













































































































































































Table 12

Results of Stationarity Tests of Vincentized and

Non-Vincentized Response Sequences

Concept (Vowel Vincentized Non-Vincentized Data
Phoneme) _ Data |
Group _ X2 P N - 4.1, P
Ja/ 'R - 8.68 <.02 18.87 7
P 67.59. <.001 <, 01
/o) R " 62.75 <.001 68.40 7 <001
P 50,62 <.001
/1) R 58,57 <001 ©89. 4k T <.001
P 91.14 <.001
/o) R 13.72 <.005 15.36 7 <.05
P 47.39 <.001 S
1/ R .. 8.60  <.020 - 2.93 1 <.10
7
P 60.29 <.001
ALl Vowels 59.35 <.001 16642 28 <. 001
102.50 <.001

1 o
These X s were computed for quartiles of responses prior to last error,
50 the number of degrees of freedom is two in each case.




Table 13

Results of Order, Response Distribution, and Response Sequence

Distribution Tests, Group R.

Concept (Vowel Order™ ' Resp0nse52 Response Sequences
Pronene) X2 P x& N P
Ja/ L.62  <.05 6.26 .10 | 66.81 23 <,001
/é/ 1,98 >.10 18.63  <.001| 80.50 30  <.001
/1/ 9.51 | <005 | 11.71 <.oi' 46,71 30  <.05
_‘/o/ 1.&0__ >.10 i1.80 <.01. L5.97 3 <.01
/ﬁ/ 3.93  <.05 7.32 <10 | 43.38 15  <.001
A1l Vowels 6.76 <.01 | 20.46 <.001§ 99.22 30  <.001

The number of degrees of freedom is one in each case.

The number of degrees of freedom is three in each case.
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Vowel

/a/
/a/
/a/

/e/
/e/
e/
/1/
/if
/1i/

Table 1k

Number of Responses, N, and Number Correct, Ni’ per quartile

(1 =1, 2, 3, 4) for Items Grouped According to Vowel and

Estimated Guessing Probability, Po"

95 -

P N N, N, m, N,
LI113 68 26 20 22 23
265 W6 61 82 66 88
.360 o7 2 5 1 2
262 Th W6 s 52 59
.113 69 18 15 29 28
.360 167 63 83 82 106
;262 i35 55 T6 12 93
265 206 71 85 105
.360 66 28 3k 36 49
262 107 26 49 57 58
1065 396 501 522 601




Table 15

- Number Correct per Day for Pairs of Items with
Approximately Equal Guessing Probability

and Total Correct Resgponses

Total Correct . Day

Vowel Days 1 - 6 ! 2 3 4 5
[a/ 171, 184 48 57 6 54 59
/a/ 232, 237 78 76 ® 79 82
/e/ 188, 192 i an 66 63 76
/1i/ 59, 82 6 | 18 18 36 33
/i/ 140, 1k2 28 52 48 57 #9
/o/ 169, 184 65 53 52 69 55
Z 955 102 269 . 320 . 322 358 36k

Day n - Dayn -1 . --- 51 2 36 .6




“to a step function than to én‘éxpéﬂéntial'cﬁrﬁé (in this connection see
particularly the last row of Table 15).

One mighﬁ also conceive the léarning‘proceSS'aé consisting of the
elimination of error tendencies; & ﬁiew advanced by Harlow (19%59).-
HIncorreét responses should be extinguished one after anocther, resulting
'in a reduction to one type of error on the trials just preceding errorless
performance. We méy hypothesize that the learning process is stepwise,
with a step occurring when one error tendemcy is removed. Hence, response
probabilities shouid be stationary between steps.

