
































































asymptotic case for the two-response noncontingent situation. Exten-

sions to more complex situations and to preasymptotic data follow

readily from the developments of this section.

The set of axioms previously presented for choice behavior are

still assumed to hold. Thus, we postulate that exactly one element is

sampled on each trial, that the element is either weakly or strongly

conditioned to one of the response alternatives, and that the condition-

ing state may change in accord with the previously presented conditioning

axioms. In addition, we require the following axiom:

Response Time Axiom. The random variable T denotes the response
n

time on trial n of the experiment and depends on the conditioning

state of the sampled stimulus element. If the sampled element is in

a strong state of conditioning, then the distribution of response times

has probability density S(t) with finite mean s. If the sampled

element is in a weak state of conditioning, then the distribution of

response times has probability density W(t) with finite mean w.

On the basis of the response time axiom and our choice model, a

number of predictions may be derived. We will next consider some of

these. Since all equations will be for the asymptotic case, the sub-

script n with be omitted.

Mean Response Times.

E(T), the mean asymptotic response time obtained by averaging

over both Ai and A2 responses is simply the weighted sum of sand

w, where the weights are the probabilities of sampling from the two

hypothesized distributions. Accordingly, we have
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(20)

S[rt3+(1_rt)3 j + w[rt(l-rt)~]
~

rt3+(1_rt)3 + rt(l-rt)~

If we assume that s < w, which appears reasonable, then it is easily

proven that the mean response" time is greatest when rt ~ .5, and

monotonically decreases as rt approaches one.

We next consider E(TIAi ), the mean response time for an Ai

response. This quantity is derived as the weighted sum of sand w,

where the weights are the probabilities of sampling from the two

hypothesized distributions; given that an Ai response has occurred.

The appropriate equations are

(21)

srt+w(l-rt)~
~ rt+(l-rt)~

(22) s(l-rt)+wrt~

l-rt+rt~

Once ~ has been estimated from the choice data, the parameters s

and w may be simultaneously solved for in Eqs. 21 and 22. Predictions

of E(T), E(T[Al ), and E(TIA2 ) can then be made for any value of rt.

If s < w, it can be shown that the mean time required for a

response to occur is a monotone decreasing function of the probability

of the predicted event. Response time data from the Friedman et al

study are ambiguous with regard to this prediction. Response times

for the Al response were slightly (but significantly) less than A2
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response times, as predicted; however, response time did not vary as a

4
function of n. Data that are more clearly consistent with the pre-

dictions of this model are reported by Calfee (1963) who found that

response times for rats decreased as IT increased, and that the pre-

ferred response was made more quickly than the less preferred response.

These data support the weak-strong model, and suggest that LaBerge's

(1959) neutral elements model requires revision. That model predicts

no differences in average A
l

and A2 response times, or in response

times as a function of IT.

We conclude this section by presenting equations for statistics

of the form E(TIAiEjAk ), the expected response time of an Ai

andgiven that it was preceded by event Ej

response Ak on trial n. The general form of the expression for

response on trial n+l,

this statistic is

(23)
sP(S.!E.A ) + WP(W.IE.Ak )

E (T IAiEj~) = _--=1.--"Jl....-1<:~ 1.=--..!oLJ....::...

p(A.IE.Ak )
1. J

denotes the asymptotic probabilityIn the above expression p(SiIEj~)

that an element is strongly conditioned to Ai on trial n+l given

that occurred on trial n; has a similar i~terpre-

tation. Substituting inEq. 23) we obtain the following expressions:

31



1
(N-l)(SU1+WU2)+(u;+U;)[S(Ul+U2~)+WU2(1-~)]

(N-1J(ul +u2J+l

(24)

The expressions for the E(TIA2Ej~) are obtained by substituting

u4. for ul' u
3

for u2' and vice verse, in Eq. 24; e.g.,

Extension of the Model to the Differential Payoff Case

Thus far we have considered a model that is applicable only to the

symmetric payoff case, in which the amount gained is the same for all

correct responses, and the amount lost is the same for all incorrect

responses. We next consider an extension of the model to the nonsymmetric

payoff case. For the two-response situation this payoff scheme may be

represented by the matrix
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[

w -x]
-y z,

where the amount gained or lost is a function of the response-event

combination. Although an adequate description of data obtained under

such conditions would seem to be a prerequisite for a general theory

of motivational variables, to date little progress has been made on

the problem. Bush and Mosteller's "experimenter-subj ect-controlled

events" model (1955, p. 286) is applicable, but this approach leads

to severe mathematical difficulties. Estes' "scanning" model (1962)

involves simple computations, but only yields predictions of P(Al ).

