






























































































































































absence of some property on each trial, is the more successfUl method

in establishing understanding of a concept well enough to permit trans­

fer to a different response method.

Support for the all-or-none model of conditioning is also to be

found in this experiment. In Table 3, X2 goodness-of-fit tests of

stationarity over trials before the final error for each group on each

day are shown. The six values are all non-significant and thus support

the basic assumption of the all-or-none models.

Insert Table 3 about here

Some Tentative Conclusions.

On the basis of the six experiments just discussed I would like to

draw SOme tentative conclusions, some of which are important for peda­

gogical procedures (cf. Suppes and Ginsberg [1962b]). I want to empha­

size, however, that I would not wish to claim that the evidence from

these experiments is conclusive enough to establish any one of the six

conclusions in any final way, but what I do hope is that the attempt to

summarize some of the implications of these experiments will stimulate

other research workers to investigate these and related propositions in

more adequate detail.

1. Formation of simple mathematical concepts in young children is

approximately an all-or-none process. Evidence indicates,·

however, that significant deviations from the all-or-none model

are present (see the discussion of the two-element model below).
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Table 3 Test for Stationarity over Trials

before the Final Error (Experiment VI)

Group 1 Group 2 Group 3

Day 1 Day 2 Day 1 Day 2 Day 1 Day 2

4097 2041 10076 40255 16007 2087

8 1 9 8 9 7

.70 .10 020 .80 005 .80





2, Learning is more efficient if the child who makes an error is

required to make an overt correction response in the presence

of the stimulus to be learned (Exp, I),

3, Incidental learning does not appear to be an effective method

of acquisition for young children and in Exp, IV the group of

children who responded to a color discrimination did not sub­

sequently give any indication of having learned the underlying

concepts,

4, Contiguity of response, stimulus,and reinforcement enhances

learning (Expo V),

5, In the learning of related mathematical concepts the amount of

overall transfer from the learning of one concept to another

is surprisingly small. However, considerable positive or nega­

tive transfer between specific sub-concepts is often present

(Exp. II).

6. Transfer of a concept is more effective if the learning situa­

tion :""has required the subject to recognize the presence or

absence of a concept in a number of stimulus displays than if

learning has involved matching from a number of possible

responses (Exp. VI).

Several of these conclusions are at variance with generally accepted

results for adult learning behavior, for example, the efficacy of an

immediate overt correction response (see Burke, Estes and Hellyer [1954]

for negative results on this method in adults), the variation of

response method, or the relative specificity of learning of concepts with

relatively little transfer, What is much needed is a wider range of
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systematic studies to isolate the factors of learning in young children

that are particularly distinct from common features of adult learning

behavior.

Two-Element Model.

In the first conclusion mentioned above we stated that the forma-

tion of concepts is approximately an all-or-none process in young

children. On the other hand, the detailed analysis of responses prior

to the last error indicates that in many cases there is an incremental

effect appearing in the last quartile or even sometimes in the last two

quartiles of the data. This matter is discussed in some detail in

Suppes and Ginsberg [19631). Here I would simply like to briefly men-

tion what currently appears to be the best extension of the one-element

model to account for these results.

The simplest alternative model is the linear incremental model

with the single operator. The intuitive idea of this model is precisely

the opposite of the all-or-none conditioning model. The supposition is

be theLet qn

probability of an error on trial n. Then the model is formulated by

that learning proceeds on an incremental basis.

the following recursive equation:

q = (1-8)q ,n+l n

where <0<8=1. It is simple to show but somewhat surprising that

this purely incremental model has precisely the same mean learning curve

as the all-or-none model if we set c = 8. (To obtain this identity

of the learning curves we must, of course, consider all responses and

not simply responses prior to the last error.) The incremental model
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does differ sharply from the all-or-none model in the kind of learning

curve predicted for responses prior to the last error, as is evident

from equation (1). Moreover, it may be shown that the concave upward

Vincent curves obtained in several of the experiments discussed above

(see Fig. 3 and Fig. 17) cannot be accounted for by the linear incre­

mental models.

