






















































































































































Similar results are obtained for variance.

Definition 4.11. V is the numerical sig-function with domain

the set of all numerical assignments with finite domain such that for

any finite numerical assignment f:

1 2: (f(x) - M(f))2
xED(f)

Theorem 4.12. For all linear transformations ~, V is multi-

variant under ~ with respect to ~oo

Proof: Let k be a positive real number, j any real number,

~ the linear transformation such that ~(x) ~ kx + j, for all real

numbers x, and f a numerical assignment with finite domain. We

obtain:

V(~ 0 f) ~ (cr(~ 0 f))2 j by Theorem 4.9 we have:

~ (~O(cr(f)))2 (k a (f))2 ~ k2d(f)2

Q.E.D.

Theorem 4.13. V§ is invariant under all linear transformations.

Proof: Theorems 4.7 and 4.12.

Thus, the class of all objects such that the square of the dif-

ference between the value of the object under a numerical assignment

and the mean of the numerical assignment is less than the variance of

the numerical assignment is invariant under all linear transformations.
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It is possible to extend this treatment to other results previously

stated less formally by Stevens. The results listed under the headings

"measures of location" and "dispersion" in Table 2 reproduced on page

17 from a recent publication by Stevens §I can be handled in the manner

outlined above. The results listed under "association or correlation"

can not be dealt with by using sig-functions. The author has obtained

results for some of the "statistics" listed in this category by intro-

ducing correlation functions; these are functions defined on ordered

pairs of numerical assignments where the domains of the two assignments

are the same. An analogue of invariance for correlation functions is

defined in the following way: A correlation function C is invariant

under the pair of transformations ~ and ~ iff C(~ 0 f,~ 0 g) =

C(f,g), for all pairs of numerical assignments < f,g > in the domain

of C. An example of the results obtained is showing formally that the

Pearson product-moment correlation function is invariant under all pairs

of linear transformations. The results are not sufficiently complete

to present here, nor are they sufficiently germane to justify more

than these abbreviated remarks.

S.S. Stevens, "Measurement, Psychophysics, and Utility," in
Measurement: Definitions and Theories, edited by C. West Churchman
and Philburn Ratoosh, New York: John Wiley, 1959, pages 18-63.

69



CHAPTER V

THE MEANINGFULNESS OF OPERAT10NS

In the definition of constant on a theory of measurement K rela-

tive to a numerical relational system ~ no reference is made to the

relations and operations of ?f2 or to the relations and operations of

the members of K. On the other hand, Weitzenhoffer does make a restric-

tion concerning these relations and operations.

We can, if we desire, use the number system as representa­
tion for measurements on ordinal and additive scales, provided
one restricts one's self to using only the relations of "greater
than", "lesser [sic] than", "equal to", and the operation of
"addition." [footnote: Of course, in the case of ordinal scales
one must also exclude addition.] To subtract measurements from
one another at this stage is not allowable, and even less to multi­
ply measurements together -- simply because these concepts have
not been defined for measurements, although they are well defined
for numbers. Y

It might be noted that this is not a semantic discussion of what sentences

are empirically meaningful, but a discussion of what relations and opera-

tions on measurements are allowable. It is not clear in what sense they

are or are not allowable. Part of his criteria for allowability seems

to be that if 0 is a binary operation on the set Re of real numbers,

then, ,given a numerical assignment f for a relational system 07 with

respect to a numerical relational system ~, 0 is allowable for

< m , 02-, f > iff 0 is one of the operations of !R.. (or definable,

A.M. Weitzenhoffer, "Mathematical Structures and Psychological
Measurements," Psychometrika, volume 16 (1951), page 395, italics
not in the original.
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in some unspecified way, in terms of the operations of 02-). This

criterion is inadequate, if interpreted in this way alternative in-

terpretations are even less clear. Clearly, it is very restrictive,

although how restrictive depends on what meaning is assigned to "defined

for measurements". On the other hand, it is not restrictive enough.