The same objection may be raised to Edwards' "RELM" model (1956). The

generalization of the weak-strong model that we will present is mathe-

matically tractable; the only complication beyond the original model is

the need to estimate one additional parameter. The variety of predic-

tions that follow from the original model can also be derived for the

extended model. For these reasons, the generalized weak-strong model

merits consideration. However, it should be noted that the developments

of this section are extremely tentative. An empirical evaluation of

the model is excluded at this time since there have been few experiments

involving differential payoffs, and these, while theoretically suggestive,

have involved too few trials and subjects to permit a test of the model.

We might extend the weak-strong model by postulating two values of

~ (~w and ~z)' corresponding to the two gains, and the two values

of 0 (0 and 0); corresponding to the two losses. That this
x y
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identification of parameters has limited applicability is suggested by

data obtained from a matrix such as

For the parameter identification proposed above, El and E2 should

have identical effects upon the conditioning-state whenever the subject

makes an A2 response. Furthermore, if a li gain is assumed to be

reinforcing, the subject should absorb on A
2

. Both inferences are

contradicted by experimental data (Myers and Sadler, 1960; Myers and

Fort, 1961). A mechanism is required which permits the A2 response

to be strengthened or weakened following a li gain, depending on which

event occurred.

The concept of regret (Savage, 1954) provides one approach to the

problem just posed. Regret is the difference between the obtained

payoff and the maximum possible payoff, given that event Ei occurs.

Thus, for the last payoff matrix presented, we have the regret matrix

In general, corresponding to the payoff matrix

[; :],



where y < wand x < z (note that x and yare not necessarily

negative), we have

where the regret associated with an incorrect A
l

response is

w - y

and the regret associated with an incorrect A2 response is

(26 ) z - x

Here, we define an incorrect response as one that yields a payoff less

than the maximum possible payoff, given the occurrence of E
i

,

The notion of regret provides a basis for modifying the weak-strong

model in the following manner. We identify ~ with the probability

that zero regret results in the strengthening of a correct response,

51 with the probability that r l results in the weakening of an

incorrect Al
response, and 52 with the probability that results

in the weakening of an incorrect A2 response, A minor change in our

system of axioms now suffices in order to derive equations for choice

behavior under differential payoffs, Axiom C3 is rewritten as follows:

If event occurs (i F j), then (a) if the sampled element is

strongly conditioned to Ai there is a probability 5
i

that it becomes

weakly conditioned to Ai and (b) if the sampled element is weakly

conditioned to Ai there is a probability 5
i

that it becomes weakly

conditioned to
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For the revised axioms we may now obtain the following results in

the noncontingent two-choice situation:

D
l

2 2
n CP2

(27)
2 2

D2
~ n (1-n)CP2 CPl

where

(28)

Substituting in Eq. 4 we have

(29) ,

where E ~ CP!CP2' Note that P(Al ) is independent of N. Furthermore,

for the symmetric case and therefore

this condition Eq. 29 reduces to Eq. 7. Also, the following results

can be easily proved:

(i) P(A
l

) is bounded by zero and one. Specifically,

(30) lim P(A
l

) ~ 1
E~o

lim P(A
l

)
c.~ 00'

o

(ii) For constant nand CP2' P(Al ) is a decreasing monotonic function

of CPl' As the regret associated with an incorrect Al response in­

creases, the probability of making an A
l

decreases.
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(iii) For constant and CPl' is an increasing monotonic

function of CP2' As the regret associated with an incorrect A2

response increases, the probability of making an A
l

increases.

