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A theory is finitely axiomatizable if it has a finite set of axioms. A

theory is universally axiomatizable 1f it has a set of axioms each of which

is a universal sentence (i.e., a sentence in prenex normsl form with only
universal quantifiers).

Tt should be observed first that any finitary theory of measurement is
axiomatizable. This is no deeper than saying that in first-order logic we
can write down a sentence completely describing the isomorphism type of each
finite relational system in the given theory, and clearly these sentences can
serve as the required set of axioms. It is of course quite obvious that we
cannot give in each instance an effective method for writting down the axioms,
since there are clearly a continuum number of distinct finitary theories of
measurement. Notice also that if the theory is closed'under subsystems then
the axioms may be taken as universal sentences, and conversely. In case one
considers theories consisting of all finite relational systems imbeddable in
8 given numerical relational system, then the problem of a recursive or
effective axiomatization is simply the problem of whether the class of
universal sentences true in the given numerical relational system is recur-
sively enumerable or not. It is not difficult to establish that this last
problem is equivalent to the problem of giving a recursive enumeration of
all the relation types of finite relational systems 293 imbeddable in the
given numerical relational system. For numerical relational systems whose
relations are definable in first-order logic in terms of + and <, these
problems do not arise since the first-order theory of + and < 1is decid-
able, and it is to these relational systems that we shall primarily restrict

our further attention.
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The most interesting axiomatizability question for finitary theories of
measurement would seem to be: when are they finitely axiomatizable? In
empirical applications a finite axiomatization provides the basis for an
exact classification of sources of error. And if the axioms are universal
sentences, the computational decision as to whether a given relational
system is a model of the axioms (and thus a member of the theory of measure-
ment defined by the axioms) reduces to considering subsystems of the given
relational system which have a cardinality equal to the number of distinct
variables required to write the axioms as a single universal sentence.
Vaught [7] has provided a useful criterion for certain classes of relational
systems to be axiomatizable by means of a universal sentence. His result
yields immediately the following criterion for finitary theories of measure-

ment.

A finitary theory of measurement K is axiomstizable by & universal sentence

if, and only if, K 1is closed under subsystems and there is an integer n

such that Ez_any finite relational system 5(_ has the property that every

subsystem of O(’with no more than n elements is in K then is in K.

The classes of finite simple orderings and finite semiorders are two examples
of finitary theories of measurement axiomatizable by a universal sentence.
On the other hand there are interesting examples of finitary theories of
measurement closed under subsystems which are not axiomatizable by a universal
senténce° We now turn to one such example.

Let F be the class of all finitary relational systems of type < k >
imbeddable in the numerical relational system < Re,A >. A wide variety of

sets of empirical data are in F. In fact, all sets of psychological data
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based upon Judgments of differences of sensation intensities or of differences
in utility qualify as candidates for membership in F. For example, in an
experiment concerned with the subjective measurement of loudness of n sounds,
the appropriate empirical data would be obtained by asking subjects to compare
each of the n sounds with every other and then to compare the difference of
loudness in every pair of sounds with every other. More elaborate interpreta-
tions are required to obtain appropriate data on utility differences for
individuals or social groups (cf. Davidson, Suppes and Siegel [2], Suppes and
Winet [5]). It may be of some interest to mention one probabiltistic inter-
pretation closely related to the classical scaling method of paired comparisons.
Subjects are asked to choose only between objects, but they are asked to make
this choice a number of times. There are many situations in which they
vacillate in their choice, and the probability pxy that x wi}l be chosen
over y may be estimated from the relative frequency with which x 1is so
chosen. From inequalities of the form pXy < pzw we may obtain a set of
empirical data, that is, a finite relational system of type < 4 >, which

is a candidate for membership in F. The intended interpretation is that

if Pry Z-% and pZW'Z-%f

in sensation intensity or difference in utility between x and y is equal

then p < p if and only if the difference
Xy — T 2ZW

to or less than that between 2z and w, the idea being, of course, that
if x and y are closer together than 2z and w in the subjective scale,
then the relative frequency of choice of x over y is closer to one-half
than that of z over w.

