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Abstract

When a subject is reguired@ to learn to make a certain regponse
in the course of a sequence of consistently corrected trials, and
when it is not clear which of success or failure is more efficaclous
for learning, the possibility suggests itself thet acquisition might
sometimes proceed incrementally but with a certain probability, constant
over trials, that no learning occurs on a trial. In this'paper many
of the properties which one would expect acquisition of this type to
pbssess if the incrementzl process were linear in the response prcba-
bilities are derived, and details of an application of this model to a

paired-assoclate experiment are presented.






In & previous paper (Norman, 1963) an attempt was made to
interpolate between the all-or-none mcdel {see Bower, 1961) and the
sinélemoperator linea£ model {see Bush and Sternberg, 1959) by means
of a "two-phase” model. In this model & random number of frials.on
waich no change in response probability occurred preceded the
beginning of the linear incremental learning process described by
the esingle-operator model. In the present paper an interpolation of
a slightly different kind is discussed; 5}; applications of a
linear opérator tec response probabilitiés are preceded by a random
number cof trials on which no learning oceurs. This model will be
referred to below as the random-trial incremental ﬁodel. Many of
i1ts mathematical properties will be derived, and data from a
raired-gssocigte legrning experiment will be presented to illustrate
its usefulness.

A delightful Ffeature of the single-operator and all-or-none
models is their nmathematical simplicity. It will emerge from the
development belcow that this simpliecity is shared in significant
megsure by the random-trial incremental model.

The Model

Let us assume that a subject's probability D of meking the
AFatl

éE (errorj responsé on trial n satisfies the stochastic difference

equation

N T 7
(1) : Pn+l=.8:w',£n _ m= 1,240,

and the initial condition




~where: [gn} is a seguence of identieally and independently distributed

random variables with
(2) x By =v-=-2
and
Py. =0) =1l~c .
AN =

- It follows lmmediately that, for n > 1,

- 3 Tn-1
where
: i’
g"&{ - izl.zy?i . ’ ’ fpr .E 2 1
and
== 0 -3

»

‘For k>1, %k clearly has the binomial distributlion with parameters

_l_:_ and. 'E .
We must, of course, have 0 <a, ¢, \g < 1. The reader will note

that, Wheh' a = 0, the random~trial incremental model reduces to the

: : ail-_-or-_-none model, whereas, if ¢ = 1, it réduces to the si'ng,ie—operator

linear model. If the sequence {%;n } i interpreted as the sequence

'_'of reinforeement indicator random variables for a non-contingent

'_'__r'einfc‘vrcement schedule such that the probabllity of :_reinforcement
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. of Ai. is ¢ on e#ery triad then'theﬂrandoﬁetfiei ihéfemental-
':model is just the 1dent1ty-operator model (see Bush and Mosteller,
| 1955) used with such a schedule. Some of the mathematical results
':obtained below are new in this coﬁtext aﬁd it is hoped that they
will be useful in this-connection-even.though this was not the
motivation for the réséa_rch discussed in this._paperr.. ‘While the
mathemetical work was.being done I ﬁas thiﬁking of the sequencee
{y } as unobservable, and T was not able to identlfy the random
process embodled in this sequence with any general psychological
procesé or observable aspect of the ex@erimentalrsituation in the

application'of_the model to be presented below. = -

.'The Basic Theorem

Most ofsfhe proPerties_bf the randoﬁ-trial iﬁcremental model
whieh T will diseuss in this paper are readily obtained from the
following fundamental result:.

Let k be a positive integer. and let i 12, ceny ik “be a

strietly increasing-finite sequence of pdsitive integers. Then

. k
‘ ' I - .
(l|') P(X. = l X = 1, edey X, = l) = Pl{' ” -b'—"“-"'l-l-l #_}E-"-i
g — xRl . :wi . wl = —
-1 —2 —k o :
= 3=1
where
Eﬂ =__Qg_+ (1-e) . for J=1,2,... ,
i, =1, and X is the error_iﬁdicatpr_random variable for

Ctrial n.



