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by quite a bit; the same type of problem is affeciing the other

cell entries, of course. If v, were estimated separately, in such

a manner that its %alue reflected the heterégeneity of the subjects,

it would presumably be larger, (l~9)Vé would be larger, and the fit

of the model should be improvad. Ancther course of action might be

to apply the model to individual subjects.

Comparison of k-state modelé° Tufﬁing to a comparison of the class of

k~state Markov models, we want to consider the questions, (1) can one
find an optimal value (or values) for k , and (2) what are the
relative merits of the constant énd variable parameter aséumptionsé"
While a partial answer to these gquestions was indicated in the summary
comments on the sequential statistics, there ere a number of further |
congiderations which are of interest.

With regard to the firet question, recall that as k 1is in-
creased, the upper bound on response probability incregses, tending

toward 1 as Lk Tbecomes large. As long as k 1ig sufficlently 1arge

so that the observed mean response probability falls between the upper

bound determined by k and the lower bound of = 3 then it appears

that k may take on & fairly wide range of values without drastically

changing the fit of thé mddel to_a given set of data. Using the

conétant parameter assumﬁtion the data of the homogeneous subgroups
were fitted with models for which k was seb equal to 3, 4, 5, and
10, as well as the weakmstrbng model. The results from the wéak-
strong, 3-state and 10-state medels are presented in the tables of

sequential statistics. Overall, the 3-state model does the best Job
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of_acppunﬁing for the_dataf The reasons for the relative inadeguacy
of_the weak~-strong model relative to these data have been discussedf_
Comparing the 3-state and 1l0-state models, the first-order statistics
are generally handled better by the 3-state model, but the difference
between the second-order X° values for the ftwo modéls over eight
sets of data is usually less than five per cent for each set of data.
Sometimes the 3-state model is slightly better, and sometimes the
10-state model is a little better, but in no case is the.differenée in
the it of the two models large enough to take seriocusly. Moreover,
although the detalls of the results will not bé presented, the same
_remarks also apply to comparisons of the_h-state and 5-state models
‘with the 3-state model. Thus for Values of k as large ss 10,
there is no clearcut evidence favoring ény particular value of k as
‘being an optimal value. |

Concerning the questipn of the constant and variable parameter
_asaumptions,_the gituation is quite similar. That is, comparing the
_35state model incorporating ﬁhe variable parameter assumption with
the 3-state consﬁanf péraﬁeter‘model, the predictions from the two
models are not fery diffe?ent, %ﬁa fhe XE 4values gre counsequently
Of the same order of magnitude for aﬁy set of data. This agreement
between models in the k-state class also holds for the L- and S-state
models. Thus, although it would appear that different assumptions
are being made about the nature of the underlying conditicning pro-
cesses, it.is not pogsible from these data to ghoose between the two

assumptions.
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Sources of discrepancy. Considering in more detail the fit of the

3—sfate constant parametef model to the data, it may be possible to
determine the exacf way in which the modél does nct agree with the
'secénd-order sequential statistics from the homogeneous subgroups.
Lookiﬁg at Tables 6b, Tb, and 10b through 15b, the discrepancy between
the model and these sets of data is reflected in a X2 cf about

k32, with 104 degrees of freedom. The contribution to this X2 of
each of the sixteen pairs of seguentisal statistics; N(AlIEiAjEkAE)
and N(AE]EiAjEkAB) , summed over all data sets, was determined in
order to find whether some of the.sequeﬁces were makihg é congistently
larger contribution to the total X2 than others. Five 6f the six-
teen sequences did constitute moré fhan half the total 'X'2 , and the
disérepaﬁcj between predicted and.obsérved values fof'these particular
sequénbes alﬁéys tended to bhe in the same direction within each
sequence, wifh no significant excepfions.

