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Problems of Optimization in Learning a List of Simple Itemsl

Patrick Suppes

1. Introduction.

The learning task I want to consider in this paper is, on the face
.0f it, a very simple one. We want subjects to learn a list of items.
The list is rather long, so we may want to consider the possibility of
breaking up the iist into blocks of varying size.

A number of applications of results on this kind of problem are
easy 1o describe.  Among the most interesting are:thosg.concerned with.
learning a second language. As a typical example, the iiems may be
foreign words, and the problem is to learn thelr approximate meanings
in English. In psychological terms, this means that to each word of
the foreign language in the list the subject is asked to asscciate a
unigue English word. As we all know, in the learning of a second
language, considerable varigtion of difficulty in single items is
encountered. Some words in graphemic. representation are almost
identical to their English graphemic representation, but perhaps at
the phoneme level considerable differendes sre present. For example,
the word "application" is graphemically the same but phonetically .
different in English and French. In other cases, there is both graphemic

and phonemic difference in the corresponding words of the two languages
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but they have a common etymological root, and from this root stems
both graphemic and phonemic similarity. An examﬁle is the English
"number" and the French "nombre.” In other cases, there i1s nc apparent
graphemic or phonemic similarity between corresponding words, and

the asscciation must be establisghed in a pretiy much arbitrary fashion,
that is, without the use of common elements. A familiar example from

"

standard mathematical voczbulary is the English word "set,” the
corresponding French word ”énsemble” and the German word "Menge:”

.Other kinds of cases that I have not mentioned arise when the éraphemes
of the two languages are written in different alphabets, as in the

case OFf English and Russian. In this insténce we may distinguish
between words whoge graphemic representations use commeon letteré of

the two alphabets, those that use letters unique to one of the alphabets,
etce.

In the present paper, I want to ignore all these sources of differences
in difficulty of learning items, and to assume that all items--rather,
item pairs, meaning both the stimulus iﬁém'and the correct reéponse
item--can be treated as paired associates. I do net want to defend
-the realism of this assumptiocn in analyzing the learning of a foreign'
language. It is just that even with this highly simplifying assumption,
we shall find that the problems besetting us are complex enough.

There are additional restrictions I want to impose on the structure
of the learning task. In learning large lists of items, it is often
the practice to have review sessions in which parts of the list are

reviewed after they have been learned, presumably in order to maintain

retention at a fairly high lefel. "It will e an'important and desirable

5o



extension of the kind of results obtained in this paper to include the
consideration of the sizé and nature of review sessions, but their
cmissicn is another useful simplifiecation in this initial study.

In order to evaluate the proper sublist or block size it is first
necessary to state explicitly the criterion with respect to which
optimization is sought. One standard condition is to fix the total
number .of trials, with a definite number of the terminal irials
allceated as test items. Performance on these test itemg is then
used as. the criterion in terms of which performance is evaluated.

The optimization problem is then to decide how the remaining trials,
apart from the <test, should be allocaﬁed.for training and learning
purposes.

Another approach to choice of a criterion is to run each block
of items to a behavioral criterion and then to evaluate different
block sizes in terms of the total number of trials required to complete
the learning. This method may also be combined with the test-trial
procedure, although in this case some'weighting has tc be assigned
to the two types of criteris.

For the purposes of the present paper, essentially the first
criterion mentlioned will be used. I assume there are a fixed number:
N of training trials; in particular, n training trials for each of .
m ditems, and thus N = mn . At the end of the N +training trials
each item i willl have -a mean error probability E{qi) , where the
mean is taken across subjects in the experiment., We then consider

E(q) , the mean over items, i.e.,




Our criterion of performance is simply E(q) , and our objective is
to choose the block size Xk 80 as to. minimize Ek(q) , (the subscript
is used to indicate that the mean error probsbility at the end of
training is-a function of the block size k }. Behavioral data on
Ek(q) may be obtained from test trials given at the end of training.