The . following proof proceeds by induction on k.,

1° If k=1, (4) reduces to

' A
(5) B(x, = 1) =p by
That this is correct is seen as followss
| 1-1 .
B V- L By -llg - we(y, - o)
1-1
i-l-n
1-1 B
= ap =) 2(1-e)
E:O - —
-1 :
= plac + (l-g))_ = binl

o
I..J

by the binomial theorem,

"9

2% Suppose that (4) 1s correct for any collection of k 1indices

1 5 m < _rge'g_,._. < m and all parameter values O <8, e, P S'l.
(In‘ what follows, I will indicate 1_:he dependence of P on the initial
error probability explicitly by means of a subseript.) Let some set

1 <1, <i <vae<i

=) =P el of k+ 1 indicgs ard some parame

values a, ¢, and p be given. Then

Bl T e Ay T g, <)
o4
 = ;L:«o Eg(ﬁl = 1,000, %11&1 =1 | %-1"1 = g)z(gll_l =m)
| _1,_ P
= i L ' (%1 =1, 2 -,i_l'i'l':. lyveo, 3.‘51 wl 4l = l)P( 1 L= m)

n=0 &p ° TRE : e+l <L



for it is a property of the random-trial incremental model that
after the error probabllity on trial :L has been specified the

‘SEquence Xy 1 wj-l+l 3 x_2+2 is stochastlcally 1ldentical to the

sequence with the specified error probability on -

AL w2’ 33 _
trial 1. Noting next that % is independent of the %i's

with 1> 1 we obtain

P (x = Lyeaey X, = 1, =1) =
wly "k —1:+1
iil (g - VB, (g )2
= P (x. = 1)P % - = dyeee, 1)P(x
=0 2@2 i jid} i +l w1 il+l "mil-l
i, -1 ' k C
) k (5 & g4 {1 -1 -1-m
-+l =k =1 o l
-3 ey [T hi—‘i EL) B S
m=0 (4=t | -
by the induetion hypothesls where &P_ h+1 __1+1
k ,j:.l"l
4.-1 ~l-m
- ktl} H L1 o1 —k-i-l- Z =1 kel 1y-l-m
-z b 4] n @ e
RVSE m=o { = |7
K+l '

k+l ’”’ —uk+1-g_+1 -k+l-;}_

An application of the prineiple of induetion completes the
proof of (i),

Corollaries of the Basig Theorem

-Let. J Dbe the nunmber of errors before the first success.
w

Then g is nonnegative an@ for k> 1, P(g‘?_ k)= E(%(-l ;l,....‘, g}.{_ =1).

.Therefore 3



(6) pzm =2 1 b

R
.::'”

For k >1 let uk = be the total mumber
- = =

= n=1 i=0 %=

‘of k tuples of consecutive errors in an infinlte sequence of

trials. Then

Thus

E—Il‘
| |
| P!

(7) E(%k) S I T,

o
{where ]I b, 18 defined to be 1; u,,
_ g=1 4 Wl

in an infinite segquence of trials will also be denoted by T 1in
‘ ' e :

the total number of error

what follows)}, -

™ e

For k> 1, let ¢ = X X be the autocovariance of
== wk 7 wnoembk
errors of lag k (clearly e, = u }. Then
: = wl e

(83



Therefore

' (8) . E(i%.‘li) ='1_b .

~Clearly:

£2=_mléi+.2-KZLEZ§n_-§n+kH%+21}1§E .

