigeon. The three numbers in each cell are, respectively,

~, p, and the number of days of exposure to this schedule.

Bird 8 Bird 9

1st schedule 2, 1· 8 6, 1; 15,
2nd schedule 2, .7; 7 6, .7; 7

3rd schedule 2, .4; 7 6, .4; 7

4th schedule 2, .1; 8 6, 1· 9>

5th schedule 2, 1· 10 none,
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The two criteria used in deciding when a pigeon was ready to be

switched to a new schedule were stability of performance and gross

appropriateness of the pigeon's performance vis § ~ the schedule

(according to the experimenter's preconception). Because the time avail­

able for running the experiment was severely limited it was necessary to

be extremely lenient in assessing whether these criteria had been met"

This lenience is probably the source of the failure of the two measure­

ments of Bird 8's performance on p = 1 to agree (see below).

Results and Discussion

Tables 7 and 8 present IRT distributions and other information for

Birds 8 and 9 respectively on the various schedules. In each case the

figures in the tables describe aggregated data from the last 2 or 3 days

on a schedule. The number of days aggregated is indicated by the "number

of days" column in the tables. The reader should note the discrepancies

between the nominal p values in Table 6 and the data in the eighth

columns of Tables 7 and 80

The rate of responding data for both birds displays a general

tendency toward slower responding when p is small than when it is large.

For Bird 9 response rate dropped consistently (though only slightly)

with p. Since the original (1st schedule) rate of responding was

regained when the original p value of unity was reimposed (4th schedule),

long term changes in the performance of the bird independent of the

changes in p can be ruled out. The data from Bird 8 present more of a

problem. Response rate declined substantially as p was dropped from

.7 to .4 to .1, but the initial and final observations on p = 1 were
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Table 7

IRT distribution and other information for Bird 8 on various schedules.

All durations are in seconds.

IRT distribution15
av. no. avo no" prop. prop.

no. of avo of reinfs. of resps.
mean of of all prop. of all IRT's inschedule sessiondays per per resp" all resps. resp. > 1" 2 sec. intervalslength ratesession session reinforced reinforced

0-2 2~4 4-6 6-8 8-10 > 10
- .

1 3 516 64 265 .514 .241 1,000 .744 .244 .013 .000 .000 .003

2 3 661 57 443 .671 .129 .696 .8ll .166 .014 .002 .002 .002

3 3 737 53 374 .507 .143 .426 .649 .296 .032 .005 .000 .000

4 3 1924 47 849 .441 .055 .145 .613 .319 .046 .009 .002 .001

5 2 343 38 228 .665 .164 1,000 .839 .162 .002 .000 .000 .000
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Table 8

IRT distribution and other information for Bird 9 on various schedules.

All durations are in seconds.

av. no~ av. no. prop. IRT distribution
no. avo of of mean prop. of of all prop. of all IRT's in

schedule of session reinfs. resps. resp. all resps. resp. > T 2 sec. intervals
days length per per rate reinforced reinforced

session session 0-2 2-4 4-6 6-8 8-10 10-12 12-14 > 14

1 2 804 40 166 .207 .240 1.000 .207 .117 .432 .198 .024 .012 .006 .000

2 3 941 42 171 .181 .246 .692 .162 .064 .406 .324 .023 .004 .002 .002

3 3 963 35 167 .174 .211 .461 .129 .106 .305 .426 .004 .006 .022 .000

4 2 672 32 140 .208 .232 1.000 .257 .111 .414 .211 .000 .007 .011 .004



radicallY different, and the first of these was quite low in compari­

son to the rate at p ~ 07. However, both the original and final p ~ 1

rates are higher than the p ~ 01 rateo This contrasts sharply with the

data on rate of responding on random-ratio (ioe., ~ ~ 0) schedules

collected by Brandauer (1958)0 The rates of responding of his three

pigeons increased by factors of 4, 10, and 7 when p was dropped from

1 to .1. It is clear that the linear free-responding model predicts lower

rates for lower values of p, whatever be ~o The results of the present

experiment permit us to conclude that whatever it is that leads to

anomolous results like Brandauer's for high values ofp and ~ ~ °
acts less strongly for larger values of ~.

