






















































































































































































































homogeneous, and there is wide variability in Groups I and II; this

relationship parallels exactly the relative adequacy of the linear

model. The second raw moment, V2 , is estimated under the assumption

that the population of subjects is homogeneous, and the observed

heterogeneity results in too small an estimate of V2 . The effect of

the underestimation is that it becomes impossible to account for the

response perseveration which is observed in the hetergeneous groups.

Elf response perseveration is meant the tendency to repeat the

previous response is very large, compared to the reinforcement effects,

or P(Al!EiAl ) - P(Al !Ei A2 ) is large, relative to the difference,

P(Al!ElA.) - P(AIIE2A.) for any E. and A..J . J l J

By considering Eq. 15, one can see that if TI is ·50, and VI

is also close to .50, then in order for P(AIIEIAl) to become relative­

ly large, 8P
l

must be large, since the remaining term, (1-8)V2 ,

VI
reaches a maximum value of approximately .30, for any value of P,
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at 8
~

2 _1/ 2 . But if the reinforcement effect is relatively

small, (e.g., if Ip(Al!ElAj ) - P(Al [E2Aj J[ is less than .10 for all

Aj ) then 8(P
l

-P2 ) must be small. If 8 is set equal to 2 -~,

and if P(AIIEIAl) - P(AIIE2Al) < .10 , as is observed in the data,

then PI - P2 must be around .15 to account for this difference.

Hence PI must be approximately .57, since P (or VI) is close to

.50 by assumption. With these choices of the parameter values,

P(AII EIAl ) is predicted to be about .63, while the observed value of

P(Al!ElAl ) , in those cases where the fit is bad, is greater than .63



by quite a bit; the same type of problem is affecting the other

cell entries, of course. If V
2

were estimated separately, in such

a manner that its value reflected the heterogeneity of the subjects,

it would presumably be larger, (1-8)V2 would be larger, and the fit

VI

of the model should be improved. Another course of action might be

to apply the model to individual subjects.

Comparison of k-scate models. Turning to a comparison of the class of

k~state Markov models, we want to consider the questions, (1) can one

find an optimal value (or values) for k, and (2) what are the

relative merits of the constant and variable parameter assumptions?

While a partial answer to these questions was indicated in the summary

comments on the sequential statistics, there are a number of further

considerations which are of interest.

With regard to the first question, recall that as k is in-

creased, the upper bound on response probability increases, tending

toward 1 as k becomes large. As long as k is sufficiently large

sO that the observed mean response probability falls between the upper

bound determined by k and the lower bound of 11: , then it appears

that k m§y take on a fairly wide range of values without drastically

changing the fit of the model to a given set of data. Using the

constant parameter assumption the data of the homogeneous subgroups

were fitted with models for which k was set equal to 3, 4, 5, and

10, as well as the weak-strong model. The results from the weak-

strong, 3-state and 10~state models are presented in the tables of

sequential statistics. Overall, the 3-stace model does the best job
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of accounting for the data. The reasons for the relative inadequacy

of the weak-strong model relative to these data have been discussed.

Comparing the 3-state and 10-state models, the first-order statistics

are generally handled better by the 3-state model, but the difference

between the second-order X2 values for the two models over eight

sets of data is usually less than five per cent for each set of data.

Sometimes the 3-state model is slightly better, and sometimes the

10-state model is a little better, but in no case is the difference in

the fit of the two models large enough to take seriously. Moreover,

although the details of the results will not be presented, the same

remarks also apply to comparisons of the 4-state and 5-state models

with the 3-state model. Thus for values of k as large as 10,

there is no clearcut evidence favoring any particular value of k as

being an optimal value.

Concerning the question of the constant and variable parameter

assumptions, the situation is qUite similar. That is, comparing the

3-state model incorporating the variable parameter assumption with

the 3-state constant parameter model, the predictions from the two

models are not very different, and the x2 values are consequently

of the same order of magnitude for any set of data. This agreement

between models in the k,-state class also holds for the 4- and 5-state

models. Thus, although it would appear that different assumptions

are being made about the nature of the underlying conditioning pro­

cesses, it is not possible from these data to choose between the two

assumptions.
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teen sequences did constitute more than half the total

Sources of discrepancy. Considering in more detail the fit of the

3-state constant parameter model to the data, it may be possible to

determine the exact way in which the model does not agree with the

second-order sequential statistics from the homogeneous subgroups.