Let F be the sig-function such that F(f) is the set of all pairs

<a,b> such that f(a) + feb) ~ 1· (this is but a single example, any

number could be used but we choose I for illustration). F would

seem to satisfy Weitzenhoffer's criteria for allowability for ~' the

set of extensive systems (that is, the set of all relational systems

(J] homomorphically embeddable in 02.e ~ < He, :s,+», because addition

is a component of (2 . However, it is not constant on
~ ' and,e

correspondingly, the fOl'Il).ula "m(a) + m(b) ~ 1" is not empirically

meaningful in ~'

We should not lose sight of a significant point, however. Is it

possible to give any sense to "the operation of addition as applied to

measurements makes sense (is allowable) only when those measurements

are on a ratio scale?" Weitzenhoffer comes close to saying something

like this; Stevens also comes close, and is interpretated by many to

have said so. We reject Weitzenhoffer's criteria for allowability, and

turn now, using concepts introduced previously in this thesis, to attempt

to clarify this problem.

We note, first, that the operation of addition is not a sig-function.

However, consider the sig-function F+ whose domain is the set of all

numerical assignments and whose value for any assignment f is the set



of all ordered triples <a,b,c> such that f(a) + f(b) = f(c). We

proceed first by showing, in a fashion similar to that used in Chapter

IV, that F+ is invariant under all similarity transformations. Let

k be any positive real number and ~ the similarity transformation

such that ~(x) = kx, for all real numbers x. < a,b,c > is a member

of F+(f) iff f(a) + f(b) + f(c) iff k(f(a) + f(b)) = kf(c) iff

kf(a) + kf(b) = kf(c) iff ~(f(a)) + ~(f(b)) = ~(f(c)) iff < a,b,c >

belongs to F+(~ 0 f) .. Thus, F+ is invariant under all similarity

transformations.

F+ is not invariant under any linear transformation not also a

similarity transformation (unless F+(f) is empty, and then there is

at least one linear transformation 0/ such that F+(f) +F+(o/ 0 f)).

Let < a,b,c > be a member of F+(f), k a positive real number, j

a non-zero real number, and ~' the linear transformation such that

~' (x) = kx + j, for all real numbers x. ~' (c) = kc + j = k(a+b) + j

ka + kb + j + (ka + j) + (kb + j) = ~'(a) + ~'(b); hence, <a,b,c>

is not a member of F+(~I 0 f). If F+(f) is empty, then let a be

any element in the domain of f and ~" the linear transformation such

that ~"(x) x - f(a), for all real numbers x. We now have:

~"(f(a)) = 0, and, thus, ~"(f(a)) = ~"(f(a)) + ~"(f(a)); from which

it follows that < a,a,a > is a member of F+(~" 0 f), and

In Chapter III the concept of constant on a theory of measurement

was introduced to Clarify "empirically meaningful". From Theorem 3.7

and the result just obtained we infer that F+ is constant on any theory

of measurement K relative to a numerical relational system ~ satisfying
;::;
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the condition that for every (J/ in lS, if f is a numerical assign­

ment for 07 with respect to ?f.. , then < 67 , 2t ,f > is a ratio

scale. T his means, it will be remembered, that for such a theory of

measurement lS, if D1 is any member of lS, and if f and g are
~

any numerical assignments for (J) with respect to ~ then F)f)

We do not believe this is necessary, but

F+(g). That is, if < a,b,c > E F+(f), for a particular numerical

assignment f for (J7 with respect to 12-, then < a, b, c > belongs

to F+(f), for ~ numerical assignments f foX' tY7 with respect to

~ We suggest that showing F+ to be constant on any ratio

measurement (to abbreviate the more complete statement) is a solution

of the "allowability" problem for the operation of addition. Perhaps

it would be, advisable to introduce a notion, allowable relative to K,

such that a numerical operation a is allowable relative to K iff

Fa is constant on K

shall turn to generalizing some of these ideas.

