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The troublesome welghting constants have been eliminated, and the latency
distributicn is very close to thé negative binomizl whose properties
are well known. Moreover, when B 1is set equal to unity, fk(t)
becomes the particularly simple form of the Yule-Furry process dis-
cussed by Feller (1957), Bharucha-Reid (1960), and McGill {(1963).
Finally we. should note that with A fixed, the time constants
in the chain approach each other és B  increases. If we examine the
limit of fk(t) under this restriction, Bg. 4 approaches the gamma
distribution. Hence Eg. 4 provides a -very simple way to pass from the
general-gamma distribution to the ordinary gamms in which all time
constants are equal.
3. Stiochastic Process
Wher. tine consfants refuse to behave nicely, or when they are
unknown, another simplification must be found.  Another one exists and
it is very important indeed. To exhibit it, we begin with the differ-

ential equation for a stochastic process given by Feller (1957, p. 402),

Pi(k) = -P (RN + P(k-1)A _, , (5)

for k'z 1 .
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Qur notation differs slightly from Feller's. The symbol .Pt(k) is
the probability that %k transitions take place in a (fixed) time
period t , and its derivative with respeét to time is P%(k) . The

differential equation reflects the fact that in any small time interval




At at the end of t , +the process can find itself at stage k via

cne of two routes; either it was already in k and remained there with
probability l-—hk¢¢ 5 6r it was at stage k-1 and made the transition
upward with probability hk-lﬁﬁ .

The sclution of Eg. 5 is well known and closely related to Eg. 1,
but we shall carry our de%elopment a gtep further before writing it
down. First we note that Pt(k) , the probability of k transitions
in time t , forms a discrete probability distribution with continuous

parameters. We shall refer to this as the response distribution in

order to keep 1t distinct from the latency distribution which is also

defined for the same process. Since the time constant . (governing

2y
transitions out of stage k) is independent of time, it follows that
an important relation existes between the response distribution and the
latency distribution, nsmely

fk(t)at = Pt(k) - A At (6)
The infinitesimal probvability of a latency that stops the ciock at
time t ie constructed from the prchability of k transitions in time
t, 1.e., Pt(k) , multiplied against the probability that the final
transition happens in the infinitesimal interval dt tacked on the

end of t , i.e., Xkdt . In view of the relation between response and

latency distributions we now recast Eg. 5 as follows:

P%(k) = -fk(t) & fk_l(t) . (5a)

Integrating the differential eguation yields a new difference equation:

Pt(k) = Fk_l(t) - Fk(t) s k>0,
' ' (5b)

If

P(0) =1-F(t), k=0,
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where, of course, Fk(t) is the cumulative latency distribution. Orig

mincr substitution brings us to

£,(8) = A[F,_ (%) - F(6)] (5¢)
for k>0 . Our argument is that Eq. 5c¢ is true of the general-gamma
distributicon for any proper choice of parameters, and it is a fact that
Eg. 1 satisfies Eq. 5c. This claim is verified easily by examining the
moment generating functions of both sides. (The m.g.f. of a distribution
in "tails” fofm is nc special problem; see McGill, 1963, P. 353.) We
find

A

‘ k
M (9) =7 0 (0) - M (&) -
We have . a simple recursive relation

()
ey - C-om)

and step by step it reduces tc the m.g.f. of the genersl-gamms distribu~-
ticn. Thus the genersl-gamma distribution is a solution of the differ-
ence equation for the stochastic latency process given by Eq. 5c.

The response. distribution of the general-gamma process is evidently

i=k
-~ ~A. T '

P (k) = /A 25 e hye AT (7)
i=

Which follows éirectly from Egs. 5c and 6. Equation 7 expresses the
probability of finding exactly k transitions in a fixed time in%erval
t . The result is given in Bateman (1910), Iundberg (1940), Jensen
(1948), Feller (191;9), Bartlett (1955, p. 55) Bharucha-Reid (1960, p.

186 and p. 297). It is a generalization of the Poisson distribution.
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In the ordinary Poisson process, subscripts are omitted from the time
_ constants, and .all stages have identical properties.