Following the sequences AEElAeEl R A2E1A2E2 , and AEEBAEEl s

an A2 tended to be observed on the next trial more freguently than

the model predicts. I.e., there was more A, perseveration, regérd—

2

less of the occurence of El events, than the theory predicts. The

contribution to the overall X2 of this perseverative factor, which
may reflect position preferences, was about 162. As mentioned pre-
viously, the k-state model, for = not equal to .50, predicts in-

creased perseveration on the Al resgponse as the mean response

probability increases. Put if an A,_. occurs cn any trisl, it is mcst

2

probeble that the sampled element is in g weak state of econditioning

to the A2 response; if an El follews the A2 , then with



probability @ +the element will change to a weak state of condition-

ing to the Al response, and hence an A, will occur on the next

1

trial on which the elemeﬁt is sémpled. On the éverage, then, persever-

ation on the _A2 response should be reduced by the occurrence of an

El , 1f 8 1is not small. In fhe data, however, the.tendency éf the

enimal to perseverate on the A2 response, regardless of the occur-

®rnce oﬁ an El relnforcement, was greater than predicted.
Followingrthe sequence A2E1A1E2 , more A2's were observed than

predicted, and.foilowing the seguence A1E2A2El , Imore -Al'g were
observed than predicted. In both these sequences, the subject makes
an Ai which is not reinforced, and switches to the alternate
fesponse, Aj , On the.following trial. The Aj is noﬁ reinforced
either; and following this pair of incorrect responses, the subject
switches back to Ai more frequently fhan the theory predicts. The
contribution of these two sequences to the total X2 was about T5.
In all of the models, it has been assumed that the effects of the
reinforéement‘events are independent of the preceding response and
reinforcement eveﬁts. One way of viewing this perturbaticn between
model and data from a theoretical standpoint, might be in terms of a
dependence between the relnforcement effect and preceding eﬁents.
One might assume, for example, that the effect of the reinfcorcement

- event on t$ial n might depend con Whether the response on the pre-
ceding trial had been correcf cr incorrect. An assumption of this
gort would result in enormous complications in analysis of the models

and we will not pursue the matter in any detail. However, the se-

quences mentioned above, as well as the sequences AlEEAlEE , and
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'AQEIAEEl , all.6f which constitute sequences of two consecutive trials
cn which the subject makes an incorrect response, seem to Indicate
that the.reinforcement-event foilowing the second imcorreét response
is more effective than the thecory predicts, bringing into guestion the
assumption of independence of the reinforcement events.

Although considering the overall X2 ~wvalue, the k-stgle models
did not give g totally satisfactory account of the response-reinforce-
ment pairs, the reinforcement-run statistics are fit rather well by
the 3-gtate model and this result is due to a property of the data
which the model predicts. As mentioned in the Results section, for
the 65-35 and 80-20 schedules, there is a marked asymmetrj hetween
the effects of runs of El events compared to runs of E2 events.

As the response on trial n 1s conditicnalized on longer and longer
runs of El events, the response probability remains virtually
constant, as the model predicts it should, given the values of the
parsmeters which hest describe the second-order sequential depsnden-
cles. [It 1s estimated that thefe are a fair number of elements in

the population, most of which are conditioned tc A if an element

1 3

is conditioned to A2 at the start of the run, in corder to increase

the A, probability, it must colmter-condition during the run of
El events, which is uniikely since & 1is small and N ‘is large. )
But as the response is conditionalized on longer and longer runs of
E.2 events, there is an increasing_decremgnt in the probability of
an A, , which the nodel also predictsf [Since p is alsc fairly
sﬁall, many of the elements which are conditioned.td Al_ are in the

weak state, and thus even though. & may be small, there is &
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relatively good chance that the element sampled on trial n was

initially weakly conditioned to A, and counterconditioned during

1

the run of E. events.]