It is possible to generalize F+ not only to all numerical opera-

tions, but even to all numerical relations.

Definition 5.1. If Q is an n-ary relation on Re, then

is the sig-function whose domain is the set of all numerical assign-

ments and whose value for any assignment f is the set of all ordered

Since showing F
Q

to be invariant under certain transformations

is relavant to the question of the "meaningfulness or allowability of

Q"
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Theorem 5 .1. If Q is any n-ary relation on Re, then is

invariant under ~ iff for every ordered n-tuple v of real numbers

Thus, given any ordered

and thus is a numerical~,
e

70 in
'-Z.e

FQ(I) = FQ(~ 0 I).

Proof: Assume FQ is invariant under ~. The identity function

I homomorphically embeds

assignment. By assumption

n-tuple v of real numbers < v
l
,v2 ' ... ,v

n
> E Q iff < I(vl ),I(v2 ), .•• ,

I(vn ) > E Q iff v E FQ(I) iff

~(I(v2))'" .,~(I(Vn)) > E Q iff

V E FQ(~ 0 I) iff < ~(I(vl))'

< ~(vl),~(v2), •.. ,~(vn) > E Q. Assume,

now, that for all ordered n-tuples v of real numbers < vl ,v2' ... ,vri> E Q

ment and t any ordered n-tuple of elements in the domain of f.

< t l ,t2, ... ,tn > E FQ(f) iff < f(t
l
),f(t2 ), ..• ,f(t

n
) > E Q iff (by

hypothesis) < ~(f(tl)),~(f(t2))' ••• ,~(f(tn)) > E Q iff < t l ,t2 ,···,

t n > E FQ(~ 0 f). Thus, F
Q

is invariant'under~. Q.E.D.

A very important fact is brought out by Theorem 5.l gj From this

theorem we see that solutions to particular problems of the meaningfulness

of numerical relations can be reached by solving numerical problems that

do not themselves concern measurement. That is, for any n-ary relation

Q on Re we must determine if, for every ordered n-tuple v of

real numbers, < vl ,v2' ... ,vn > E Q iff ~(vl),~(v2),... ,~(vn) > E Q,

for all appropriate ~ (appropriate relative to the given theory of

measurement). Y

g; This point was made by Professor William Craig in criticizing an
earlier draft of this chapter. The work presented in this Chapter
owes much to the suggestions of Professor Craig.

Y It should be noted that some questions closely connected with the
meaningfulness of operations and with the way we have treated it have
not been dealt with here. The present chapter serves as a prolegomena
to further work on these questions.
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CRAPrER VI

SUMMARY

In this thesis we have attempted to clarify two notions which we

believe to be closely related. On the one hand, we have treated the

work of S. S. Stevens concerning "invariant statistics". On the other

hand, we have considered the notion of empirical meaningfulness as

applied to measurement statements. We can meaningfully speak of the

mass of an object A being three times greater than the mass of object

B, but we can not meaningfully speak of the temperature of A being

three times greater than the temperature of B. It is meaningfulness

in this sense, as applied to statements containing no reference to

units, that has been our concern. It is natural to treat this as a

semantic problem, and Chapter II summarizes an explication using

metamathematical methods developed by Patrick Suppes. However, sub­

stantial difficulties arise in this semantical treatment. In an attempt

to bypass these difficulties a set-theoretical, rather than a semantical,

explication is given in Chapter III.

Using notions from Tarski's model theory and Scott and Suppes's work

in the foundations of measurement we have introduced several new notions

in giving a set-theoretical explication of empirical meaningfulness. A

sig-function is a function defined on numerical assignments. If K is a

theory of measurement relative to a numerical relational system ~, then

a sig-function F is said to be constant on K if and only if for every
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relational system 07 in K if f and g are any numerical assign-

ments for tJi with respect to ~ , then F(f) = F(g). We have argued

that showing a sig-function to be constant on a theory of measurement

is a particular solution of the meaningfulness problem. Thus, instead

of asking if formulas in a formalized language are empirically meaning-

ful or not the set-theoretical approach advocated here suggests one

determine those sig-functions that are constant on given theory of

measurement.