The details of the changes in the IRT distribution of Bird 9 from

schedule to schedule merit the reader's attentiono Note how the propor­

tion of responses in [0, 2] decreases while the proportion in [6, 8]

increases as p decreases. And note the shift in mode from [4, 6] to

[6, 8] as p drops from 07 to .4. I hope eventually to be able to pre­

dict these subtletieso
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APPENDIX D

Sidman Avoidance

We now contemplate a situation in which a rat must press a bar no

more than T seconds after its last bar press if it is to avoid electric

shock, whereas if it does not successfully avoid shock it must press the

bar to escape the shock. Such a situation is called Sidman avoidance

(with response-shock interval T and shock-shock interval 0) after

M. Sidman who introduced it and has studied it extensively (see Si~n

1953, 1954). Since the rat soon learns to make the escape response

immediately upon the onset of shock, the actual IRT distribution is

artificially truncated at T The IRT distributions discussed in the

theoretical development that follows will correspond to hypothetical

test trials on which the shock is omitted even if the IRT exceeds T.

We assume that

(0 < 1f < 1)

shock, while

th
if t n > T , that is, if the n- response terminates a

(0 < 0 < 1 , 0 < 1fl < < 1fO) if t n S T , i.e. if the thn-· response

avoids shock, where Va ( . ) , Vl ( . ) , and N( . ,s) are distri-

bution functions concentrated on [0,00] with
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o o (i

and Joo td
t

N(t,s) - s 0 This means that an escape response tends to be

o
followed by shorter IRT's, while an avoidance response tends to be

followed by longer IRT's and IRT's of about the same duration as the

one which avoided the shock. The statement *0 > > *1 reflects the

fact that shock has a much greater effect on the rat than non-shock.

If ~ is the indicator random variable for the event t m ~ T and

I if t < T

w(t) ~

o if t > T

then

(Dl)

and P(illu ~ llsn_l) ~ foo w(s) dln(slsn_l) .

o

The obvious identifications *i --> ei ' Vi --> Fi ' 5 --> ex , w --> U , and

mn -->ku show that this stochastic process differs from one included in

the investigation in the main body of the paper only in the ordering of

the parameters *i and the ordering of the means f
OO

tdV~(t) . These

orderings are of no conseQuence for Theorems 2-6 (th~ only modification

reQuired is a trivial one in Theorem 3), thus we have, in particular,



I(t) lim In(t) and
n..... co

C(t,s) lim cov[In(t!sn_l)' In(slsn_l)]
n..... 00

exist, and (since lCO w(t) dI(t)

o

(D2)

d [ *0 (l-g.) F (s) + (1-0) ~1
gFl ( s) + :1: E (t)J* 0 * *

for all 0 < 0 < 1 where

q =I 00 w(t) dI(t) = I(T) , *= (l-g) *0 + q*l '

o

6(t,s) dW(s)

and

E(t)
00

- *0) f
o

w(t,s) = N(t,s) w(s) .

Now data from Sidman avoidance show that q, the probability of

avoidance, is near 1, but *0/*1 > > 1 so we may entertain the assump-

tion that

86



is small in comparison to 1 Then for 5 small 5tl/~ < < 1, and

neglecting the error term ~ E(t) as well as terms having coefficient

5 tl/~ we have the rough and ready approximation

I(t)

or

(D3 ) I(t) w(l-g.) V (t) + q
- (l-q)i:D+q 0 ( l-q)i:D+q

To evaluate q, take t T on both sides obtaining

(D4)

where vi

q[(l-q)w+q] ~ w(l-q) YO+qv1

VieT) , a quadratic equation in q.

The distribution Vo should be the same sort of distribution that

Fl was in the positive reinforcement model, while Vl should be same

sort of distribution that FO was. Thus except in the immediate vicin­

ity of the origin ~t Volt) and ~t Vl(t) may be assumed to be de-

creasing functions. It follows that, except in the immediate neighbor­

dhood of the origin, dt I(t) is a decreasing function. This is, in a

sense, counter intuitive since when T is fairly large the organism

could save itself a great deal of unnecessary effort by spacing its

responses so that its IRT density would have a hump well away from

the origin but belOw T. Sidman (1954, Fig. 1) reports a histogram of

numbers of IRT's in 11.
2 second blocks for a cat pressing a lever

during the 17
th

2-3 hour daily session on this schedule with T = 21 sec.