To test this notion with a given vowel, we must determine the most
pérsistent error and examine trials after the last occurrence of other
Errors. ThisfanélySis was performed on the two response sequences with
the most errors, i}e., those having /e/ stimuli and thﬁse having /1i/
gtimuli. The most persiétent error was assumed to be the most'frequent
error as indicated by the confusion metrix (Table 3)° Fbr'/e/ stimuli,
this error constitutes /i/ responses, and vice-versa. Of course, the
errér pattefns of some subjects might not bereflected by the group matrix.
We now illustrate the method of énalySis‘by use of the respdnse sequence
to /e/ stimuli. Let n + 1 denote the trial nuwber of the last response
other than /e/ or /i/ and let n' + 1 dencte the trial number of the last
/i/‘response. Then the probability of a correct response was calculated
in quartiles of trials 1 to n, and likewise for trials n+ 2 ton'.

Since, by definition, an error always occurred on trial n' + 1l, data

from this trial were excluded. Figure 6 shows that the probability of




8 cbrfect response generally increased between trials 1 and n and between

trials n + 2 and n'. For /e/ stimuli, the proportions are based on 235

responses per quartile on trials i to n and 4G on trials n+ 2 to n'. The

corresponding figures are 144 and 36 for /i/. The former increase does

not negate our stationarity hypothesis, since several types_of errors are

being eliminated on these frials. However, the lack of stationarity when

only cone type of error remainS'(trials n+ 2 ton') refutes the notion

that one stimulus element is beihg conditioneq all-or-none on these trials.
We investigated an additional way of conceiving the stimglus situation

 ﬁithin the one-element model frameﬁork. In thersequence of presentations

of the stimulus /i/, it is feasible to argue that two subsequences are

represented. The items are "hard" or "easy", according to whether /[e/

is or is not a choice alternative. Perhaps stationarity would be exhibited

within each subseguence. Therefore, the responses to /i/ stimuli prior

to the last error were grouped into Vincentized quartiles, employing

the usual learning criterion of ten successive correct responses. The

-data with /e/ stimuli were not suitzble for this snalysis, since /i/

choice alternatives were offered almost slways. The proportions correct

weI_'e
Quartiie
1 2 3 4
/e/ present LAk o3k .32 .62
/e/ sabsent 48 .67 .50 .67

Presumably, some of the instability is due to the paucity of observations

(N = 7 and 52 per quartile for the first and second _rows,_.respectively)°

3k~




P (correct)
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.40
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Figure 6. The last error in 50 trials occurred on trial n' + 1, The last /e/ response to /i/ stimuli; - o
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or vice versa, occurred on trial n + 1 {(n < n'). Within each of the two successive series, the

percentages correct per quartile are shown.







Nevertheless, the definite'téndency for the proportion of correct responses
to inérease argues against a stimulus identification in terms of the one-
element model.

Stationarity tests using individual data., This final analysis

contributed.nothing new, but merely emphasized the evidence against
étationarity at the vowel level. For each of the 44 subjects in Group R,
-the propqrfion of errors on éach vowel was compufed, sepérately for each
ﬁalf of the trialé prior %o his last.error on that vowel;. In the over-
whelmingumajérity of caées, the prébébility of érror_decreaséd from the

- first half to the.second half of tfials; Going further, it is of
intereét to seé if iﬁem difficulty.is a faétor iﬁ détérmining‘whether
Hétationaritj oﬁtains. for each subject-item and the trials prior to
.last-error, the difference.in the.proportion of errors between the first
-and ségSHd halveslof trials prior to lasﬁ error Was fouﬁd, If the
4increase in.efrors excééded .10, a + was recorded; if the decreése
excéeded’.lo, a ; was reéorded. Otherwise, the differenee was“entered
ésro. -With this rough classification; the frequency of +, 0, and - was
féllied for.ifems ﬁhose last error occurred on frials i - 30 versus items
:ﬁhﬁse.last errﬁr occﬁrred on triéls 31 - 50. .In the latter caée, errors
'commonly occurréd as late as trials 45 - 50, suggesting that more érrors
would hawve occurred héd more trials béen given. |

The proportiéns of7+, 0, and - changes when the last error occurred

between trials 1 - 30 were .16, .48, and .36, respectively. When the
iast'actual error bccurréd bétween trials 31 - 50,.the'correéponding

propbrtions were 07, .43, and .50. The first set of figures is based
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on 56 cases, and the second on l6h. Hence, there was some tendency for
the items learned faster.to dlsplay anllnltlal rlse in errors; compared
‘fo the items learned more slowly, The facn remains, however, that among
items of both types the predqminant_trend was a reductlon in errors from
the first half to the second half of trials. -