Given a relational system (j1 and a numerical relational system

?fZ T( iJ7 , ?f!-,) is the class of all transformations cp such

that if f is any numerical assignment for (fJ with respect to a2. ,

then cp 0 f also is a numerical assignment for 67 with respect to

i?2 We say that a class T( m ,?£ ) of transformations satisfies

the uniqueness condition if and only if f and g are any numerical

assignments for 07 with respect to Zl2 , then there is a transformation

cp of T( (J7 ,7fL) such that g = cp 0 f. Theorems 3.3 and 3.4 state

sufficient and necessary conditions for a sig-function to be constant on

E ' a theory of measurement relative to a numerical relational system

£ (1) If (J7 is any member of E, then F is invariant under

all transformations of T( ()] , 7£ ); (2) if (JJ is any member of K,

then T( iJ7 , ~) satisfies the uniqueness condition. (1) and (2),

together, are a sufficient condition~ (1) alone is a necessary condition.

Theorem 3.7 serves as a basis for connecting the traditional

(since Stevens) classification of scales to the explication of meaning-

fulness offered here. According to this theorem if K is, for example,
'"
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a .ratio measurement theory, and if F is a sig-function invariant under

all similarity transformations, then F is constant on K.

According to the semantical explication empirical meaningfulness is

ascribed to formulas of a particular formalized language. The formalized

language used by Suppes, LM, is one designed to discuss mass measure­

ment, a ratio scale. By considering certain characteristic functions

we have shown that for every formula of ~ there is a sig-function

corresponding to it. Furthermore, a formula of L
M

is empirically

meaningful if and only if the sig-function ocrresponding to it is

invariant under all similarity transformations. Thus, it is possible

to treat the sig-function instead of the formula, and, since the set­

theoretical treatment avoids the difficulties of the semantic approach,

it is preferable to do so.

Using this set-theoretical approach we have attempted to clarify

the results obtained by S. S. Stevens concerning "permissible statistics".

In providing this clarification two new concepts, covariance and multi­

variance, are introduced. A numerical sig-function F (i.e., one taking

numbers as values) is covariant under a transformation cp if and only

if F(cp 0 f ) ~ cp(F(f)) ~ cp 0 F(f), for all numerical assignments f

in its'domain. Multivariance is a generalization of covariance; a

numerical sig-function F is multivariant under a transformation cp

with respect to a transformation ~ if and only if F(cp 0 f) ~ ~(F(f))

~ 0 F(f)), for all numerical assignments f in its domain. Thus, a sig­

function F is covariant under a transformation cp if and only if it

is multivariant under cp with respect to cpo In Chapter IV several
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results are established relating covariance, multivariance and Stevens's

invariance of numerical value and invariance of reference. We have also

formally proved the results stated by Stevens in an informal way.

In Chapter V we have attempted to explicate the concept of ~-

ingful or allowable numerical relation ~ applied to measurements. For

this purpose we have introduced a class of sig-functions as follows:

Q is an n-ary numerical relation, then F
Q

is the sig-function

whose value for any numerical assignment f is the set of ordered n-

tuples v such that < f(v
l
),f(v2),.",f(vn ) > E Q. We have shown

(Theorem 5.1) that F
Q

is invariant under a transformation ~ if and

only if < vl ,v2",.,vri> E Q if and only if < ~(vl),~(v2)' .,.,~(vn) > •

E Q, for every ordered n-tuple v of real numbers. By means of this

theorem we link up the study of the meaningfulness of numerical rela-

tions to the more general question of empirical meaningfulness. We

also see from this theorem that the question of the meaningfulness of

numerical relations are applied to measurements is essentially a numeri-

cal problem and solutions to particular meaningfulness (of numerical

relations) questions do not involve measurement.
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