2

Agymptotes and analysis. The overall response prcbability in this

study was very high. A number of subjects chose one response alterns-
tive on more than 99 percent of the trials during Runs h7-66. The
analysis of variance indicates that the response probability was still
climbing, and it 1s not inconceivable that the asymptote for all the
subjects might prove to be 1 or 0 eventuslly, although millions of
trials might be required in some cases to reach these final levels.
The tendency of subjects to absorb on a single response alternative
during long term training has also been noticed in a study using human
subjects by Bourne (1963). In a two-choice study using humsn subjects
by Friedman, Burke, Cole, Keller, Millward and Estes (1962), there

was some evidence of an upward trend in the response probability of
trained subjects following a long series of trials with = of .80,

- glthough the trend was not significant.

There are numerous models which can predict an asymptote of 1 or O
for values cof =« othér than .50. The simple linear model can be inter-
preted to predict this result, as can the modified linear model. The
upper bound on the k-staile models rapidly reaches a value which cannct
be distinguished.from 1 for reinforcement schedules other than 50-50;

e.g., for both the reinforcement schedules which were used in the

second portion of the study, the upper bound for the S-state model is
greater than .999%. However, the agymptofic data of subjects who

absorb on a response alternative do not permit a cholce between

12
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alternative models.

Thus attention hes been concentrated on subgroups of subjects
whose behavior over a blcck cf trials appears relatively stable at
some value between = and 1. A class of Markov models based on
reinforcement priﬁciples has been analyzed, showing that within
appropriate boundary conditions, models from this class give a fair

-account of the.seQuentiel statistics from these selected subgroups,

. compared to an alternative.lineaf'mcdel. From strict statistical
considerations, the models might be rejected, since, e.g., for the
3-state model from this ciass, the overall X or L32 with. 10k
degrees of freeaom is highly significant. However; céftain important
sources of the discrepancy between model and dats have been specified;
in perticular, there is more response perseveration in the date than
the ﬁodels predict. " Thig discreﬁancy has been laid'at the‘door of
"posifion.bias,” a tactic which admittedly is not entirely satisfac-
tory. The prospects of modifying the model to incorporate a bias
state are not very encouraging. A mbre_ﬁromising,course of =ction
rwould be,ﬁc-alter the expefimental sltuation in such a fashion that
the effect of bias factors would be reduced; in the.absence of a
better understanding of the sources of bias, such changes may have
to be made by a trial and erfor processe

The evaluation_of any model of behavior proceeds.a step afia
time. ”in the case of modeis applied to probability learning, the
initial test of & particular model is that it must be able to account
for the mean response probability.' It was the fact that the weak-

strong model imposed an uppef-bound less than the observed values of
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the subjects which lead to consideraticn of the k-state generalization.
Given a_model which can acgount for responsé ﬁrobability, next its
ability to account for the sequential characteristics of the data must
be determined. As response probability is conditionalized on longer
aﬁd longer sequences, the model is put to more rigorous tests. The
limit on such testing depends in part con the data, siﬁce the occurrence
.of obgervations following zome éequences becomes very rare for w not
to equal to .50, and also on the willingness of the theorist to derive
the increasingly complex expressions for thesé sequences. The impor-
tgmt ppint 1s that a model may give a very good account of a set of
gtaon ae lewl oOf analysis, and yet prove quite inadeguate when the
data are snalyzed in more detail.

In fact, one is almost guaranteed that, given a model of behavior
which 1s gquantitatively precise, scme aspects of the data ﬁill.be
found to differ significantly from prediciions of the model; An
examination of the ﬁature of £hese discrepancies often suggests ways
in which the assumptions of the model need to be changed. Thué, as
iliustrated in this paper, a mathemetical model not only.allows a
precise test of a set of axioms, but also may lead to important.modifi—

cations in assumptions about the learning process.
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Appendix A: Sequential Statistics for k-state weak-strong model -
N For simple wesk-strong model (k = 2):
S =85, =0 Lo o a-x)
1 1~ "2 1 (A%E) - )
|
TI.'2 1- 1) | ﬂ(l--n}ecg)
W, = W, = .
1 5A+ B) 2 A+ B