Two-element model. This model assumes that, prior to the trial of

last.error on a given cencept ”the two-eienent atimulus set representing
the concept may pass from the initial state in Whlch nelther element.ls
conditioned to the correct response to the 1ntermed1ate state in which
ene of the two elements is conddtioned. We assume that the probability
of a transition is constant cover trials and call'thia paraneter.c. The
responselparameters g and dq refer ﬁo nhepfdbability oflan error_dn the
initisl sfate and the interm_ediate”state,"lresbeetively° The cerresponding'
duantities in our previcus renort (Suppes et al, 1962) are tne averages,
over subjects, of 1 -.go and.l.; gl.. A natural.way of teating‘tnis nodel
is to see how well it predicts vafious propeities of tne éreup data.
Specifically,_we were interesfed iﬁ the mean and variance Qf tqtal errors
per subject, "subocorrelations” of errefe, the nrobabilitj ddafribution
bf the number of trials before the firstrcorfect response,.tne frequency
of errer runs.ef length:j (j =1, 2,.~~-, 5), and the binomial distribution
Bi (i =0, 1, 2, 3, M)Ief errors inrnlecks of d tfials summed over trials
pnior to criterion. The‘exact formuiation and derivatien'of gll theoretical
expressions are given in.the_alapendi_x° | |

i Before eomputdng the observed and predicted valaes of these statistics,
two decisione were necessar& regarding-ffeatment of the data, (1) Because

of heterogene1ty among the vowels in the lesraning rate, it seemed adv1sable
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. to coﬁpuie all quantities separately for each vowel. The advantage of
such & procedure is that the_equal;itgm difficulty assumption of ther
quel is more closely approximated, reducing the observed variances.
However, considerable differences in total errors still remained among
different items containing the same vowel (Table 13). Despite this lack
of thogeneity, it is instructive to evaluate the adequacy of the model.
Iater an analysis will be reported in which item difficulty was equated
more precisely. (2) The model imposed another limitation on the treatmemt
of the results. All derivations assumed a fixed number, n, of trials
prior to last error, g0 an arbitrary choice of n is required in calculeting
ﬁhe obéerved quantities.':Selecting a high value of n would inciude most
of .the data from the slow learners, but data from others would be excluded.
Choosing a small B would include more subjects, but less data from each.

A compromise was adopted which permitted <inclusion of most of the data.
Table 16 gives the number of subjects and trials included in the snalysis

for each vowel.

D e W e s ey D G Y W D 0 e ) ke N e G MG ST A el M) e AR ey O A b s A et B e T A M bk e AB
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Thére are three parameters of the model to be estimated, the
prbbabilitj ¢y of an error wheﬁ both stimulus elements are uncbnditioned,
the probability.ql.bf én error when one element is conditioned, and the

) probability ¢ of passing from thé'state of no eiéménts being to that of
one being conditioned. Since we knew of no way of ﬁsing the estimates
for ome vowel to obtain those for another, five separate estimates of
eachrof the parameters were requiréd.' The iﬁitial error Qrobability,
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qo, was eétimaﬁed from the first 15'trials of'Day'l. First the probability
of choosing each position was compﬁted over those trials. Then each
probability was weighted by the probability that the experimenter had
allocated an incorrect alternative to that position, and the weighted
guessing probgbilities Weré surmed over positions. EmploYing these qo
values, the method of estimating a4 and ¢ was s minimum X2 fit to the
observed b, (1= 0, 1, 2, 3, 4) frequencies, using Equations 16 - 20

in the appendix. We recall that bi is the number of nonoverlapping

blecks of four trials containing i errors. There are four degrees of

freedom among the bi and three are used in estimating pasrameters, so

‘ thefe remains one degree of freedom for evaluating the goodness-of-fit.
 Inspection of Table 16 reveals generally excellent agreement between
the predicted and observed b,. Only for /o/ is the %2 close to ‘significance
(P < .02).