Before formally proving that the theory of measurement F is not

axiomatizable by a universal sentence, we intuitively indicate for a
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relational system of ten elements the kind of difficulty which arises in any

attempt to axiomatize F. Let the ten elements be a ordered as

AR

shown on the following diagram with atomic intervals given the designations

indicated.
] % [ %] % | ’ [PilP| P | P |
& 8, a3 &, a5 ag a7 ag é9 &0

Let o be the interval (al,a5), let B be the interval (a6,alo), and let
¥y Dbe larger than « or f. We suppose further that

o] is equal in size to 62

¢, 1is equal in size to
o is equal in size to 61

oclL is equal in size to B
but
0 1is less than B,Eé/

The size relationships among the remaining intervals may be so chosen that any
subsystem of nine elements is lmbeddable in < Re,A >, whereas the full system
of ten elements is clearly not.

Generalizing this example and using the criterion derived from Vaught's

13/

Essentially this example was first given in another context by
Herman Rubin to show that a particular set of axioms was defective.
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theorem we now prove:

Theorem: The theory of measurement F 1is not axiomatizable by a universal

sentence.

Proof: 1In order to apply the criterion of axiomatizability by a universal

sentence, we need to show that for every n there is a finite relational system
trl of type < 4 > such that every subsystem of () with n elements in its

domain is in F but (J{ is not.

To this end, for every even integer n > 10 we construct a finite rela-
tional system.[T( of type < 4 > such that every subsystem of n-1 elements
is in F. (é fortiori every subsystem of n-k elements for k<n is in F.)
To make the construction both definite and compact, we take numbers as elements
of the domain and disrupt exactly one numerical relationship. Let now n be
an even integer equal to or greater than 10. The selection of numbers
ays---,8, mAy be most easily described by specifying the numerical size of

the atomic intervals. We define:

. n
ai =89 " ai for 1_1,.,n,§ -1
By =2 - a for i=1,...,% -1.
§+Ld 5+
We then set:
ai=21 for i=l,...,,%-l
a ='2n .
= +1

In fixing the size of 51, we have two cases to consider depending on the
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parity of %.
n ., n .
Case 1. 5 is even. Then 5 - 1 is odd, and we set:
. n
By = ai for 1=2,h,..°,§ -2
2
and if i 1is odd
. n
Bi = an . 11 for 1=l,3,...,§ - 1.
¥T o2
n . n .
Case 2. 5 1s odd. Then 5" 1 is even, and we set:
n
B; = qi for i=2,4,. 5 T 1
2
and if i 1is odd
R n
Bl = an-E . i+l for 1_1,3,.°°,§ - 2.
L2

Thus if n=12,we have:

@ =Py
A = By
a, =B,
o, = B,
% =Ps5 -

if 1 1is even

if i is even

With the set A = {a ,.,.,an} defined, we now define the relation D
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as the expected numerical relation except for permutations of a_, an, a

1 n
= =+1
2 27
and a - If x,y,z,wehA and < X,y,z,w > 1is not some permutation of
< al,an,an ,an > then < x,y,z,w >eD 1if and only if
z z+t
(1) x-y < z-W.
Moreover, let a=a ., b=a, ¢c =8 , d = a , then we put the following
1 n n n
3 z+1

nine permutations of < a,b,c,d > in D:

7

< b,a,d,c > < a,d,c,b >
< b,d,a,c > < ec,b,d,a >
(2) < b,d,c,a > < ¢,d,a,b >
< a,b,d,c > < ¢,d,b,a >

< a,c,d,b >

(These nine permutations just correspond to the strict inequalities following
from b-a < d-c. All nine are needed to make the subsystems of < A,D > have
the appropriate properties.)

From the choice of the numbers in A and the definition of D it is

obvious that < A,D > 1is not imbeddable in < Re,A >, that is, that < A,D >

is not in F, for the atomic intervals between al and an mist add up to
2
a length equal to the sum of the atomic intervals between an and - an, but
=+1
2
by hypothesis the interval (al,an) is less than the interval (an ,an)o It
= =+1
2 2

remains to show that every subsystem of n-1 elements is in F. Two cases




-oh_

naturally arise.