L) gk -2k 2

Sp=h-8-w 8y = (it B)

o E(1 o gk Ik -1

17 (A+B)
B } =ﬂ(k- 1)(1_ ﬂ)kq)k—l
> 2 " ¥z 2 )

S Ry kL2

5 = A+ E)
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For variable parameter case (6i+l_= 8.7 s by =Wy o kK2 3):

Sl=A-sl~Wl SezB'SE-WE
' k-2
-2 2 -
. ﬂk+l(l_ﬂ)k o (2 1)
1- {A+ B)
k-1
L ﬂk(l_ﬂ)k—lCPQ -1
1 (A+ B)
k-1
o ﬁk—l(l_ﬁ)kCPE -1
2 (A+ B)
k-2 '
L ﬂk-E(l_ﬂ)lﬁl@E(E -1)
2 (A+B)
k-1 k-1 k-1 .
A ﬁ2k—l 2 é:_ i _gk—l—l 5 (l_ﬂ)zk'l 2k 1 3 s i _Ek-l—i
- é T (P - § l-—ﬁ q)
l=O i:O

Firsi-order seguential dependencies:

P(AlIE;LAl) =% [+ (W - 1)A]

P(AllElAe) = -ﬁ% (w8 + (N - 1)AE]

P(Al'IEEAl) = -ﬁ%[sl + 8 ¥ wl(l - 8) + (N - 1)A21
(W - 1)A

il

P(4, |EA,) W



Second~-order sequential dependencies:

1+3(N-1)A+(W- 1)(1\1_2)1:&2

JP(A E.AE A ) = .
1t N[1+ (N-1)a)

W0+ (N ~1)A[26w, +B] +(N- 1)(x - 2)A%B

P(A, |E.AE_ A.) = -
1' Liie N{w,+ (N ~1)AB]

Ac-?19-+<N-=1)A[3(Sl+-sl)+'wl(3 “29)]'f(N=-l)(N-a2)A3

P(A. |E_AB.A ) =
1| bl N4 -w 0+ (N - 1)4°]

1+ (N=2)A
P(Al |_E1A1E2A2) = ____N_-__ :

B+ W0 + (N - 2)AB

P(A.[E_AEA ) =
1[1211 NE

P(AlIElAEElAE) =

2

(1 -9)@w2+6952-+ (1 - 1) [2Bew,, + Agwg(l - e)f 5, + 8,8 1+ (W-1) (1 - 2)AR®
' N[w2(1n9)+ 8, + 82+(N-1)32]

P(a, |W A B A ) =

> .
07wy + (M- 1)[A0(w + wy) + B{sl s

+w (1= 0)} 1+ (W= 1) (- 2)A°B
'N[wle}(m--i)AB] A

(1 fu)gwg + (N = 1)[Bov, +4B] + (N - 1)(N - 2)AE"

P(A|EAEA) = - '
ll 1% _ N[B+ (N-1)5°]



P(A, |B,AEA)) =

s s +w lu+(1-u)(i-0)1+ (_N—l)A[3(81+sl)+w1(3-9)']+(1v-1)(1\1-2)A3

A T

NA[L+ (N~ 1)AY -

P(A, |E_AE A ) =
1\ 271712 | N[w 6+ (N ~1)AB]

P(2, IEQAIEEA_l) -

8+ sl(l - 8o) +'wl(1 —e)2+ 3(N - 1)A[A - w81+ (N=-1)(W - 2)A3

N[A ~w 6+ (N - 1)4%1

' ' A—WlG+(N-2)A2
P(A) [EyA Boh, ) =

| NA

o l+(N-2)A
P(Al IE2A2E1A3_) = “"‘"r"

(W - l)[BGw2+ A(B -wgg)] +{W-21)(N -2)A32

272712

P(A. E.AEA) =
_ l‘_ I\I[B—'w29+(l\1-l)B2]