A distribution that covers diécrete trials instead of continuous
time but is otherwise similar to Eq. 7, was published by Woodbury (1949),
and by Miller & MeGill (1952).

. The end product cf cur development is that we have found a stochastic
process in the form of Eq. 5c which is directly applicable to the gen-

eral-gamma digtribution. For instance Eg. 5c makes it clear that

Il

‘_F‘k(O) 0,

£, ()

0,
and Bq. 5a indicates that fk(
Moreover, by adding down Eg. 5b we find:

t) passes through a unigue meximum.

£
&

1-F(t) = 2 (1) (8)

)

o

i=
In other words the familiar relstion between the tail area of & gamma
digtribution and the Pocisson sum turns out ic be a consequence of the
_ g,
stochastiec process and is a general property of all multi—stagq/processes;

Te linear birth process, for example, takes on the following forms;

(see Eg. 4):
SE, (1a)

which is & negative binomial distribution; and

' i=k
L {B+i-1 M, .
LIRS ML e gt (k)
1=0

i
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The tail grea of the latency distribution in a linear birth process
is found by summing the appropriate terms of the negative binomial.
4, Conditional Density Function

Given a latency disﬁribution generated by a multi-stage process of
unspecified length, can we oﬁerate on.itlto determine the Ki , and to
decompose the overall distribution into inferréd distributions of parts
of the process?

First recall that the time constént, hk s of the last stage
may be recovered from |

B | (9)
Mo T F L (8) - T (%) ) |

This is = simple adjustmenf of Eq? 5c, but it reguires knoﬁledge of
P (t) ; and the latter is not easily determined if bhe length of ‘the
chain and its parameters are unknown. .A.slight generalization of
Eg. 9 yields |
| £, (t)

r(E) = TR (10)
In some greas of statistics Bg. 10 is known as a "hazard function.™
We call it a conditional density function follewing Davis (1952), since
it does in fact wipe out any considerstions that might have produced
latencies shorter than those occurring.right now or later on. If we
regch a particular point in time, énd the clock measuring latency is
stil:i running, any circumstance that might héve led to a shorter
latency is irrelevént, provided only that the cur%ent probvability of

the final transitiqn can be stated.
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It is easily shown that the tails-distribution of latencies in &
multi-stage process may be represented in terms of the conditiocnal

density function, namely:
. t

1 Fk(t) _ e_go ?\.k('r)d'c' . (11)

Many sources establish this result. The proof given by Davis (1952)

is especislly easy to follow. 1In any event, since the probabilities

in Egs. 2 and 11 are identical, it must be the case that the conditional
density function carries full information concerning the time constants
S kl_u,. ) Kk of the general-gemme process. We can attempt to
extract this information by using what we have learned sbout the
stochastic process underlying the general-gemma distridbution. First,
nowever, we point out a simple relation between tlhie conditional density
function and the ordinary cumulative distribution. The relation is
obtained from Eg. 11 by taking the logerithm of both sides and then
differentiating. We find:

d log (1- Fk(t)
dt '

= -hk(t) . {10a)

The slope of the logged talls-distributicn is the conditional density
fﬁnction; (see Parzen, 1962, p. 168). This is a very simple and
prowerful graphic aid for viewing latency phenomena. An example bhased
dn empirical regction times and sample approximaticons of the quantities

in Eq. 10a is shown in Fig. 1
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Fig., 1. Frequency distribution of reaction times to brief tones (10C0 eps)

of medium intensity. Data based on 100 responses of one listener. Right
hand ordinate (lower curve) is conditional distribution of the same data.
Each point on lower curve is approximately -5 times the slope of the line
segment in the distribution directly above it. The factor of 5 is the size
of the class interval (5 milliseconds). Discrepancies are grouping errors
due to measuring proportion-longer-than-t from front end of class interval
instead of middle. Erratic behavior of conditional distribution in this
example appears to be due to narrow width of class intervals.
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Now we Turn to the stochastic-process interpretation of the
general-gamma distribution so as to analyze 1ts conditional density

function. First we write:

This follows via substitutions from Egs. 6 and 8 into Eq. 10, and
is a very useful result. The expressicn on the right hand_side of Eq.
12 is familiar from queuing theory; (see Saaty, 1961, ch. 1h;

Fry, 1928, p. 360). It is the probability that exactly k transitions
prior to the last one have occurred before time t . So we have shown
that the conditional density function at time <t , divided ﬁy the time
constant of the last stage, yields the. probability thet an ongoing
process is in its last stage at time + . Because of the natufe of the
multi-stage process, this probabiliity must be small at first and must
increase monotonically as elapsed time increases. Long walis can only
increase the likeiihood that the lest stage of the pfocess has been
reached. It follows that the conditional density function of the
éeneral_gamma distribution is monctonic increasing with time. In

view of Eg. 10a this implies & characteristic behavicr of the slope of
the tails distribution. The behavior 1s illustrated in Fig. 2 and
offers a good test of the conjecture thal an empirlcal latency distri-
bution might have been genérated by a multi-stage process.

The complement of Eq. 12, 1.2., the probability that the laét stage

in the ongoing process is not yet reached by time + , can be written:
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(D) 1o () i

R N - (12a)

1 -

The result comes directly from Eg. 8. In view of our discussion of Eg. Ei ]

12, the complementary probability must decrease monotonically toward

zero as elapsed time increases. The conclusion follows from ocur
interpretation of Eg. 12 or it can be established independently via

- substitution from Eg. 2 in EqQ. 12a. In the latter case we proceed

by removing s factor e“?\ht from the numerator and denominator of the

right hand side on the supposition that hh ig the smallest time

constant of the set. It is then easy to show that

n (t) Y for h<k |,
; k k
Lim (1 -—5—) = (13)
T oo k 0 for h=%k .
Moreover, when the smgllest .- time constant happens to be Xk 5 We

can show (now via the derivative of Eq. 12a) that the approach to the
iimit is monotonic. Hence, we have established that the asymptotic
slope of the logged tails-distribution is.not the time.constant of the
last stage but the smallest time constant wherever it may be located.
Whatever the actual sequence of processing stages, the time constants
become rearranged from large (fast) tc small (slow) in the latency
distfibution. We might then just as well treat any process as though
the time constants were arranged in order of décreasing magnitude since
we canh extract them in this way.(in reverse order) from the conditional
density function.

It should be evident that the foregoing operation con the k+l-stage
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general-gamma distribution produces an inferred distribution of s
subprocess obtained by summing together all k stages other than the
slowest. Thisg follows from Eq. 12a. If we find an accurate value for
the asymptotic slope of the tails-distribution (or the conditional
density function), then we can produce the distribution of the k-stage
subprocess from the distribution of the whele process. The outcome

iterates on down through smeller and smailer subprocesses, so that in

genersl
izd-1 A (1)
[1-F (t)] =[1-7F(t}] W 1. i (1)
k-3 (%) | x(*) 1=0 Mo

where the time constants are extracited in order of increasing magni- -
~tude. In prineciple the process can be decomposed or "unpeeled" com-
pletely in this way, starting with nothing more than the overall latency
distribution. The sequence informastion about time consgtants is lost but
everything else can be recovered. Of course very serious practical
difficulties are encountered in applying these results to empirical
distributions. Qur data usually deo not yield solid information about
the tail region of the latency‘distributiono Hence the estimated
agymptote of the conditional density function can be geriously in

error. This error 1s propagated into the estimation of the next time
constant with the result that the estimation technique finds it in-
creasingly difficult to see back through more than one or perhaps {wo
stages. The errors are very similar to those that Van Liew‘(l962)
ascribeg to the "backward projection"” method of graphic analysis used
in physiology. Estimating parameters is hazardous with anything less

than extremely stable distribution data. On the other hand the
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-weakness is counterbalenced by the fact that the smallest (and hence
the most significant) time constants may be estimated without commitiing
ourselves in advance to the number of stages in the process.
5; Applications to Simpie Regection Times