Thus
B(1) = B(D) + 2 Ly Be,)
| & p°pf
=E(T) +2-]:_E,Zl 1_22
oy (8)
o B £ b
=E(£)+ﬁ§;E“E(T)+( )("‘)( )
Trfe coﬁclude that |
6 E@) = ED + S DR

Similar computations yield the formulas-

b,(1-b)  B,(1-by) 1

- + -
1-v ' i-b
=3

(00) _ E(T u,) = E(T)E( ){ (3_ “by) + ;

and



' | | 2 | 2
Sy E(uy) = E(u,) + 28(ug) + I, E-(”%h)j

‘which we will use in evaluating our estimation procedure below.
For u > 1 dencte by T(E) the total number of errors after the
: - =

~n th trlal in en infinite sequence of trials, i.e.,

T(E-l) = | . Then
L .152:.1”1 =k -
| © P(x =1, % =1)
B -1y - 5 —Ee_lE
& = k=n+1 w0

_ Z —-] =2
kemtl by
N EaN
= P = T—' .
=12 ]
Thas
. ( E‘l
o n). _ _ . -2
(12) L EEx, = 1) = By 5

From thé derivations 'g.i.ve'n above, it is clear how one would go
a'bou‘t deriving from (4) the expectation of any statistic whicﬁ can be
defined as a sum of .finite products of %n 's. In 'tbis connectionrit
 should be noted that formula (%) dces-not—requir'ef for 1ts yalidity

an Infinite sequence of trlals.

. The Distributions of the Total Number of Errors and the Trial of the Last
EITO‘I'. | |

I will now derive the probability generating f“unc:’t:ic;n2 of T,
_ : . ‘ w
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i.e., the function B given by
w

£e) - BL(Z - k) .

We can write T as
~

T
g

1l
™s
i

4
O

where Tm ig the number of errors made when the error probability is
Lk

m . The T are obviously mutually independent. Thus, if g
&P Wi -’ om

is the probability generating function of Tm , we have
[

(13) &(s)

]
I,
i ,:' 8
(@]
[0)e]
=
Faan
m
~—

But we can write T as
: 7

gl
3
wil
T = 3 X .
ol g;i w5,
: . o . . - .th .
where % . 1is the error indicator random variable for the Jd trial

s

on which the error probability is EEE and ém is the number of trials

on which the error probability is é&g . Since the for

X s
"l ,d

J = 1,2,-.4, Eﬁ are identicalily distributed, mutually independent,

and independent of Sm it follows that
Fri

(1%) |  ep(8) =g (g, (8))
il Comll w1



where Bg and g, are the probability generating functions of

the subscript random variables. Since Sm has the geometric distri-
pru

bution with parameter ¢ (thus &g (u) = en/1-(1-c)u) and X1 has
il -7

the binomial distribution with parameters 1 and 222 (thus

&y (s) = Egﬁi + (li§2£)): we obtain from (13) and (14)
/Wilgl

ﬁ claps + (1-a7p)]

(15) (s) = | . o .
: : 5,3;.- m=0 1 - (1-c¢)[arps + (1-atp)]

In particular,

c(1-a7p)

g P (T =0} =gl(0)=
(16) Bz | ) 5—,‘;5.( ) m=0 1 - (1-¢)(1-a~p)

The distribution of X s, the trial number of the last error in an
w

infinite sequence of trials, is easily obtained from (16). For n >0

EH(E_E = n) = '-‘P('.}wc“_l}"i'l 0, X o 0, )
n
i l;) Eplmne1 = O Zpeo = O I,WY.E = E)E_-(;E = k)
n
ny Lk n-k
) 12;_“0 ez = 0 2o = 05eee) () (32072
So
S o -+
o C(l-a-— _E) o
(17) B (N<n) = II‘ : Mtk ( ) (l-c)— =
- w -.:.'O m-,"'—-o l - (l_ (l_a_ """P)
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Application to Palred-Associate Learning

3

In a recent experiment” conducted by Patrick Suppes and-Madeleéne
Schlag-Rey, each of 40 college students learned & 12 item list of
paired-assceiates (this part of the experiment wiil be referred to as
"the Tirst session” or 81 below) and then learned another such list