(N~ 1)[AGW€L +B.(A_ -—wle)] +(N-1)(w —-2)A-2B

P(A, {B,AE A ) =
1I 2 eTem, N[w, 8+ (N -~ 1)AB]

_( i ' ) -(N-l)A-l-_(N—l).(I\‘i-E.)A].S
P(A, |E.AEA )} = - -
1Va’arera N[1+(N-1)B]

where for N<2 , (N-2) =0

(1- 9)9w2+ (N - l)[2A9w2 +B(A—-le)] +{N-1)(N- 2)A2B :
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Reinforcement run statistics:

P(4,|2.,2,) =

é{si g+ vy [1-9(1-6)21 Wy [(l-u){l;(l-e)a} + ua@] + S_J.(l-ue)@a

+ (N-1) P(Ai)Wj{l—(l_e)g] ¥ sjaa + E{E(Ai)awi 8(1-8) + wj(l-p)%ﬂ

-

+. (N-—lE 3P_(_Ai) + e(EVJ'Wi-)] + (N—l)?’P'(Ai)}

—

P({}i A] EiEiE i,EJ) =

N 1

ih{si +o, * w."[l-e(l-e)ﬂ + wjl;(l—u){l—(l-e)3} + p{‘a-a(l-e)‘2 - (1-&)69}]
+ s [p.26288 + (1-92){5[1-(1-9)2] 4 (1_5)59}] i Sj(ﬁ)(l_%)azae

- (g-l)[P(Ai).+ wj{l-(l_9)3} +'Sj{g[1_(l_e)g]'+ (1-5)59} + SJ,(2){5269]
+ 3(N-1)[P(Ai) - w,6(1-6)% + wj{(l-u)[l-(lne)el + Hae} + sj(l-p)ae]

- B(N-l)g[ZP(Ai)}wiG(lue) + Wj{(l-u)e i1 - (1_9)2} + ?35%

+ (N—.l)?’l:hP(Ai) + _9(3wj—_wi)] + (N-l)”P(Ai)}

where 8, = 8.
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Appendix B

Agssume, for purposes of explanation, that the theoretical expres-
sions, g(AilEjAk) , are functions of two parameters, « and B ,
having a range between O and 1.. The binary search program proceeds
first by setting the first parameter, « , egqual to .50, the midpoint
of its range. The program then finds, to a desired accuracy,'the
value of B which yields the minimum X2 for & equal to .5C, by
guccessive bilnary iterations. Tﬁe first step is to determiné the X2
for 8 of .25, .50 and .75. If the smallest X2 is at .25, then the
minimum (for O = .50) must be between O and .50, sc the next three
.values of B are chosen to be .125, 125, and .375. The minimum value
“from this set of three determines a new set of three, and so cn. The
number of iterations deﬁefmihes the accuracy of the estimate. After
the minimum value of B has been determined for & equal to .50,
then the minimum is determined for @ equal to .25 and .75, and the
value of ¢ yielding a minimum (for some £) then determines a new
set of & walues on which the iteraticn is performed. The process
takes considerable time for three parameters if more than two or
three place accuracy is deaired; In this study % and u are
accurate to .008, while N is accurate to .125.

The characterigtics of tﬁe eséimation procedure have not heen
fully investigated. However, from a numbér cf exploratory tests in
which a large number of iterations have been run to obtain a closer
approximation to a point-estimaie winimum value, it appears that (1)
even with a relatively low degree of accuracy, one can obtain a X2

value which differs from the point-estimate minimum by less than five
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percent of the minimum, (2) the estimates of & and B may differ
by as much as ien or £1fteen percent from the point-estimate minimum
values, While (3) ¢ and N are generally quite close, e.g. within
five percent of the point-estimste minimum.