Simple reaction times belong to a cluster of relations (such as the
AI/I functiocns) invelving stimulus intensity and generally viewed as
being determined by sensory mechanisms. Other problems such as foreperiod
effects or effects due to instructions,; or changing stimulus probabilities,
or rewardsfor fast or slow respoﬁding, are deliberately detoured in order
to keep the eﬁphasis on sensory processésu But these other prcblems
and the demonstrable effects they have on reaction times, cannot fail
to complicate cur thinking. The net result is that efforts to recon-
‘struct sensory processes now seem to produce some falrly intricate
mechanisms. Few of us consider the substrate of reaction times in
terms of a simple neural chaiﬁ linking S to R . Instead, the process
is thought %0 be organized into a series of complex and functionally
distinet stages: receptor activity, stimulus analysis, sharpening,
transmission, signal detectlion, motor response. This conception
illustrates the modern blurring of boundafy lines between sensation
and perception. The blur is an obvious consequence of the nonsensory
variables mentioﬁed above and the effects they have on thresholds.
The - conception' is . more like a flow chart or & block diagram than
like g reflex src, and, of coufse, it is buillt into much of the recent
work on signal detection theory in psychophysics; see Green (1960)

and Swets, Tanner & Birdsall (1961) for good summaries. The same
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type of construction is found in recent attempts to poriray decision
mechanisme underlying choice reaction times; see Christie & Tuce
(1956); Audley (1960); and Stone (1960).

If we try to analyze the block diagram, one. of the most anncying
obstructions encountered almost at cnce is the fact that the response
movement 1s immedistely avallable to observation but not particularliy
interesting. We want to study detection but we are unable to view
the mechanism (from the outside) except by looking back through the
response, 1t was to illuminate this problem that our analysis of the
general-gamma process was carried out.

We consider simple r.t.'s to have three principal stages:

1) input, 2) detection, '3) response. A train of impulses flows
back from the receptor. It is detected by a suitable mechaniém and a
regponse is ordered. Assume that the detection is accomplished by count-
ing impulses. A neural counter sits and walts for the initial barrage
of the impulse-train. Nothing is settled until the counter reaches a
predetermined criterion count (determined by instructions, stimulus
probabilities and pay offs) whereupon a detection state exists and

the response 1s called out. The model may be wrong in its choice of
detalls, but it is undoubtedly wrong in the details suggested. The
integration time is essentially endless and allowe no detection failures.
The system is also noiseless so there can be no false starts. Despite
these obvious weakpoints, a simple counter model of stimulus detection
might work quite well at high intensities. It has been developed on

Just about this form by Restle (1961) and IaBerge {1962). Evidently
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low intensity stimuli take time to detect because they generate slow
impulise rates. Hence the detection time of a counter mechanism must
pe & function of stimulus intensity. Qur problem is %o see how to
gubmit this general line of reasoning to systematic chécking if our
investigation is obstructed by the response that terminates the seguence.
The simplést way is to assume that the response movement (or the
part of it that is variable) has a characteristic latency independent
of stimuli. and independent of the detection time. So we apply the
theory of the general-gamma process by assuming that at high and medium
iqtensities‘the response stage has a slow exponential delsy while
detection and input stages are made.up of exponential components with
fast time constants that depend on the stimulus. In this way our

development in Sec. 4 of the paper can be brought into Play.

Fig. 2 shows several fréquenéy distributions of auditory r.t.fs
6btéiﬁed from a single listener whc was responding to different
intensitieso. The stimulus was a 1000 c.p.s. tone rising in roughly
linear form to full intensity over approximately 100 milliseconds.
The different distributions signify changes in intensity from 50 db
to 100 db sound pressure level. Although we do not see much of their
tails, the distributions appear to have the characteristiec candy-cane
appearance demanded by the conditional density function of a general-
gamms process. Many latency distributions do not, particuiarly those

obtained in free operant behavior; see, for example, Hearst (1958).
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In any'event these reaction-time distributions seem to meet our initial
test. Reaction times gathered under , comparable conditions also

exhibit conformity with the restriction on the conditional density
function; see Greenbaum (1963). ‘

Now how do we find the vestige of the response in the distribution
of reaction times using the general-gamma model? The easiest and most
obvious approech is to bypass dgtection.problems by going to a very
intense stimulug. If transmission times exhibt low-order random varia-
tion, the tail of the reaction time distribution will be heavily welghted
by the response component. Meoreover the prominence of this linear
tail will depend on the prominence of the stage that generates it, i.e.,
on the size of its time constant relative to the other time constants
of the process. As intensity decreases, detection should require more
and more time. This should then ncot only spread the distributions
corresponding to different intensities apart {(in time), it should also
make the approach to the linear tail slower. ¥Finally, if it happens
that the detection stage takes longer than the response, the tailnasympu
tote should change.