7 days later, on the average (during the "second session” or 82). The
stimuli were CVC nonsense.syllables and the appropriate response. to
each was a press on one of three keys available before the subject.
(Thus the present experiment differs from éonventional paired-associate
learning éxperiments both in the number and nature of the response
alternatives available to the subject.) The order of presentation of
the 12 stimuli was randomized over successive presentations. The steps
of the experimental routine weie as follows: A nonsense syllable.was
displayed before a subject. As soon as he wished (the average latency
was 1.2 seconds) the subject pressed a key. A light immediately
flashed over cne of the keys\indicating which key was correct. Four
seconds later the next stimulus appeared. Each session began with
three practice items after which the list to be learned was presented
25 times.

In the anslyses to follow all 40 x 12 = 480 subject-items within
each session are assumed to be stochastically independent and identical.
Predictions of the random=trial incremental model for an infinite
gequence of trials will be compared with data for the 25 trials of each
experimental session. According to the model (consider Eq. 5 for
i > 25 and the parameter values used below) the erro? thug introduced

is quite small.

11



Learning was noticeably fagter in S2 than in §S1 {the mean
total numbers of errors for the two sessionsg, for instance, were 3.26
and 4.37, respectively) so the model was applied separately to the
data from fhe two sessions. I 'will complete most of my discussion of
the data from S2 before turning to that from S1.

The a priori estimate .6667 of p was used in analyzing the data

from S2. Defining the functions a(x,y) and c(x,y) by

p(x-p)

(18) | '_a_(z:z) -1

(19) ' "s(zs,y:)

i

(2-p(x-p)/¥)x

~.

it can be shown by elementary computations that

(20) o a(EI), B(n.)) =2
and
(21) . | g(é(gw), E(u,)) = ¢

Therefore the statistics

N S
(22) a = a(l, U)
and

2 2 =c(T,
( .3) Q= oL, u,)

{where 'g and Ee ‘are the sample average total numbers of errors and
o . .

pairs of errors) are moments estimators of a and c¢ . For the data

from 52, (22) and (23) give & = .1655 and & = .2454. The small
] W

12



value of g is satisfying since one would not expect too much difference
between two and three reSponse paired-associate learning, and the

success of the all-or-ncone model in predic%ing the course of two

response paired-associate learning (see Bower, 1961) indicates

.that the value of a appropriate for the random-trial incrementsl

model in such learning-is very small. Estimators like %l and |§
are well undersiood mathematically and reasonably well behaved at least
in the large sample case,& Specifically (see Wilks, 1962, Theorem 2f;=£%)
p. 260), these estimators are asymptotically normally distributed with

asymptotic means a and c¢ and asymptotic variances

1 2 2
oL} asy. var. a = = {(a° var(T) +a° var(u,) + 2 . '
(2h) ooy var. & =y (g, ver(R) 4ey ver(y,) + 22, coviT, 1))
and
(25) asy. var. g = % (Ei var(g) + E? vargge) + QEXEZ cov@g, %2))

Iz

where the partial derivatives are evaluated at (g(v_g), E(#e)) and
1s the number of subject-items. The number of subject-items in the
present experiment is sufficiently large to justify consideration of
asymptotic means and variances. Replacing all moments in (24) and
(25) by the corresponding predictions of the model using the parameter
estimates é%:: .1655 and §f= 2454 and replacing n by 480, we

obtain

Yasy. var. % = .0297 and vasy. var. £ = .0145
b

as approximations to the asymptotic standard deviations of

o>

A
and ¢
o
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for the data from S52. Certainly these values are larger than one might
degire. -On the other hand, they are not so large that I will feel toc
many qualms #hen I use them below.

An extensive set of comparisons of the model with the 382 data is
presented in Table 1. The it is generally excellent, though not
uniformly sc. The mild bimodality in the observed distribution of‘.g
(the same phenomenocn appears in the data from the first session) is
certainly not predicted by the rahdométrial ;ncremental model (or any
other model that I know of),5 Also, all of the predicted E(;n), n> 2
are smaller than the corresponding - observations (this was alsc observed
in 81) and the effect is moderately large for n = 4, 5, and 6.