Looking at Tables 6b, 7b, and lOb through 15b, the discrepancy between

the model and these sets of data is reflected in a X2 of about

432, with 104 degrees of freedom. The contribution to this X2 of

each of the sixteen pairs of sequential statistics, N(A1IEiAjEkA£)

and N(A2IEiAjEkA£) , summed over all data sets, was determined in

order to find whether some of the sequences were making a consistently

larger contribution to the total X2 than others. Five of the six­

X2 and the,
discrepancy between predicted and observed values for these particular

sequences always tended to be in the same direction within each

sequence, with no significant exceptions.

Following the sequences A2E~2El' A2E1A2E2 , and A2E2A2El ,

an A2 tended to be observed on the next trial more frequently than

the model predicts. I.e., there was more A2 perseveration, regard-

less of the occurence of El events, than the theory predicts. The

contribution to the overall X2 of this perseverative facto~which

may reflect position preferences, was about 162. As mentioned pre-

viously, the k-state model, for ~ not equal to .50, predicts in-

creased perseveration on the Al response as the mean response

probability increases. But if an A
2

occurs on any trial, it is most

probable that the sampled element is in a weak state of conditioning

to the A2 response; if an E
l

follows the A
2

, then with
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probability e the element will change to a weak state of condition-

ing to the Al response, and hence an Al will occur on the next

trial on which the element is sampled. On the average, then, persever-

ation on the A2 response should be reduced by the occurrence of an

no

e is not small. In the data, however, the tendency of the

animal to perseverate on the A
2

response, regardless of the occur­

nonce of an EI reinforcement, was greater than predicted.

predicted, and following the sequence A 's
I

were

observed than predicted. In both these sequences, the subject makes

an A. which is not reinforced, and switches to the alternate
l

response, A. , on the following trial.
J

The is not reinforced

either, and following this pair of incorrect responses, the subject

switches back to Ai more frequently than the theory predicts. The

contribution of these two sequences to the total x2 was about 75.

In all of the models, it has been assumed that the effects of the

reinforcement events are independent of the preceding response and

reinforcement events. One way of viewing this perturbation between

model and data from a theoretical standpoint, might be in terms of a

dependence between the reinforcement effect and preceding events.

One might assume, for example, that the effect of the reinforcement

event on trial n might depend on whether the response on the pre-

ceding trial had been correct or incorrect. An assumption of this

sort would result in enormous complications in analysis of the models

and we will not pursue the matter in any detail. However, the se-

quences mentioned above, as well as the sequences A
I
E

2
A

I
E2 , and



A2E
1
A

2
E

l
' all of which constitute sequences of two consecutive trials

on which the subject makes an incorrect response, seem to indicate

that the reinforcement event following the second incorrect response

is more effective than the theory predicts, bringing into question the

assumption of independence of the reinforcement events.

Although considering the overall X2 value, the k-state models

did not give a totally satisfactory account of the response-reinforce­

ment pairs, the reinforcement-run statistics are fit rather well by

the 3-state model and this result is due to a property of the data

which the model predicts. As mentioned in the Results section, for

the 65-35 and 80-20 schedules, there is a marked asymmetry between

the effects of runs of E
l

events compared to runs of E2 events.

As the response on trial n is conditionalized on longer and longer

runs of E
l

events, the response probability remains virtually

constant, as the model predicts it should, given the values of the

parameters which best describe the second-order sequential dependen­

cies. [It is estimated that there are a fair number of elements in
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the population, most of which are conditioned to A
l

if an element

is conditioned to A2 at the start of the run, in order to increase

the Al probability, it must counter-condition during the run of

El events,which is unlikely since 0 is small and N is large.]

But as the response is conditionalized on longer and longer runs of

E2 events, there is an increasing decrement in the prob",bili ty of

an Al , which the model also predicts. [Since ~ is also fairly

small, many of the elements which are conditioned to A
l

are in the

weak state, "'nd thus even though 0 may be small, there is a



relatively good chance that the element sampled on trial n was

initially weakly conditioned to A
l

and counterconditioned during

the run of E
2

events.]

Asymptotes and analysis. The overall response pro'babili ty in this

study was very high. A number of subjects chose one response alterna­

tive on more than 99 percent of the trials during Runs 47-66. The

analysis of variance indicates that the response probability was still

climbing, and it is not inconceivable that the asymptote for all the

subjects might prove to be 1 or 0 eventually, although millions of

trials might be reguired in some cases to reach these final levels.