Several experiments have recently been performed (Myers and Sadler,

1960; Myers and Katz, 1962; Katz, 1962) involving the choice between

a "sure thing" and a risky option. The payoff matrices are of the form

and

E
2

-w]
-1

Where E
l

and E2 are equiprobable, i.e., n = .5. The major findings

are that (a) P(Al ) is always greater when the payoff associated with

an A2 response is -1 than when the payoff is +1, and (b) as the

absolute value of w increases, P(A
l

) increases when the A2 payoff

is +1, and decreases when the A2 payoff is -1. These results are

schematically represented in Fig. 3. The convergence exhibited in

Fig. 3 is not consistent with the results for the symmetric payoff case,

in which subjects approach the optimal strategy (always predict the

more frequent event) as payoffs increase. In the studies under discus-

sion, the optimal strategy is to always make the Al response when the

A2 payoff is +1; subjects increasingly deviate from this strategy

as the amount risked increases.

Since the convergence effect displayed in Figure 3 does not seem

to be easily explained by existing theories of decision behavior, it is

of interest to consider it in terms of the weak-strong model. Upon

converting the above payoff matrices to regret matrices, it becomes
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Figure 3. The proportion of risky responses as a function of the
amount of risk, with the values of the "sure thing" alternative as
the parameter.
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apparent that r 2 is less than r l when the A2 payoff is +1; and

r 2 is greater than r
l

when the A2 payoff is -1. Assuming that

0. is a monotonically increasing function of r
i

, E will be greater
l

when the A2 payoff is +1 than when it is -1. Consequently, the

-1 curve should lie above the +1 curve, as it does.

We next attempt to account for the convergence depicted in Fig. 3.

As w increases, both r l and r 2 increase, but the ratio r~r2

monotonically approaches an asymptote of 1.. If 0i is a negatively

accelerated function of r i then (a) if the A2 payoff is +1, i:

will decrease to an asymptote of' 1, and (b) if the A2 payoff is -1,

will increase to an asymptote of 1. Consequently, the curves

should converge until they asymptote at .5. Although the above quali-

tative description of the risk-taking data is encouraging, an adequate

evaluation of the model will require precise quantitative analyses of

the data. When such analyses are available, the relationships between

parameter and regret values may be more complicated than we have suggested.

For example, a literal interpretation of our discussion would suggest

that ~ should be invariant over different payoff matrices. This is

a doubtful premise, considering that such parameter invariance is often

difficult to establish over levels of n. However, in view of the

dearth of theories dealing with the differential payoff case, if the

model even provides a reasonable account of data for a single group,

some progress will have been made.
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.~ Multi-Stage Model

As indicated earlier the "pattern" model of stimulus sampling

theory would be regarded as a one-stage model. Similarly the model

discussed in this paper is a two-stage model, In this section, we

investigate the consequences of generalizing the model so than an

element may be in one of k stages of conditioning to a response,

The generalized model follows logically from the weak-strong model,

The Stimulus Axiom and the Response Axiom remain unchanged; the other

axioms require only the obvious modifications,

Conditioning-State Axiom, On every trial each stimulus element is

conditioned to exactly one response; furthermore, the element is in

one of k stages of conditioning to that response, (An element in

conditioning state C. is in stage m of conditioning to response
~m

Ai where m=1,2"",k and k denotes the strongest stage,)

Conditioning Axioms,

C2', If event E,
l

occurs, then (a) if the sampled element is in state

C
ik

it remains so and (b) if the sampled element is in state C.
lm

(m f k) there is a probability ~ that it enters state Ci,m+l

occurs (i f j), then (a) if the sampled element is.Q2', If event

in state Cim

E.
J

(m f 1), there is a probability 6 that it enters state

C. l' and (b) if the sampled element is in state C
l
' l there is a

~,m-

probability 6 that it enters state Cjl

Figure 4 provides a schematic presentation of the transitions

among states for the two-response case, It may be helpful to compare

this representation with that of Fig, 1 for the weak-strong model,
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Figure 4. Possible transitions among conditioning states for the
~-stage model (r = 2).
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Expressions can now be derived for those statistics previously

treated in the k ~ 2 case, For the noncontingent two-response case,

it can be shown that

where

D.
lm

u. ~ ,
l l D.

i,m
1m'

and

These expressions can be evaluated to yield the following equation:

(34)

where

Note that

ex
~

ex + fl '

k k kex ~ "(,, + [(l-.")cp] }(l-,,-"cp)

lim P(Al ) ~ "<:p->oo

(36)

2k-l
lim P(A

l
) "~

,,2k-l+ (1_,,)2k-l<:p->oo
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Thus, one consequence of introducing k is to increase the upper

asymptotic bound on P(Al ) and place it as close to 1 as desired

for 11 > 1/2 .