The reader may have noticed earlier that the theoretical expressionsin

themodel for P(x_ = 1), E{c_ ), and E(T(—I—l)lx = 1) are exponential
: = wil Wi - wl

functions of n (see Egs. 5, 8, and 12). It is easily seen directly

from {(4) that the same is true of _P(ﬂ:éﬂ_-—" 1, %ﬂ = 1) and
EK%&.= 1, %ﬂ+l = 1, §E+2 = 1) . It is therefore particularly interesting

. to plot the logarithms of these quantities, which are linear in n ,
and the logarithms of the corresponding sample averages as functions of
n . -Such plots appear in Fig. 1.

Two analyses were made of the data from the first session, one

using the estimate .6667 of p as above and the other using the

" estimate .6937, the proportion of the subject-items which had an error
on trial 1. While the gqualitative concliusions to be reached bhelow
would have been the same under the two analyses, only the second will be

discussed below since it yielded a somewhat better fit. The results

1k



Table 1

Session 2 Data and Predictions of the

Random~-Trial Incremental Model

1hg,

(p = .6667, a = 1655, ¢ = .2u45k)
P(x = 1) Data Model
n= 1 6666 6667
- 2 48 .53
3 .43 W42
) .37 .3k
5 .25 .27
6 .22 .21
7 .18 17
8 Ak .13
9 .11 L1
10 .09 .08
11 .08 .07
12 .05 .05
13 .03 -Ob
P{x =1, x = 1) '
Swn o lwntl o0 .3k .35
-2 .26 .27
3 .23 .20
4 -1k .16
5 .10 .12
B =L Fpa = L %_r_;—sre:l) |
= 1 019 ,3_8
2 .16 . 1d
3 .10 .10
Iy .06 .08
E(T) 3.2562 *
—
c(g) 2.90 2.67
E(yw ) ‘
=k k= 2 1.4812 *
3 72 73
4 .35 - 37
2 .18 .19
) .10 .09




Table 1 (cont. )

- E(e,) o Dats, Model .
'—M?k-
T ' k= 2 1.22 1.18
3 .97 - 9k
L 82 . Th
5 .70 =59
6 .5k b7
P(J = k)
" k= 0 .33 .33
1 .33 .31
2 .15 AT
3 .08 .09
L .05 .Ob
5 .02 .02
>6 .03 .02
Bl x =1)
—w WL n= 1 2.91 2.59
- 2 2.86 2.48
3 2.60 2.37
L 2.09 2.27
5 2.06 2.17
6 2.37 - 2.08
7 - 2.15 1.99
8 1.78 1.91
g 2.10 1.83
P(N = k)
w7 k= 0 .13 .07
T .12 .13
2 .09 ;12
3 .09 .10
L .12 .09
5 .09 .08
6 .06 .07
> .29 .34

*
Used to estimate parameters.
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are presented in Table 2.

Though the overall fit is not had in the sense that the absolute
values of the discrepancies between the model and the data are small
in most cases, these discrepancies form a pronounced pattern. Examination
of Table 2 shows that the model predicts too few errors, pairs of con-
secutive errors, and triples of consecuiive errors early in learning.
(ThusS as a consequence of the fact that the model predicts the total
mumber of errcrs and pairs of consecutive errors throughout BS1 exactly
because of the way the parameters were estimated, it predicts too many
errors and pairs of consecutive errcors late in learning.) This gener-
glization leads us to expect that the random-trial incremental model
will overestimate the average number of errors following an error on
triai n for n not too large. The.denominator in the prediction
will tend-to be smaller than the comparabie guantity in the data, and
the numerator will tend %o be larger than the comparable quantity in
the data (see the first line in the derivation of Eg. 12). TFrom Table
2 ﬁe see Tthat this effect was obtained.on trials 2-906