- The main purpose of the present pdper 1s to show that under
fairly general assumptions, k should be chosen as large as poseible
when the learning process le faster than the forgetting\process, i.e.,
the block size should be just the complete list of m items, or; in
other words, wé should checose k = m . And when the learning process
is slower than the forgetting process, k should be chosen as small
~as possible, i.e., we should chocse k= 1.

- It should be emphagized that the results obtained here are all
in terms of group means, but I trust that in most problems of appli-
cation we are mainly interested in average-group'pérformance, for we
cannot write separate curriculum material for the indifidual student,

It is natural to ask if there are any experimental studies that
support the theoretical conclusion about optimal block size. A
number of studies going back to 1924 are e¢ited by Woodworth and
Schlosberg (1954, p. 78%), and they mainly support the. conclugion
that learning a list of simple items is faster when the block size
is the whole list rather than some intermediate value. The 1932
experiment of Seibert, cited by Woodworth and Schiosberg, illustrates

very well the empirical soundness of cur main conclusion. In Seibert's
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study hh_students were presented lists of 12 EnglishnFrench‘equivalénts
in varying block size, o be learned so as to give the correct French
word in response to the English word. Each palr was presented six
times, and the block sizes were k = 1, 4, 6, 12 .,  The average
scores in terms of percent correct, after 50 minutes, and after two

days, were as foliows,

Block size
1 4% 6 12
After 50 minutes 35 39 44 49

After 2 days 31 33 3k kv

The monotonic relation ketween percent correct and block size agrees
with the theoretical results derived in the present paper. In_terms
of the other half of the theoretical results derived here, I havg not
found any data bearing on the cholice of k = 1 when the rate of
learning is slower than the rate of forgetting. The lack of relevant
.data seems to be due toc the difficulty of analyzing from the stand-
point of varying block size the usgal_studies cited in support of

part over whole learning.
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2. Stimulus ssmpling and linear models of learning end forgettiing.

Because the results in this paper depénd bnly on the mean learning
and forgetting curves, they are compatible with a wide class of assump-
tions about the basic learningland forgetting processes. The conceptuali-
zation of learning underlying stimulus sampling models may be roughly
described as followsi

The subject is presentgd with a seguence of trials, on each of
which he makeg a response that ié cne of several possible choices. In
aﬁy particular setup it i1s assumed that there is a set of stimuli from
which the subject draws a sample at the beginning of each triai. It is
assumed that on each trial each stimulus is conditioned o at most one
respcnse. The probability of making a given response on any trial is
pbstulated.to be simply the provortion of sampled stimuli conditioned
to that response, unless there are no conditioned stimuli in the sample,
in which case there is a “guessing” probability for each response.
Learning takes place by‘ﬁhe folldﬁing mechanism. At the end of the
trial a reinforcing:event ocecurs. The evéent identifies that one of the
possible responses which was correct. With some fixed probability, the
- sampled stimull become conditioned to this response if they are not
already, and the organism begins another trial in a new state of
conditioning.

It is not a very complicated matter tc put these roughly stated
assumptions in exact form and to derive Trom them the fcllowlng recursion

for the mean learning curve,

(1) | el T O o



Here a, is the probability of an incorrect response on trial n , and
the learning parameter is o= 1 - %E , Where ¢ is £he provability that
a .sample element becomes conditioned, N is the number of stimull available
for sampling in connection with a given item of the list, and s 1s the
number of stimull sempled on each triasl, on the assumption that a fixed
number is sampled throughout the experiment (mcodifications of this
assumpticn of fixed sampling are eagily introduced).

I we let the number of stimuli become large and require that s
be approximately a fixed proportion of the pcpulaticn of stimuli, then
it may be shown that in the limit, as the population of stimuli
increases, we obtain the linear models, whose recursion for individual
learning is precisely the same as the mean recursion given above (for a
derivation of linear models from stimulus sampling models, sece Estes and
Suppes (1959).)