Case 1. The element omitted in the subsystem is a;; &, 8 or a .
' = =+1

2 2
Then the nine permutations of (2) are not in D restricted the subsystem,
and the subsystem is not merely imbeddable in < Re,A > but by virtue of (1)
is a subsystem of i%t.

Case 2. The element omitted is neither a., a , a nor a . Let a,
—_— 1 n° n n i

3 3+l

be the element not in the subsystem. There are two cases to consider.

Case 2a. ay < an- For this situation we may use for our numerical

2

assignment the function f defined as follows:
fla, ) =a, .+ 1 for J=l,...,i-1

fla, .) = a, . for J=l,...,n-i.

It is straightforward but tedious to verify that f 1is a numerical assign-~
ment, that is, that it preserves the relation D as defined by (1) and (2).
Only two observations are crucial to this verification. First, regarding

atomic intervals (in the full system), if

Piog4l T %oy T %1 T % T K> L

then

) - £(a, .)

f(ai-j+l i-37 % V541

§
Ly
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Second, the numbers in A were so chosen that if x,y,z,wed, if (z,w) is

not an atomic interval, if (x,y) # (z,w) and if

then
(3) X-y+2 < 2-W;
whence it is clear from the definition of f that
f(x) - £(y) < £(z) - £(w).

(Note that (3) implies the weaker result that no two distinct non-atomic

intervals have the same size.)

Case 2b. a; > a, + 1. Here we may use a numerical assignment f

2

defined, as would be expected from the previous case, by the equations:

f(ai-j) =8 for j=l,...,i-1

— . = l ‘= c s . ".o
f(ai+j) ai+j4- for j=l,...,n-i

And this completes the proof of the theorem.

It would be pleasant to report that we could prove a stronger result about
the theory of measurement F, namely, that it is not finitely axiomatizable.
Unfortunately, there seems to be a paucity of tools available for studying
such questions for classes of relational systems. However, we would like
to state a conjecture which if true would provide one useful tool for study-

ing the finite axiomatizability of finitary theories of measurement like F
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which are closed under submodels. We say that two sentences are finitely
equivalent if and only if they are satisfied by the same finite relational
systems, and we conjecture: if S 1is a sentence such that if it is satisfied
by a finite model it is satisfied by every submodel of the finite model, then
there 1s a universal sentence finitely equivalent to 8. If this conjecture
is true it follows that any finitary theory of measurement closed under sub-
models is finitely axiomatizable if and only if it is axiomatizable by a
universal sentence.

The proof (or disproof) of this conjecture appears difficult. It easily
follows from Tarski's results [6] on universal (arithmetical) classes in the
wider sense that if the finitistic restrictions are removed throughout in the
conjecture, the thus modified conJjecture is true. For S, being closed under
submodels, defines a universal class in the wider sense of relational systems,
which class is axiomatizable by & denumerable set of universal sentences.
Since S 1s logically equivalent to this set of universal sentences, it is
a logical consequence of some finite subset of them, but because it implies
the full set, it also implies the finite subset and is thus equivalent to it.

Our conjecture is one concerning the general theory of models and its
pertinence is not restricted to theories of measurement. In conclusion we

should like to mention two unsolved problems typical of those which arise in

the special area of measurement. (i) Let R be any binary numerical relation

definable in an elementary manner in terms of plus and less than. Is every

finitary theory of measurement with respect to R finitely axiomatizable?

(If our conJjecture about finite models is true then the theory of measure-

ment F 1is not finitely axiomatizable and shows that the answer to this
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problem is negative for quaternary relations definable in terms of plus and

less than.) (ii) Is every finitary theory of measurement axiomatizable by a

universal sentence a theory of measurement with respect to a numerical rela-

tional system all of whose relations are definable in terms of addition and

ordering of real numbers?
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