The form Sf the conditional statistics is also simple; the first-

order statistics are as follows:

We have applied the minimum x2 estimation procedure to the first-

order conditional data presented previously for k = 2, 3, 4, 5, and 10.

Generally, the minimum X
2

was smallest at k = 2 though there were

a few instances for which it was slightly less at k = 3. In most

instances the goodness of fit showed rapid deterioration as k increased.

For example, when the models were applied to the Friedman et al data,

the minimum X
2

was at a low of 9.37 for k = 2, increased to 38.51

for k = 5, and then increased to 42,784 for k = 10. The increase

in x2
appears to be due to the fact that for large k, the model

predicts more response perserveration, following a correct response,

than actually occurs. In view of these analyses we are prone to conclude

that significant improvements in goodness of fit will not follow as a

result of increases in k, and that two-stages generally will best



describe the data. Assuming that this conclusion holds for future

analyses of data, it, of course, applies only to our particular state­

ment of the model. The question of k-stage models involving different

response or sampling axioms remains to be investigated.

Discussion

Several articles (Bower, 1959; Atkinson, 1961; Estes, 1960, 1962)

have recently demonstrated that a more molecular analysis of the

subject's pre-response behavior may prove fruitful in formulating a

choice model. It is therefore interesting to note that at least one

such analysis of choice behavior results in the same equations derived

for the weak-strong model. Specifically, consider a model which

postulates that associated with each response alternative is a tendency

to approach or aviod that alternative. Further assume that the set of

approach tendencies, and the order in which response alternatives are

considered (or observed) determine the subject's choice on any trial,

and are themselves determined by the outcomes of preceding trials.

To formalize these notions let the function vk be the approach

tendency associated with response ~. When the subject observes the

kth alternative, he will make that response if vk = 1, or move on

to observe some other alternative if v
k

= O. The values of vk for

the r-response alternatives will be represented by a vector

V = < vl ' v2' •• o, vr > For example, V = < 001 > indicates that the

subject will approach A
3

when he observes it; all other alternatives

will be avoided. We further assume that, in the time period immediately

preceding his choice, the subject orients towards each response
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alternative in some se~uence, until he observes an alternative for

which is one, or, if all V 's
k

are zero, until he has observed

each alternative. In either case, the alternative chosen is the one

last observed by the subject. Thus, the sUbject will choose the first

observed alternative for which v
k

is one, or, if all values are zero,

the last alternative observed. The se~uence in which the alternatives

are observed on any given trial will be represented by the vector
\

0= < 0 1 , O2, ... , 0;> • The value of o. indicates which response
l

will be observed at position i in the observing se~uence.

With these concepts in mind we can define the conditioning state

of the subject on any trial n of an experiment as the vector

c = < 0, V > .
n

For example, if c =« 12 >, < 10 » ,
n

then the

subject initiates the trial by observing response Al and then makes

that response. If C =« 12 > , < 00 » the subject first observes
n

AI' then A2 and terminates the trial by choosing A2 since both

and e~ual O.

To complete the analysis we need some rule for describing changes

in C over trials. The following assumption seems reasonable: If
n

response ~ occurs on a trial and is reinforced, then with probability

the function takes on the value one and that response moves to

the top of the observing se~uence. If the response is not reinforced,

then with probability 5 the function for that response becomes

zero and the observing se~uence is reordered.

Given these assumptions it can be shown that for large n this

model and the weak-strong model are e~uivalent. For example, in the

two-response noncontingent case, if we let



8
1

= « 12 > , < 10 »

W
l

= « 21 > , < 00 »

« 21 > , < 01 »

W
2

= « 21 > , < 01 » ,

then the transitions among states is that given by E~. 2 and at

asymptote the predictions for the weak-strong model are precisely

those of the model outlined in this section.