It is of interest to compare the parameter estimates obtained for
the various vowels. There is fairly close agreement ameng the ﬁb, sug-
gesting that learning over the first 15 trials hasg not invalidated our
estimation procedure. Comparison of the 9 values reveals considerable
intervowel difference. It is important to note that variation in rates
of conditioning, €, are not sufficient to account for the intervowel
variance in errors. Instead, substantial differences alsc appear.in

al’ the probability of an error in the intermediate state.

Table IT presents additional comparisons of the two-element model §

and the data. The quantitative predictions of the mean total errors are

Insert Table 17 about here
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Table 16

Estimation of Parameters for Two—ElemEnt Model, Including Comparison of Data (in Parentheses) with

Number of frials

Number of Bubjects

Number b
o]

: of blocks, ?i,ibl
of four trials b,
with i errors by

By,

o

d?-“9> er 

Quantities used in Least Sguares Estimation

LY
40
39

52.81 {52)

| 126.48 (330)

122.30 (117)

- 66.34 (70)

| 22,15.(2;)'

60

.-.76 '
.36
-.17<

e/

40 |
b2
30.07 '(33)
104.87 (101)
145.82 (143)

103.74 (110)

©35.45 (33)

1.03
73

5
a3

/1]
. ho o
L3

31.09 (28)
98.003(102)
136.31 +(135)
11%.25 (112)
50.35 (52)
41
72
'-.hl_ |

06

Y
o
38

67.49 (77)

141,06 (120)

121.30 (133)
ék.07 (65)
24.09 (23)
5.68
'.767.
-33.
BT

o/
12

ko

L48.68 (50)

37.2% (34)
19.08 (23)
10.6% (8)
k.36 (5)
1.86

73

11

3k




Table 17

Compariscn of Two-Element Model and Data

: =/ ' /e/ Evi fof M/
Total errors Obs. Pred. - Obs. Pred. Obs. Pred. Obs. Pred. Obs. Pred.
Mean T 16,87 17.62 - 20.21 20.68 21.30 22.16 17.71 17.69 3.10 3.12

Variance S1.01 1h,3h 34.81 13.92 29.60 31.73 55.78 22,11 7.07 3.46

Autocorrelations
of errors k

. trials apart, for

E=1 8.01 7.7%  10.69 10.50  12.35 12,16 . T.bs 7.76 1.20 1.19
2 T.50 7.36  10.58 10.12  11.7% 11.80 8.05 7.37 1.29 .88
.3 7.9k 7.02 10,39 9.76  11.h7 11,42 7.71 7.02 1.08 67
L 7.90 6.72  10.92 9.2 1122 0 1106 7.78 6.70. .9 .53
"5 7.56 6.4 9.80 9.10 11.09  10.70  7.63 - 6.4l 8o Lk
" Totel j-tupies,
_ for .
y=1 16.87  17.62  20.21 20.68 21.30 22,16 17,71 17.6%  3.10 0 3.2
2 7.62 7.7 10.38  10.50 11.7h 12,19 7.50 7.76 1.10 1.19
3 3.67 3.68  5.67  5.51 ° 6.65 7.11  3.58 3.8 .53 .54
b 2.13 1.90 3.26 2.99  3.90 4,39 1.89 2.11 .33 .25
5 1.33  1.0b  2.10  1.67. 2.20  2.7%  1.08  1.25 .18 .12
_Probability of k
errors before first
success, for .
k=0 ' .23 N .60 .27 07 .28 66 .2k 75 .27
1 .51 .23 .02 220 .2 .22 .18 .23 L8 .35
' .18 .18 12 .17 Lo 16 .05 .17 .03 19

2

3 .03 .12 b .12 .09 Sl .00 .12 .00 .10
b .03 .08 02 .08 .19 .08 .03 .08 .05 .05

5 .00 .05 00 ¢ D05 .00 .05 .00 .05 .00 o2




well-confirméd in all'éases.. Thé éotal obServéd.j-tuﬁiéé pef'subjéct
geneféily'égree quite closely with the ﬁrédiéted values,'althoﬁgh.éeVéral
moderate disparities appear in the /e/ comparisons and in the cases where
Jd =1, The fit ie less gatisfactory when we consider varisnce of total
errors, autccorrelations of errors, and the probability distribution of
trisls to the first correct response. Regarding the former, the prediction
cf & monotonic decline in auiocorrelation as J incresses was generally
supported except for /o/, Mesit of the observed magnitudes exceed thosge
predicted, the deviations increasing with j.