Although stimulus sampling and linear models have not been applied
very extensively to forgetiing phenomena, and there is some reason to
doubt that they will give an adequate detailed account of extinction ef
learning, it is a pleusible aszsumpiion te suppose that the same kind of
mean curve that holds for learning also holds epproximately for forgetting,
but in this case the roles of a prcobability of an error and a probability
of a correct response are interchanged. Symmetric to the formuwlation of
the learning procesé just given, we may characterize the forgetting
process in terms of a fixed proportion of the population of stimuli
becoming unconditioned with probability uv on each trial on which the
item had not appeared. Of courge, from a physical standpoint, 1t would

be natural to formulate the forgetting process in terms of a conilnuous
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time parameter rather thﬁn in- -terms of the discrete trials on which tﬁe
item is not presented, but it is convenient and natural in the context

of discrete trial experiments to formulate the forgetting process in a
manner exactly analagous to that of the formulation of the learning
process. By the same sort of general arguments that may be used to derive

(l) we may derive as the mean recursion for forgetting the equation

(2) : P4 = PP

n

whare P, is the probabiiity of a correct responsge on trial n , and
B is the forgetting parameter, which in terms of the formulation just
given is equal to L - %E . Because the probability p of guessing a
correct response when no stimulus elements are conditioned is often

unegual to zero, equation (2) must be modified to:

(3) P = PR, + (1-B)p .

When we replace P, by l—qn and p by l-q , we obtain the following
recursion for fergetting in terms of the prcbability a, of an error

on trial n .

(4 90 = Ba, + (1-B)a .

 It may be noted that the introduction of the probsbility p = 1-q is
also necessary for completely describing the learning process, as well
as the forgetting process. In the case of the learning process the
probability p characterizes the point at which leérning begins. If,
for example, the subject is responding by pressing one of seﬁeral

multiple choice keys, then 1t is certainly not correct to assume that




initially p = 0 but is, for example, something like l/R , Where R
. is the number of response keys. It is Important to be quite clear about
the interpretation of equations (1) and (4). Eguation (1) is the
mean learning recursion that applies on trials on which an item is
. presented, and equation (4) applies on all other trials, i.e., on all
trizls on which other items .are presented and thus there is an opporiunity
to forget the correct regponse to the item,in questibn.
it'is evident from equations (1) and (4) that the learning and
forgetting processes, in terms of their mean recursicns at least, are

here formulated in terms of the three parameters, <o , B and g .

3. - Derivation of optimal block size.

.Td formulate a definite and reasanably manageable optimization
rroblem, we shall assume the following: |
7 Al. There are N +total training trials.
A2, There are m items, and N/m 1s an integer equal to or
gréater than one. |
A3. The block size is k (we want to optimize with respect to k ).
Al Ifems are arranged in a fixed order 1 ; - , mo and thie

order 1s not changed by changes in the block size.

A5. FEach block of length k is run n = N/m times in fixed
order, and-then the next block is run n times, and so on,
until the entire list is completed.

A6. There is an initial uniform guessing probability g of a

respeonsge erroy for a1l items.




Ag already remarked, we shall be concerﬁed only with expectaticns. 1In
particular, we shall compute first E(qi) for each item 3 , 1.e., the
expected error probability at the end of the N trials, and we shall
then compute the mean E(q) of the items,

As a first step toward computing E(qi) we want to find an

2
expression for what happens to a5 during the course_of training on

the block to which 1 belongs. At the first appearance of item 1 ,

we have a reinforcement, followed by k-1 forgetting trials, followéd
by the second reinforcement, followed by k-1 forgetting trials, etc.

It will be useful to write an expression, for what happens to 9y

during one cycle, i1.e., after one reinforcement trial and k-1 forgetiing

trials. Let us dencte by p the reinforcement transformation and by

¢ the forgetting trensformaticn. Then, at the end of one cycle,

m(p(qi)) = plog,) = Bk'%lq:ﬁ- (1851 .