The tendency of subjects to absorb on a single response alternative

during long term training has also been noticed in a study using human

subjects by Bourne (1963). In a two-choice study using human subjects

by Friedman, Burke, Cole, Keller, Millward and Estes (1962), there

was some evidence of an upward trend in the response probability of

trained subjects following a long series of trials with n of .80,

although the trend was not significant.

There are numerous models which can predict an asymptote of 1 or 0

for values of n other than. 50. The simple linear model can be inter­

preted to predict this result, as can the modified linear model. The

upper bound on the k-state models rapidly reaches a value which cannot

'be distinguished from 1 for reinforcement schedules other than 50-50;

e.g., for both the reinforcement schedules which were used in the

second portion of the study, the upper bound for the 5-state model is

greater than .9999. However, the asymptotic data of subjects who

absorb on a response alternative do not permit a choice between
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alternative models.

Thus attention has been concentrated on subgroups of subjects

whose behavior over a block of trials appears relatively stable at

some value between rt and 1. A class of Markov models based on

reinforcement principles has been analyzed, showing that within

appropriate boundary conditions, models from this class give a fair

account of the sequential statistics from these selected subgroups,

compared to an alternative linear model. From strict statistical

considerations, the models might be rejected, since, e.g., for the

3-state model from this class, the overall X
2

of 432 with 104

degrees of freedom is highly significant. However, certain important

sources of the discrepancy between model and data have been speci~ied;

in particular, there is more response perseveration in the data than

the models predict. This discrepancy has been laid at the door of

"position bias," a tactic which admittedly is not entirely satisfac-

tory. The prospects of modifying the model to incorporate a bias

state are not very encouraging. A more promising course of action

would be to alter the experimental situation in such a fashion that

the effect of bias factors would be reduced; in the absence of a

better understanding of the sources of bias, such changes may have

to be made by a trial and error Process.

The evaluation of any model of behavior proceeds a step at a

time. In the case of models applied to probability learning, the

initial test of a particular model is that it must be able to account

for the mean response probability. It was the fact.that the weak­

strong model imposed an upper bound less than the observed values of
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the subjects which lead to consideration of the k-state generalization.

Given a model which can account for response probability, next its

ability to account for the sequential characteristics of the data must

be determined. As response probability is conditionalized on longer

and longer sequences, the model is put to more rigorous tests. The

limit on such testing depends in part on the data, since the occurrence

of observations following some sequences becomes very rare for n not

to equal to .50, and also on the willingness of the theorist to derive

the increasingly complex expressions for these sequences. The impor­

tant point is that a model may give a very good account of a set of

~taonone level 0t analysis, and yet prove quite inadequate when the

data are analyzed in more detail.

In fact, one is almost guaranteed that, given a model of behavior

which is quantitatively precise, some aspects of the data will be

found to differ significantly from predictions of the model. An

examination of the natu.re of these discrepancies often suggests ways

in which the assumptions of the model need to be changed. Thus, as

illustrated in this paper, a mathematical model not only allows a

precise test of a set of axioms, but also may lead to important modifi­

cations in assumpcions about the learning process.

l~
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Appendix A: Sequential Statistics for k-state weak-strong model·

For simple weak-strong model (k = 2):

119

= 0
(1- n)3
(A+ B)

2
_ n(l-n) q>

w2 - A+ B

A =

For constant parameter case (Oi = 0, ~i = ~, k> 3):

S =A-s-w1 1 1

k( )k - 1 k - 1_ n 1- n p
wl - (A + B)

(k- 1)(1 )k k- 1_ n - n p
w2 - (A + B)

k-2(1 )k+lk-2n - n q>
s2 = (A+ B)



For variable parameter case

sl = (A+ B)

k( )k-l 2k- l _ln I-n cp

k-l
k-l( )k 2 -1n I-n _ cp
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2k-l 2
k

-
l 'Lk-

l
~l-n Ii ._2k- i - l

A=n cp -cp
n

i=O

B=
2k-l 2k- l k)l: ( n Ii _2k- i - l

(l-n) cp - cpI-n
i=O

First-order sequential dependencies:

P(AI IEIA2 ) = ~B [w28 + (N - l)AB]

P(AIIE2Al) = N~[Sl + sl + Wl(l - 8) + (N - 1)A
2

]

(N - l)A
N



Second~order sequential dependencies:

1+ 3(N - l)A+ (N - l)(N - 2)i
P(AIIE1\EIA1 ) '" ---------~­

N[l+ (N - l)A]