The second simple alternative, which will account for these con­

cave upward Vincent curves, is a model which represents a kind of

compromise between the all-or-none model and the incremental model. It

results from a simple extension of the one-element model, namely, it is

assumed that associated with each situation are two stimulus elements

and, therefore, that the learning proceeds in two stages of all-or-none

conditioning. Each of these two unobserved elements is .conditioned on

an all-or-none basis but the two parameters of conditioning, one for

each element, may be adjusted to produce various incremental effects on

the response probabilities. Let rr and ~ be the two elements. The

basic learning process may be represented by the following four-state

Markov process where the four states (rr,~) ,rr , ~ ,and 0 represent

the possible states of conditioning of the two-stimulus elements.

rr ~ rr ~ 0

(rr,~) 1 0 0 0

rr b'/2 l-b' /2 0 0

~ b'/2 0 l-b'/2 0

0 0 a/2 a/2 l-a
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Because we do not attempt experimentally to identify the stimuli ~

and ~,this Markov process may be collapsed into a three-state process,

whose states are simply the number of stimuli conditioned to the correct

response. In the matrix shown above a is the probability of condi-

tioning at the first stage and b' is the probability of conditioning

at the second stage. The division by l/2 in the matrix simply repre-

sents the equal probability of sampling one of the two elements. If we

consider only the number of stimuli, it is convenient to replace b'
2

by b and we obtain the transition matrix shown below:

2 l 0

2 l 0 0

l. b l-b 0

0 0 a l-a

To complete the description of the process we associate with the sampling

of each element ~ and ~ a guessing probability and when

the elements are still unconditioned. For the states 0 and l of

the second matrix shown we then have the guessing probabilities go and

gl defined in the obvious manner in terms of the sampling probabilities:

l l l l l
gl = J+ g(f + J+ g~ + 2" = 2" go + 2

The probabilities are not observable but is and

is a simple function of it. This means that we now have a process with

three free parameters, the conditioning parameters a and b and the
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guessing probability gO. I shall not attempt to report here detailed

application of this two-element model but We are now in the process of

applying it to a number of different experimental situations and hope

to report in detail on its empirical validity in the near future. I

would, however, like to remark that a very interesting interpretation

of this kind of two-stage model has recently been given by Restle [1963]

in which he interprets the two stages of learning as the stage of

conditioning and the stage of discrimination. Details of the model he

proposes differs from that given here, but for most observable response

patterns the differences between the two models will not be large.

Before turning to another topic I would like to emphasize that I

do not feel that the analysis of concept formation in terms of the

simple one and two-element models sketched here is fully satisfactory

intellectually. It is apparent that these models must be regarded as

schemas of the full process that is taking place in concept formation.

What is surprising is that they are able to account for response data

as well as they do. Theories which postulate more details about the

learning process in concept formation are needed to go beyond the

present analysis. This I take it will be particularly true as we pro­

ceed to the analysis of more complicated mathematical concepts, whose

learning must rest upon the understanding of simpler concepts.
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4. Logic and Mathematical Proofs.

Together with several younger associates I have been conducting

pedagogical and psychological experiments with elementary school chil­

dren on the learning of mathematical logic for several years. Before

turning to a relatively systematic statement of some of our results, I

would like to survey briefly what we have attempted.

In the fall of 1956 I brought into my college logic course a

selected group of sixth, seventh and eighth graders (they were in fact

nO more selected than the Stanford students in the course). The demon­

strated ability of these students to master the course and perform at a

level only slightly below that of the college students was the initial

impetus for further work. The next important step was the extensive

study by Shirley ~ill of the reasoning abilities of first, second and

third graders. This study was begun in 1959 and completed as her disser­

tation in 1960. I shall report briefly on this below. In 1960 Shirley

Hill and I wrote a text and taught a pilot group of fifth graders a year

course in mathematical logic. This course was structured very similarly

to a college logic course except that material was presented more

explicitly and at a much slower pace. Students in the class were selected

on the basis of their ability and interest (the minimum I.Q. was 110)

and again the positive results were an impetus to further work. Because

of the success of this class, the textbook was revised, and during the

current academic year it is being taught to approximately 300 selected

fifth graders in the Bay Area, with support of the project coming from

the Office of Education and the National Science Foundation. These same

classes will be given a second year as sixth graders, and in another
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, ,

year we shall be able to report in detail on their level of achievement.