The proportion of IRT's in the nth block is essentially a decreasing

function of n out to n = 14 (i.e. t = T) .



NOTES

1A type of free-responding situation in which the animal performs

an action to avoid or escape a punishment is discussed briefly in

Appendix D.

2These theories could probably be improved conceptually and ana-

lytically by giving them an infinitesimal formulation. The geometric

IRT distributions mentioned in the text become exponential in such a

formulation.

31 have in mind Mueller's (1950) proposal (in effect) that certain

types of pure birth processes may be of value in describing free-operant

behavior. The (in effect) Poisson model that Mueller discusses,at

length has independently, identically, and exponentially distributed

IRT's - a combination for which I see very limited use in this type of

research. At any rate all pure birth models have decreasing IRT densities,

and are thus indicted by the data described in the text.

4The modifications required in what follows if [0, 00) is replaced

by any other real interval are trivial. In particular, the theorem is

applicable to the prediction task considered by Suppes (1959).

5The proof of a comparable theorem for Suppes' continuous linear

model for continuous prediction experiments is given in Appendix A.

6See Appendix B for some results pertaining to the asymptotic joint

distribution of two successive IRT's.
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7What are needed are analogues of the Lamperti and Suppes (1959)

ergodic theorems for situations with a continuum of possible responses.

8For Pigeon 17, the mean IRT declined slightly when p was reduced

from .02 to .01 and only increased when p was dropped further to .005.

No p values below .005 were tested for this bird.

9In order to check the reliability of the rate data, some rates

were redetermined some time after the first determination. The agreement

between the two rates thus obtained was always very good. The mean IRT's

reported in Tables 1 and 2 are all first determinations.

lOThis is not the same schedule as the "random-interval" schedule

of Farmer (1963).

llThe fit of model to data for the other three would probably be

just as good as that obtained in Tables 3 - 5.

Some data points in these tables are averages over two measurements

widely spaced in time.

12The author wishes to thank Dr. Gordon Bower for the use of the

laboratory in which this experiment was conducted. Most of the program­

ming of the equipment was done by Mr. Jim McLean, and both Bower and

McLean gave helpful advice on various procedural points. A suggestion

of Dr. George Wertheim led to a major improvement in the accuracy of the

recording circuit.

13Two further details of the experimental routine were the following:

Before the programming and recording equipment was turned on for a

session and after it was turned off, the pigeon spent a short time in

the experimental chamber with all sources of illumination extinguished.



The experimenter often reinforced the first IRT of a session

> T sec. with probability one. This was done most frequently when the

schedule value of p for the session was small.

14Bird 8 failed to respond at all on the fourth day of preliminary

training. After 15 minutes in the experimental chamber it was returned

to its home cage.

15The failure of the entries of some rows to add to 1 is due partly

to rounding errors and partly to small recording errors. The total num­

ber of IRT's was obtained from a separate counter - not from the 2 second

block counters by summation.
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Errata to

A Probabilistic Model for Free-Responding

by M, Frank Norman

In Theorem 3 and all subsequent work involving ergodicity of the

linear free-responding model it should be assumed that the Lebesgue

measure of 8 = [y ~ 0 : fry) > 0) is positive where

f(y) = min [FO(Y)' Fi(Y»)' The definition of A on p, 21 should be

replaced by

and the definition of "8" on p. 21 should be deleted. The statement

"The smoothness ••• FO(t) > Fi(t)." on p. 23 should be deleted, and all

occurrences of FO(Y)dyand dFO(Y) on p. 23 following this statement

should be replaced by fry) dy.

It is easy to construct examples which show that ergodicity in the

sense of Theorem 3 need not obtain if S has measure zero, but in all

cases of psychological interest (in particular, under either (2) or (3»

the measure of 8 will not only be positive but actually large.
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