2
W

2
g + (N ~1)A[2""2 +B] +(N - l)(N - 2)A B

P(Al!ElAlElA2) =
N[""2+ (N -l)AB]

A-w
1

g + eN -l)A[3(Sl + sl)+ w
l

(3 - 2g)] + (N-l)(N _2)A3

P(A1IEIAIE2Al) = 2
N[A ~ w

1
g+ (N - l)A ]

1+ (N-2)A

P(AIIEIA1E2A2) =
N

P(AIIEIA2E1Al)

B+w
2

G+ (N -2)AB
=

NB

(1 - G)Gw2 + 5Gs
2

+ (N -1)[2BGw2 + AfW2 (1 - G) + s2 + S2~] + (N - l)(N - 2)AB
2

N[w
2

(1- G)+ s2+ S2+ (N_l)B
2

]

G
2

Wl + (N-l)[AG(W
l

+ w2 ) +BtSl +sl +Wl(l- G)}]+ (N- 1)(N- 2)A
2

B

N[wlG + (N - l)AB]

(1 - ~)""2 + (N -1)[B""2 +AB] + (N - l)(N _ 2)AB2

N[B+ (N - 1)B
2

]



8
1

+ 8
1

+W
1
[fl +(1- fl)(l-g)]+ (N -1)A[3(8

1
+ sl)+w

1
C3 - g)] + (1:1 -l)(N- 2)A3

NA[l + (N - l)A] .
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(1- g )gw2 + (N - l)[2Agw2 + B(A - w1g)] + (N - l)(N - 2 )A
2

B

N[w
2

G+ (N -l)AB]

8
1

+ 8
1

(1 - 5G) + w
l

(1 - G)2 + 3 (N - l)A[A - w
l

G] + (N - l)(N - 2 )A3

. 2
N[A -wlG+ (N -l)A ]

l+(N- 2)A
P(A1IE2A2E1Al) = ---­

N

(N -l)[Bgw2+ A(B -w
2

G)] + (N-l)(N _2)AB2

2
N[B ~ w

2
G+ (N - l)B ]

(N - l)[Agwl +B(A" wlG)] + (N - l)(N _2)A2B

N[W1G+ (N -l)AB]

(N - l)A + (N -l)(N- 2)AB
P(AlIE2A2E2A2) = --------­

N[l + (N -l)B]

where for N < 2, (N - 2) = 0



Reinforcement run statistics:

;3[Si + si + Wi [1_S(1_S)2] + wj [(l-fl) {1_(1_S)2} + flOS] + Sj(1-fl2 )SO

+ (N-1) ~(Ai)Wj {1_(1_S)2) + sj08 + 2(P(Ai )"Wi S(l-S) + W/1-fl)S}]

+ (N-1
2

[3P(Ai ) + S(2Wj -Wi )] + (N-1)3p (Ai )}

~{Si + si + Wi [1_S(1_S)3j + WA(1-fl)t1-(1-e)3} + fl{0-0(1-e)2 + (1-0)oe1]

+ Sj[fl2020e + (1-fl2 ){O[l-(1-S)2] + (l-o)oe}] + Sj (2) (1-fl
3

)020e

+ (N-1)[P(Ai ) + Wj{1-(1_S)3} + Sj[0[1_(1_e)2] + (l-O)OS} + Sj (2)020e]

*23

where

+ euwo-Wo)] + (N-1)4p (Ao)}
J l l
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Appendix B

Assume, for purposes of explanation, that the t~eoretical expres-
/\

sions, P(AiIEjAk), are functions of two parameters, a and ~ ,

having a range between ° and 1. The binary search program proceeds

first by setting the first parameter, a, equal to .50, the midpoint

The first step is to determine thesuccessive binary iterations.

of its range. The program then finds, to a desired accuracy, the

value of ~ which yields the minimum X2 for a equal to .50, by

X
2

for ~ of .25, ·50 and 75· If the smallest is at .25, then the

minimum (for a ~ .50) must be between ° and .50, so the next three

values of ~ are chosen to be .125, 125, and .375. The minimum value

from this set of three determines a new set of three, and so on. The

number of iterations determines the accuracy of the estimate. After

the minimum value of ~ has been determined for a equal to .50,

then the minimum is determined for a equal to .25 and .75, and the

value of a yielding a minimum (for some ~) then determines a new

set of a values on which the iteration is performed. The process

takes considerable time for three parameters if more than two or

three place accuracy is desired. In this study 5 and Il are

accurate to .008, while N is accurate to .125"

The characteristics of the estimation procedure have not been

fully investigated. However, from a number of exploratory tests in

which a large number of iterations have been rQn to obtain a closer

approximation to a point-estimate minimum value, it appears that

even with a relatively low degree of accuracy, one can obtain a

value which differs from the point-estimate minimum by less than five



percent of the minimum, (2) the estimates of 5 and ~ may differ

by as much as ten or fifteen percent from the point-estimate minimum

values, while (3) cp and .N are generally quite close, e. g. wi thin

five percent of the point-estimate minimum.