We were also interested to see if we could train regular fifth grade

teachers to teach the course as part of their regular curriculum. To

this end we gave them a special course in logic in the summer of 1961

and all the classes are now being taught by regular teachers.

We began this past fall experimental psychological studies of how

and to what degree children of still younger ages can learn the concepts

of formal inference. I shall report briefly on a pilot study with first

graders, which we are now in the process of redoing as a full-blown

experimental study. On the basis of the experience of several of us with

teaching logic to elementary school children we are now in the process

of conducting an extensive psychological experiment with fourth-grade

children to determine whether it is easier initially to learn rules of

sentential inference when the standard interpretations are given or

whether it is easier simply to learn the rules as part of an uninterpreted

meaningless game. This last possibility will of course be most disturbing

for a wide variety of mathematicians interested in the teaching of mathe-

matics. I shall not enter here into the many reasons why I think there

are good psychological arguments to believe that the initial teaching of

inference simply as a game will turn out to be the most effective

approach. I am frankly reluctant to formulate any very definite ideas

about this highly controversial matter until we have accumulated a much

more substantial body of evidence.

I turn now to the two experiments mentioned above which I want to

report on briefly here.
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Experiment VII. Logical Abilities £! Young Children.

As already remarked, this extensive empirical study constituted

Shirley Hill's doctoral dissertation [19611 •.Dr. Hill gave a test

instrument consisting of 100 items to 270 children in the age group six

through eight years (first, second and third grades). Each of the 100

items consisted of two or three verbal premises plus a conclusion

presented or'a1l1y as a question. The subject was asked to affirm or deny

the conclusion as presented. There were two primary reasons for not

asking the children to compose a conclusion. In the first place, chil­

dren of this age sometimes have difficulties in formulating sentences,

and this has sometimes been cited as the reason for inappropriate

measures being made of their reasoning abilities. The second reason is

simply the methodological difficulty of interpreting the correctness or

incorrectness of a conclusion given as a free response. The 100 items

were equally divided between positive and negative answers. The first

part of the test consisted of 60 items which were drawn from sentential

logic. Every conclusion or its negation followed from the given

premises by the sentential theory of inference. The second part con­

sisted of forty items which were drawn from predicate logic, including

thirteen classical syllogisms. However, the predicate logic items also

included inferences using two-place predicates together with existential

quantifiers.

Because it is easy for children to give the correct answer bo a

problem in which the conclusion is generally true or false, every

attempt was made to construct the items in such a yay that the omission

of one premise would make it impossible to draw the correct conclusion.
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To provide a behavioral check on this aspect of the items a base-line

group of fifty subjects was given the test with the first premise of

each item omitted. For instance, to quote the illustration given by

Dr. Hill [1960, p. 43], the original item might read:

If that boy is John's brother, than he is ten years old.

That boy is not ten years old.

Is he John's brother?

For the base-line group the item would be presented:

If that boy is not ten years old, is he John's brother?

An example of a badly constructed item would be the following:

If boys are stronger than girls, then boys can run faster

than girls.

Boys are stronger than girls.

Can boys run faster than girls?

Naturally almost all children would give the correct answer to this

latter item but their behavioral response would actually tell us little

about their intuitive grasp of principles of logical inference. That

Dr. Hill's items were well constructed are attested to by the fact that

the base-line group got an average of 52.02% of the items correct,

which does not significantly differ from chance. (Note that this

percentage ~s,based on 5,000 subject-items.)

I shall not go into all the facets of her study here. I mainly

want-to report on one or two of the most important conclusions. Let

me first mention the results of the three standard groups of ages six,

seven and eight years. The six-year old group receiving the items as

described above got 71.18% of the items correct. The seven-year old
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group got 79.54% of the items correct} and the eight-year old group got

85.58% correct. These percentage figures indicate a steady increase

with age of the ability to draw correct logical inferences from

hypothetical premises. In addition to the fact of increase, it is just

as important to note that the six-year old children are performing at

quite a high level, in contradiction to the view of Piaget and his

followers that young children of this age are limited to concrete

operations. Dr. Hill's study certainly provides substantial evidence

to the contrary.