(On the right-hand side we write ¢ rather than qi , because we have
assumed g uniform guessing probazbility q for all items.) Note that
¢ and p do not, of course, commute. Let us denote the transformstion

for the complete cycle by ¥ . Thus
k-1 k-1
¥(ay) = B Toa + (187 T)a .
At the end of the second cycle, we have

Wg(qi) = ﬁg(k'l)agq + Bk'%1(1~5k-l)q + (1-p51)q .

For simplicity of notation, we let

-10-




y=28
At the end of the (n-l)st cycle, we have

nwl( [yn—lan—l + yne%xn—E(

L-y) + ... +yo(l-y) + (1-y)la ,

a,)

v
-1 n-
= [an—lyn-l . (l—y)(l-ag Yn l)

Ty la .

As 1s apparent from the definition of  , this result is independent
of 1, for we have thus far considered only a block of trials duplicated
for each item.- We have one more learning trial to add,.and then may
express the remaining trials after the last reinforcement, as forgetting
trials. There are N total trials. The question is, how many of these
N +trials have occurred when the nth reinforcement, the last reinforce-

ment, for item 1 occurs. To find in which block item 1 occurs, we

may express 1 as

1= bk + J

b

for integers b and J , with J <k . Befocre the first relnforcement

of item 1 bkn trials were used by the preceding b blocks, and

2
j-1 trials by the predecessors of i in its own block. Then k{n-1)
trials are used up by the trials starting with the first reinforcement

of item 1 and ending just before the last reinforcement. We may

express this last reinforcement by multiplying wn_l(qi) by O to have:

n-l(

a)

o

The remaining N - (bkn+j-l+k(n-1)+1) +trials are forgetting trials. We

thus have

-11-



B(q,) :_5N-((b+l)kn+j-k)(awn-l(qi))

+(l_BN-((b+l)kn+j-k))q

or, in more convenient form for the present,

E(qy) = q—(q_aq,ml(qi))BN‘—((b+1)kn+j_k)=

Under our homogeneity assumption for items, oniy the exponent of B

depends on 1 , and s0 to obtain

B(e) = B(B(q,)) = = I E(q,) ,

=1t
we need to sum this final term of our expression for E(qi) . TFor
convenlence of notation, let 7 = % . Then, when 1 = bk+j , and
h = the number of blocks
bl B i) knej-k k(n-1)+1 k(n-1)42 k(n-1)+k
x Zvy = +y + ... Y
b=0 j=1

kn+k(n-1)+k

N 7,lvm+k(n-l)+l_'_ -

. y2kn+k(n»l)+l+ . +72kq+k(n-l)+k

{h-1)kn+k(n-1)+1 7(h-l)kn+k(n-1)+k

+ oeve Y + ove. +
- k- k k-1
= 7k(n l)+l{{L+7+ ves Y l]+7 rl{l+7+ eee Y T
F eeo +y(h'l)kn{l+7_+ ,+7k_l]']

_1o-




7k(n-l)+l( 1- kn, +7/(h-l)kn]

k hkn
]_...
) ==L

7k(n-1)+1( —

r . 1oy

k i
_ 7,k(n—l)+l( ZlL-; T 1-y ]

l~7kn

btecause N = hkn . Replsacing now ¥ by l/B , we obtain

Bk_l sl

s 5 ﬁ—[(b+l)kn+j-k] _ 1 ] B { 8" }

b 3 Bk_(n—l)-i-l géi Bkn_l
Bkn

It

where x = 5k . Combining results, and noting that x = By, we then

have as & final expressicn

Ba) =7 = B(q,)
i=1
'= q - (q_awn—l(q)) gﬁ hg} E B-[(b+1)kn+j-k]
o0 3=1

N
= o - (ere™ @) (g (55

-13-



(1-5) (12— |
S Y i PO R
=4 - 14 Bn'l -~ l_@& ial \[l-p)m o
: =4

.1 (1-€x) - a(l-ex)en_lxn_l - (a-Ex)(l-en-an-l)]( 1-BN } (l-x :
B ) [ 1-€x (1-P)m l—xn)
where € = % . We may then‘simplify this last expression to obtain a
reasonably simple result,

_ (1-6N)(1-a) 1-€0%" ;1 X
(5) E(q) = {l - (l—S)m ( 1- €X xn) q

To determine how the mean probability of an error at the end of
training will vary with the selection of the block size k , we note -
first that = i1s a function of k , in particular , x = Bk .