The criterion statistic is equivalent to the descriptive statistic,

125

and has been so denoted. I£ the cell frequencies were independent,

then subtracting a degree of freedom for each parameter, the statistic

would be distributed as X2 with 1 or 13 degrees of freedom for the

£irst- and second-order dependencies respectively. However, the

transition frequencies are not independent. The unobservable states

of conditioning do, by assumption, describe a one-trial Markov process;

the state of conditioning on any trial n for a given element depends

only on the state of conditioning on the preceeding trial and the

matrix of transition probabilities, and does not depend on any other

events prior to the preceeding trial. This one-trial Markov property

does not apply to the observable response events. If represents

the response sequence prior to trial n-l, then N(Ail Eji\:) depends

on xl' where, in particUlar, x is partly composed of other
~ ~l

cell entries. On the other hand, considering response-reinforcement

sequences of arbitrary length, it turns out that most of the informa-

tion about a response on trial n is gained by knowing what happened

on a relatively small number of preceeding trials, and though, strictly

speaking, the response on any trial n is a function of the entire

preceeding sequence of events, the dependence on events more than a

few trials removed is very slight. Thus we will use the X2 dis-

tribution and the degrees of freedom remaining after parameter



estimation to obtain an index of the adequacy of the various models.

[See Suppes and Atkinson, 1960, for a discussion of this problem. The

convergence referred to above has been shown by Lamperti and Suppes

(1959) to characterize the linear model; Suppes and Atkinson (1960)

mention that for the simple Markov models considered in their book,

the parameter estimates based on the
I

n-order sequential statistics

rapidly converge to a limiting value. It has not been proved that

this convergence property characterizes the particular models analyzed

in this study.]

In selecting the smaller subgroups for analysis, there·were some

cases in which the predicted cell frequencies for the second-order

statistics are smaller (less than five) than is appropriate for the

use of the X
2

statistic. These frequencies, which are always A2

responses, are not presented in the tables, but must be obtained by

subtraction. In Table lIb, for example, the last line contains the

following this sequence,A 's
1

predicted number of

observed and predicted frequencies for the sequence A2E2A2E2Ai The

total observed entries for this sequence, N(' IE
2

A
2

E
2
A

2
) , is 10, and

the observed number of Al transitions, N(AIIE2A2E2A2) is 6. The

A
N(AIIE2A2E2A2) ,

from the weak-strong model in column W-S, is 7.3, and the predicted

number of A 's
2

must be 2.7, since these two entries must sum to the

observed total of 10. There are two low-frequency cells in the pre-

dictions for sUbgroups I-MP, II-MP and I-High, and eight low-frequency

cells in SUbgroup II-High, all during runs 47-66.

It was not convenient to modify the estimation procedure to

correct this problem, and the results which are presented in the



tables are the output from the computer. However, in every case in

which a set of second-order statistics contains cells with frequencies

less than five, all such cells were combined, and a separate X2

12:7

based on fewer degrees of freedom was computed. These values

cannot be considered to be minimum values in any sense, of course,

and only a few examples of the results of these computations will be

presented. For all the sets of data where low-frequency entries exist,

when these cells are combined, the new X2 values present a virtually

unchanged picture of the correspondence between the models and the

data. Any change is usually in the direction of a slightly better fit.

For example, in group I-High, Table l2b, for the constant parameter

predicted as having 3.7 and 2.9 A2 's , respectively, following them.

If these two sequences are combined and a new X2 based on 12 degrees

of freedom is computed, the .value is 15.717, compared to a previous

X2 of 18.682, 13 df. Subgroup II-High contains eight low-frequency

cells for the constant parameter 3-state model. When these are com­

bined, a X
2

of 4.106 based on 5 degrees of freedom is obtained,

compared with a X2 of 13.145, 13 degrees of freedom previously.