To avoid any possible confusion it should be borne in mind that

it is not claimed that this study shows that young children are able

explicitly to state formal principles of inference. What is claimed

is that their grasp of the structure of ordinary language is sufficiently

deep for them to be able to make use of standard principles of infer-

ence with considerable accuracy.

I would like to present just two other results of Dr. Hill'S

study. To avoid the conjecture that the children of age six may be

able to do the simpler forms of inference quite well but do badly on

the more difficult inferences involving two-place predicates, the

percentage of correct responses for each age group on the ten types of

inferences appearing in the IOO-item test are shown in Table 4.

Insert Table 4 about here

The last two categories entitled "Quantificational Logic--Universal

Quantifiers" and "Quantificational Logic--Existential Quantifiers"
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Table 4

Percentage of Correct Responses for Different Principles

of Inference by Age Level

Principles of Inference Percentage of Correct Responses

Modus ponendo ponens

Modus tollendo ponens

Modus tollendo tollens

Law of Hypothetical Syllogism

Hypothetical Syllogism and
tollendo tollens

Tollendo tollens and tollendo
ponens

Ponendo ponens and tollendo tollens

Classical Syllogism

Quantificational Logie-Universal
quantifiers

Quantificational Logic-Existential
quantifiers

Age 6

78

82

74

78

76

65

65

66

64

Age 7

89

84

79

86

79

77

67

75

81

79

Age 8

92

90

84

88

85

81

76

86

84

88





refer to inferences that do not fall within the scheme of the classical

syllogism. Although these last two categories are more difficult than

the simplest modus ponendo ponens applications, the performance level

of the children of six is still well above chance, and it is interesting

to note that the performance on universal quantifiers is actually

slightly better than the performance on sentential inferences using

both ponendo ponens and tollendo ponens.

The second result concerns the attempt to identify some of the more

obvious sources of difficulty. The lack of a sharply defined gradient

in Table 4 suggested further examination of individual items. What

turned out to be a major source of difficulty was the inclusion of an

additional negation in an inference. Two hypothetical items that

illustrate this difference are the following. Consider first as a

case of modus ponendo ponens:

If this is Room 7, then it is a first-grade room.

This is Room 7.

Is it a first-grade room?

Let us now modify this example, still making it an application of

modus ponendo ponens:

If this is not Room 8, then it is not a first-grade room.

This is not Room 8.

Is it a first-grade room?

The additional negations in the second item are a source of considerable

difficulty to the children. It might be thought that the negations

simply cause difficulty' because they r""present an increase in general

complexity. To examine this question Dr. Hill compared thec~ses



using a single rule of inference in which negations occurred with the

use of combined implications involving more than one rule of inference.

The results are shown in Table 5. It is clear from this table that an

Insert Table 5 about here

additional negation adds a greater factor of difficulty than the use of

more than one principle of inference.

Experiment VIII. Pilot Study on Mathematical Proofs.

The details of this pilot study are to be found in Suppes [1961].

The original~ study was conducted with the assistance of John M. Vickers,

and we are now engaged in a larger study along the same lines. The

primary objective of this pilot study was to determine if it is feasible

to apply the one-element model described in Sec. 3to the behavior of

young children constructing proofs in the trivial mathematical system,

described as follows: Any finite string of l's is a well-formed

formula of the system. The single axiom is the single symbol 1. The

four rules of inference are~

Rl. S SIl

R2. S sao

R3. Sl S

R4. SO S
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Table 5

Comparison of Increase in Error Associated with the Addition

of Negation and with Compound Implications

Principles of Inference Percentage of Error out of Total Possible
Responses

Regular Form Additional Combined
Negation Implication

Modus ponendo ponens .06 .19 .17
Modus tol1endo to11ens .12 .34

Modus tollendo ponens .03 .25 .27
Modus tollendo to1lens .12 .34

Law of Hypothetical
Syllogism 008 .22 .16

Modus tollendo to11ens .12 .34





where S is a non-empty string. A theorem of the system is, of course,

either the axiom or a finite string that may be obtained from the axiom

by a finite number of applications of the rules of inference. A

general characterization of all theorems is immediate: Any finite

string is a theorem if and only if it begins with 1. A typical

theorem in the system is the following one, which I have chosen because

it uses all four rules of inference.