The criterion stafistic is equivalent.to the descriptive_statistic,
X2 , and has been so denoted. If the cell frequencies were independent,
then subtracting a degree of freedcom for each.parameter, the stﬁtistic
would be distributed as X with 1 or 13 degrees of freedom for the
fifst— and second-brder dependencies respectively. However, the
transition frequencies are not independent. The unchservable states
of conditioning do, by aésumption; describe a one-trial Mafkov process;
the state of conditioning on any trial n for a given element depends
only on the state of conditioning on the preceeding trial and the
matrix of transition probabilities, and does not depend on any other
events prior to the preceeding trial. This one-trial Markov property

does not apply to the observable response events. IT Xn;l represents
the response sequence prior to trial n-1 , then N(AiJEjAk) depends
on x , where, in particﬁlar, x is partly'composed of other

n-1 n-1

cell entries. On the other hand, considering response-reinforcement
.sequenées of‘arbitrary‘léngth, it turns out that most of the informa~-
tion ébout a response on trial =n is gained by knowing what.happened
on.a relativély sﬁall number of preceeding trials; and though, strictly
speaking, the TESPONSE on any trial n 1is a function of the entire
préceeding sequence of events, the.depéndence.on events more than.a

few trials removed is very slight. Thus we will use the X2 dis-

tribution and the degrees of freedom remaining after parameter .. -
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estimation to obtain an index of the adequacy of the various models.
[See Suppes and Atkinson, 1960, for a discussion of this problem. The
convergence referred to above has been shown by Lamperti and Suppes

_ (1959) to characterize the linear model; Suppes and Atkinson (1960)
mention that for the gimple Markov mcdels considered in their book,
the parameter estimates based on the n-order sequential staﬁistics
rapidly converge tc a limiting value. Tt has not been proved that
this convergence property charscterizes the particular models analyzed
in this study.

In selecting the smaller subgroups for_analysis, there were some
cases in which the predicted cell fréquencies for the second-order
statistics are smaller (less than.five) than is appropriate for the
use of the X2 statistic. These frequencies,_which are always A2
responses, are not presented in the tables, but must be obtained by
subtracticn. In Table 11k, for example, the last line contalins the
observed and predicted frequencies for the sequence A E. A E A, . The

222271

total observed entries for this seguence, N(-|E2A2E2A2) , 1s 10, end

.the observed number of Al transitions, N(A1|E2A2E2A2) is 6. The

A
following this sequence, N(Al!E AEA ),

predicted number of A ofoE Ay

l's
from the weak-strong medel in cclumn W-S, is 7.3, and the predicted
ﬁumber of Ag's must be 2.7, since these two entries must.sum to the
observed tqtal of_lO. There are two low-frequency cells in the pre-
dictioﬁs for subgroups I-MP, II-MP and I-High, and eight low-frequency
cells in subgroup II-Eigh, all during runs 47-66.

It was not convenient to modify the estimation procedure to

correct this precblem, and the results which are presented in the
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tables gre the output from thé'computer. However, in every case in
which a set of secbnd-order statistics contains cells with frequencies
less than five, all such cells were tombined, and a separate X2

based oh fewer degrees of freedom was computed. . These X2 values
cannot be considered to be minimum values in any sense, of course,

and only a few examples of the results of these computaticns will be
presented. For all the sets of date where low-frequency entries exist,
when these cells are combined, the new X2 values present a virtually
unchanged picture of.the_correspondence between the models and the
data. Any change is usually in the direction of & slightly better fit.
For example, in group I-High, Table 12b, for the consfant parameter
.3-state model (CP—B), segquences A2E1A2E2Ai and A2E2A2E2Ai are
predicted as having 3.7 and 2.9 A2's , respectively, following them.
IT these two sequencés are combined and a new 'X2 based on 12 degrees
- of freedom is computed, the wvalue is 15.717, compared to & previous

X2 of 18.682, 13 df. Subgroup II-High contains eight low-frequency
cells for the constant parameter 3-state model. When these are com-

bined, a X2 of 4.106 based on 5 degrees of freedom is obtained,

compared with s X2 of 13.145, 13 degrees of freedom previously;