Such a pattern of errors would he expected if the random-trial
incremental model were qorrect, but for the fact that its parameters
were changing as learning proceeded. The average total number of
errors in 52 was in fact a good bit smaller than the comparable statistic
for S1. A natural inference is that the subjects were learning to learn
gradually throughout the experiment. If such second order learning

were negatively accelerated, a seemingly reasonable assumption, then

its effects might have been negligibie . in 82. But under the further

15




Table 2

Segsion l‘Data and Predictions of the

Random-Trial Incremenial Mcodel

15a

(p = .6937, a = .1215, ¢ = .180C5)
_ Data Model
Plx = l)

-l n= 1 L6937 *
- 2 .56 .58

3 .50 s

N I 41

5 1 .35
6 .30 .29

7 .29 .25

8 .21 .21

g .19 .17

10 .14 .15

11 o 14 L12

12 11 .10
13 .08 .09

= l, X = l)

w1 4o 40

- 2 .35 .33

3 .31 27

b .24 02

5 . 20 .18

Xnt1= LoZnao =1).

- n= 1 .26 .23
- 2 .22 .19

3 .17 16

L .13 .13

- 3749 *

Lo 3.6h

k= 2 L2770 *

3 .26 1.28 .

L 71 73
5 Ao 1

é 2l .oh




 Table 2 (cont.)

. Dats Model
E(e, )
"Wﬁ)' k= 2 1.9 1.92
- 3 1.6k 1.61
y 1.hh 1 1.36
5 1.19 1.14
& .97 .96
B(J = k)
woT k= O 31 .31
- 1 .28 .29
2 .16 .17
3 .09 .10
Ha .08 .06
5 . Ol .03
> 6 .05 . Ol
gl = 1)
e WL n= 1 3.86 3.68
- 2 3.61 3.60
3 3.50 3.51
L 3.17 3.43
5 2.90 3.36
6 3.03 3.28
7 2.85 3.20
8 2.62 3.13
9 2.66 3.06
P(N = k)
weoT k= 0 .08 .05
- 1 .10 .10
2 .07 .10
3 .06 .09
L .09 .08
5 .10 .07
6 .06 .06
>7 42 45

*
Used to estimate parameters.
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assumption that our parameter estimates for S1 were appropriate for
approximately the middle of the session, and there is no reasoﬁ to

doubt the validity of this as a first order approximation, we would
expect the model to predict too few errors early in learning and tco

meny later in learning, just as was observed.

16
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Footnotes

L am grateful to Professors R. C. Atkinson, G. H. Bower, and P. Suppes
for.their encouragement during ihiﬁhreSearch. The préparation of this
report was supported by Aixr Force Contract AF 4o(638)-1253.

®The reader may consult Chs. 11 and 12 of Feller (1957) for
the properties of generating functions used in this section,

3The data needed for the analysis pfesented~below were generously
supplied by Professor Suépes,

lLThe commént about two similar estimators on p. 182 of Norman
(‘1"963') should be ignored. |

SA referee hae pointed out that this bimodality may be indicative
of a violatlion of the assumption of homogenelty of subject-items.

61_?(£_n =1),n=1,2, ..., 34 and E(g(n)lén -1),n=1,2, ..., 8
have been computed for the random-trial incrementél model (parameter
estimation as With the.data from S2) for;Bower‘s four raSponse-verbal
‘discrimination learning experiment described in Norman (1963}, and the
same pattern is observed: +the model predicts toc few errors on the
first few trials gnd too many on later trials while bhadly overegtimating

the average number of errors after an error on trial n for

Ez 3, J—I-’ bee y 8o
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Erratum -
The phrase "...and the numerator will tend to be larger than the |
comparable quantity in the data..." on p. 15 should be replaced by:

1

'...while the deficiencies of the model on the earlier and later |

trials will tend to cancel in the numerator..."
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