Theorem. 101

(1) 1 Axiom

(2) 100 R2

(3 ) 10 R4

(4 ) 1011 Rl

(5) 101 R3

The proofs of minimal length in this system are easily found, and the

correction procedure was always in terms of a proof of minimal length.

The stimulus discrimination facing the subject on each trial is

simply described. He must compare the last line of proof in front of

him with the theorem to be proved. This comparison immediately leads

to a classification of each last line of proof into one of four categories:

Additional 1'8 need to be added to master the theorem (Rl):

Additional a's need to be added to master the theorem (R2): A 1

must be deleted to continue to master the theorem (R3); or a a must

be deleted in order to master the theorem (R4). The rule in terms of

whether the response should be made is shown in parenthesis. When the

subject is completely conditioned to all four stimulus discriminations,
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he will make a correct response corresponding to applying a rule that

will produce a part of a proof of minimal length. For each of the four

discriminations with respect to which he is not yet conditioned, there

is a guessing probability Pi ' i ; 1,2,3 or 4 , that he will guess the

correct rule and thus the probability 1 - p. that he will guess
l

incorrectly. In the analysis of data it was assumed that four inde-

pendent one-element models were applied, one for each stimulus discrim-

ination. (It is a minor but not serious complication to take account of

two possible responses both being correct, i.e., leading to a minimal

proof; e.g., in the proof of 1111 we may apply Rl twice and then R3, or

Rl, R3 and then Rl again.)

The pilot study was conducted with a group of first-grade children

from an elementary school near Stanford University. There were eighteen

subjects in all divided into two groups of nine each. One group

received the procedure just described, including a correction procedure

in terms of which a correct response. was always shown at the end of the

trial. The other group ,which was a group using a discovery method of

sorts, was not given a correction procedure on each trial, but at the

end of each proof, subjects were shown a minimal proof,or in the event

the subject constructed a minimal proof,told that the proof constructed

was correct.

The following ~riterion rule was used. A SUbject, according to

the criterion, had learned how to give minimal proofs in the system

when four correct theorems were proved in succession, provided the

subject had proved at least ten theorems. All subjects were given a

maximum of seventeen theorems to prove, and all subjects, except for
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two in the discovery group, satisfied this criterion by the time the

seventeenth theorem waS reached. The seventeen theorems were selected

according to some relatively definite criteria of structural simplicity

from the set of theorems which are of length greater than one and less

than seven.

In Table 6 the mean proportion of errors prior to the last error

in blocks of twelve trials for each group and for the two groups com­

bined are summarized. A trial in this instance is defined as a step

or line in the proof.

Insert Table 6 about here

More than sixty trials were necessary in order to prove the seven­

teen theorems, but because very few subjects needed the entire seven­

teen theorems to reach criterion the mean learning curves have been

terminated at Trial 60. From this table it seems that the correction

group is doing better than the discovery group, but I do not think the

number of subjects or the total number of trials is adequate to draw

any serious conclusions about comparison of the two methods. It is

interesting to note that the discovery group has a much more stationary

mean learning curve than does the correction group, and in that sense

is satisfying the one-element model. Of course these curves are obtained

by summing over errors on all four rules. It is very possibly the case

that with a larger set of data for which it would be feasible to sepa­

rate out the individual rules as the application of the one-element

model described above would require, the correction group also would
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.have stationary mean learning curves for data prior to the last error

on the basis of the individual rules.

In the near future we hope to be able to report on a much more

substantial study that will give more definite information on these

questions.
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Table 6

Observed Proportion of Errors Prior to Last Error for the Correction,

Discovery and Combined Groups, Blocks of 12 trials,

Block

Group 1 2 3 4 5

Correction .28 .23 ,15 .00 ,10

Discovery .23 ,20 ,40 .30 .33

Combined ,25 .21 .30 .18 .24
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