The distributions in Fig. 2 hawve been shiffed togethey in order
to allow eagy comparison of their tails. There appears to be a common
iinear asymptote between 60 db and 100 db, and the approach is slower
for the weaker stimuli. The slope of the tail is approximately_uOB,
yielding 20 milliseconds as the average random delsy of the response
stage. Thig iz not an unreascnable figure and in fact it is in fairly

good agreement with the physiological data (see Sashin & Allen, 1960)
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but it does present certain difficulties.

The r.t. distribution generated by a 60 db tone is located
approximately 45 milliseconds beyond the distribution at 100 db. All
of this difference might be due to increased detection time. To show
this, suppose that the impulse rate produced by a tone at 100 db is
300 per second and suppose further that 5 impulses must be counted
to meet the detection criterion. Detection times would then be of the
order of 16-17 milliseconds. If the rate dropped to 80 per second
at 60 db, the defection time would increase to an average of 62~63
milliseconds, and the sepafatidn of the distributions would be
approximately what we have found. The impulse rates would stend in a
ratio of nearly 4 to 1 and this turns out to be not far below the
loudness ratio of 100 db. to 60 db set by the same listener whose
r.t. distributions provide the hasis of our arguments. Hence ﬁe might
easily expect a shift of 45 milliseconds or more {depending on impulse
rates and detection criteria) just from differences in detectability
‘between 60 db =and 100 db. How can this large detection delay be
squared with a respome delay of only 20 milliseconds and still yield
the response.latency in the asymptote of the r.t. distribution?

The fact is that the problem cannot be surmounted unless most of
the delay introduced by decreasing the stimulus intensity is fixed,
i.e., nonrahdom; or unless the detection process consists of substages
arranged in the form of a gamme, process. Inthat event the proper com-
pariscn would be between 20 milliseconds and the delay expected of a

single count in the detection stage. Since impulse rates averaging
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10 per second imply 100 millisecond delays, it is apparent that even
single counts might take appreciable tine.

Cur principal conclusion is that the detection time for medium .
intensities is probably quife tong, and. cur general;gamma model will
certainly fail unless cne of the possibilities suggested in the
previous paragraph presents iteself. Thus the question of whether we
really see the response stage in the tail of the r.t. distribution shouid
be pushed. TFor instance, we must account for the linear relation be-
tween the average and standard deviation of empirical r.t. distributions;
" see Chocholle (1940); Restle (1961); and Greenbaum (1963). In the
generai=gamma, process the relation is a consequence of putting varying
impulse rates lnto a detector that must reach a certain count before it
detects. The independence of the response stage can only weaken this
relation at high intesities (short reaction times). Whether the
"purified distributions” arriﬁed at by peeling the final stage away
via Eq. 14 can be made to yield an improved linear relation is a re-
solvable guestion, but better tail data are required in order to answer
it. If the relation fails to improve with this operation, perhaps the
response stage is not in the tall of the reaction time distribution at
all and is really located among the fixed delays at the beginning of
the distribution.

An interesting way to try to settle this last question is to
measure r.t.'s from the same subject instructing him (on cue) to make
one or the other cf two responses (fight index finger and left foot,
for example). Two different distributions are then built up eround the

twe responses which are deliberately chosen so as to introduce different
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response delays intc the reaction times. We can then check our reasoning
by using Eq. 14 to peel off the response stage. The purified distribu-
tions should match one another since detection and input conditions

are identical. On the other hand, if the response appears among the
initial delays, Eg. 14 will fail, but the distributions may be matched
by-sliding them along the time scale, i.e., by subtracting out two

different delay constants.
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