The implications of the approach that we have just considered are

broader than the fact that we achieve results identical to those

derivable from weak-strong axioms. A number of models may be generated,

starting with the notions of approach tendencies and observing vectors,

if one examines various natural modifications of the conditioning and

responding assumptions that were sketched above. In view of the

possibility that some of these models will provide further insights

into choice behavior, this frame of reference merits further investiga­

tion.
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Appendix A

Listed below are the expressions for the asymptotic joint probabili-

ties of the form P(Al E. lA
k

lE, _A 2) for the weak-strong,n J, n- ,n- k,n-Z-m, n-

model (j,k,£,m = 1,2). The conditional statistics may be obtained by

noting that in the noncontingent case.

"(1-")=
~
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P(A1E2A1E1A2) ~

n(l-n) [u
3
5(1-5)+(N-l) (BC+2Au

3
5)+(N-l) (N_2)A2B]

~

2
P(A1E2A1E2Al)

(l-n) [U1 (1-52)+U2(1-5)2+3(N-l)AC+(N-l) (N_2)A3]
~

2
P(A1E2A1E2A2) ~

(l-n) (N-l)B[C+(N_2)A2]
N2

P(A1E2A2E1Al)
n(l-n) (N-l)AB[1+(N-2)A]
~

P(A1E2A2E1A2)
n(l-n) (N-l) [Bu

3
5+AD+(N-2)AB]

~7

2
P(A1E2A2E~1 ) ~

(l-n) (N-l) [BC+AU25+(N-2)A2B]
N

2

2
P(A1E2A2E2A2)

(l-n) (N-l)AB[1+(N-2)B]
N2

where

A~Ul+U2

B ~ u
3

+ u 4

C ~ u1 + u2(1-5)

D ~ U3(1-5) + u4
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Appendix B

The values of njk presented in Table 10 are the total numbers

of asymptotic trials on which E. and A, both occurred, pooling
J k

over all subjects in each group. These values are the denominators

for the first-order conditional statistics presented in the paper.

Values of njk£m in Table 11 are the numbers of pairs of asymptotic

trials containing Ej and A
k

on trial nand E£ and A on
m

trial n-l. These values are the denominators of the second-order

conditional statistics analyzed for the Friedman et al study.

Table 10

Values of njk for several studies

Experiment Group u 11 n21 n12 n22

Suppes and Z 1238 595 602 365
Atkinson

F 900 656 537 307

T 1008 673 428 291

.6-oi 590 395 358 241

.7-oi 1042 449 356 133

.8-oi 1382 340 197 61

Myers .6-J.:i 771 516 413 280
et al

.7-Jli 1204 517 194 65

.8-JJi 1463 368 115 34

.6-10i 828 582 349 221

.7-10i 1202 515 193 70

.8-10i 1489 393 85 13

Friedman et al 4815 1166 1028 268
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Table 11

Values of njk£m for the Friedman et al Study

jk£m jk£m

1111 3435 2211 868

1112 585 2112 126

1121 699 2121 168

1122 82 2122 27

1211 427 2211 85

1212 259 2212 58

1221 225 2221 74

1222 109 2222 50
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Footnotes
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to the second author. Computer time was inpart paid for by
NIMH grant M-6154. Additional support was provided by a special
fellowship awarded by the U. S. Public Health Service to the
first author.

2. Values of njk are tabled in appendix B for all experimental
groups discussed in this section. Thus the data on which our
analyses have been based can be completely reproduced, and the
interested reader may use the data to analyze alternative models.

3. If the investigator is only interested in predicting prAll, esti­
mates of ~ can be obtained by direct solution of E~. 7. The
procedure, and the resulting fit (which is better than that
reported in Table 3) are reported by Myers et al (1963).

4. It is possible that in the typical experimental situation the
subject decides on his response prior to the signal to respond.
Under these conditions response tim~measured from the onset of
the signal, would reflect the speed of reaction to the trial
signal, and not choice time. A more sensitive test of response
time predictions might be made if subjects were permitted to
pace themselves; latency would be measured from the onset of
the event on trial n to the occurrence of the response on trial
n + 1.