Whence as k increases, x  decreases, and vice versa, because £ 1s

between O and 1, If we look at the derivative of (5} with respect

to x , the whole matter hinges on the sign of the derivative of

© =l R

because

(1-6Ng§1-a2
(1-8)m

is positive. However, it is easily shown that the derivative of (6)

is positive if € > 1 , negative if ¢ < 1 , and, of course, zero

-if € =1 , for the range of x we are considering, namely,
O<x<l .

Putting these results together, and remembering that

M
i
™IR

we then have:
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If o <B then E(g) is & monotonically decreasing function of k..

(7)

If o >p then E(q) is a monotonically increasing function of k .

Now if & < B ., then the rate of learning is faster than.the rate of
forgetting. And if & > pf learning is slower than forgetting, for
if & = 1. there is no learning, or if 8 = 1 there is no forgetting.

Hence we reach the coneclusion from (7)

If the rate of learning is faster thén the rate of forgettihg,
choose the block size as large as possible, i.e., choose k = m 5

in order to minimize E(q) .

(8) <

If the rate of learning is slower than the rate of forgetting

choose the block size as small as possible, i.e., chocse k=1,

in order to minimize E(q)

To give some sense of the numerical character of these resulis,

and,

let us take the simplest list of interest, namely, m =2 ,

2

examine the difference between El(q) and Eg(q) where the subscript
indicates the block size of 1 or 2. The two extreme reinforcement
schedules are n =2 and n=o , i.e., we give in one case two

training trials on each of the two items, and in the other, an infinite

number of training trials.

When Vn-=_2
2 2
Ei(q} St - (1-a )é1+a )]q
5 (0) = [1 - (L(L09) (148) )

-15-



To take a fairly extreme numerical case, if O = .1, 515 9 and.q = l.O,'

then El(q) = .lOﬁ and Ee(q) = .024 . The absolute difference
between El(q) and Eg(q) .is not large here, but the percentage
difference certainly is, i.e., El(q) is more than four hundred
percent larger than =E2(q)

When we consider ns=w .with the same values of &, P and ¢ the
absclute difference is also large. Here obviously El(q) = .500 ,
because the first item is completely forgotten and the second itgm

completely learned.

For n =
k
1-0) (1-B™) 1
B (q) = ¢ 1 - Qs
k 1-apFL .(1 8)m
and, Eg(q) = .060 , which is a much smaller mean error probability
than .500.

Although the npumericsl computations given here do not. arise from
any experimental data, it should be clear that the theoretical reéults
cbtained here are essily applied to data. 3In general only the
parameters G and B need be estimated. If several btlock sizes
are studied it will be easy enocugh to see how well the results
derived'here gtand up. On data like those of Seibert cited at the

‘beginning, it Is apparent the theory will work out fairly well. The
first critical and intereéting point is to extend the block size
coﬁsiderably to see 1f the monotonicity is preserved. PFairly large
scale experiménts using Russian—English word pairs are now underway
at_Stanford, Jointly with E. J, Crothers and Ruth Weir, We hope to

report on these matters soon.
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The results derived for presentation of the items in & fixed
order can be extended to psired-asscciate schedules in which the
order of items in a block is randomized on each presentation.
Unfortunately the expressions become very cumbersome because of the
varying number of trials between reinforcements. .

Ancther direction cof greater conceptual interest is toward
consideraticn of other schedules than those of fixed block size.
Given the mean recursions (1) and (4) for learning and forgetting,
m items and n training trials on each item, what is the efficiency
cf intermittent review sessions of varying block size? More
generally, what is the cptimal arrangement of training trials, for
given « and P , without restriction to fixed block size? T
hope in the near future to be able to report on some of these

additional questions.
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