More serious discrepancies arise with the remaining statistics.
Undoubtedly it is not surprising that the cbserved variances are well
above the predicted values. In our application of the model, we have
ignored intersubject variation and differences in difficulty among items
with the same stimulus vowel. However, this rationale is not entirely
adequate, because we have no assurance that the variance would be predicted
accurately even if subject and item sources were considered. There are
also wide disparities betweeﬁ the observed and predicted dlstributions
of errorsbefore the first correct response. For four vowels, a marked
tendency exists for the first correct response to occur sconer than
predicted. It is believed that this particular measure is esPécially
sensitive to interitem differences in cur experiment, beczuse the Iitem
presentation order was the same for ail subjects. If, for example, the
Tirst /i/ item were unusually easy, fhen the observed pfobability of
zero errors before the first success would be expected fto exceed the

predicted probsbility.
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Save for these restrictions pertinent to statistics influenced by
interitem variability, we conclude that the model fits the data quite

" satisfactorily.
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Appencix

Derivation of Theoretical Expressions for

the Two-element Model with N +trials before the Last Error.

Becsuse we are considering only triais before the last error, the
three-state transition.matrix of-the two-element model reduces to two,
Co and Cl (we use a subseript to indicate the number of elements conditioned
to the correct response). The twé—state transition matrix is simply that

of the one-element model.

The difference from the one-element modei is to be found, of course, in

the probgbility of an error in each of the states. In the two-element model

P (error

i
o

CO)

94

P (errgr \ Cl)

The number n of trials before the iast error, which may be any number

less than the trizl number of the last error, is determined directly from
fesponse data. The parameters c., q and 9 must be estimated by statistical
methodsf' All of the expregsions derived are functions of n, c, qO and Qy v

We begin with the derivation éf the expfession for the expected number of

total errors.
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Let Xﬁ be the random variablé.that has value 1 om trial m if
an error is made, and value © on trial m if a correct response is made.

Then the mean numbey E(Ui)“of-erforsvin n - trialsiis:

n no . _
1) E(U )= T P(X=1) = xn ag (1) + ql(l—(l-c)m‘fﬂ

n

T o e :
o (qo ;) (1-¢)"" + q

]

= (q.-qy) 1—(1—0)ﬂ

c

+ nql

To obtain the variance of total errors:ifrn itrialswe use the familiar

theorem that

(2). Var Z Xm - Z Var(xﬁ) + 21<<§<J< (X X )

n
We begin with = Var(X )
m=1 m

Il

(3). mgl Var(Xm) mgl P(Xm=l)[l-P(Xm=l)]

m;l [a,(1-e)™" + a; (1-(2-e)")1[1-q, (1—c) = ql(l-(lwc)m'l)]

I

n m-1 | -1
|z [(a -a)(2-c)""" + a;1l2-(q_-q,)(1-c)""= q ]

o
=E(Uy)- 3 I:(qo-cztl)a(l-c)2m~2 + 2q) (a_-a; ) (1-¢)" " + q12:l

Iy ITA 0N




| T 2n n :
i 2 (1-(1-c)) ) (1~(1-c)") 2

)

(¢ -q,) (q_-q,)(1#(1-c)™)
E(Ul)-nq12 - —EEEEE_ [1_(1-c)n][iqo qlg_c + qu_ .

(&)

Wext we turn to the covariance term. First we note that for i < ]

o COV(Xin) E E(iji) - E(X,)E(X;) .

Now

E(Xin) P(XJ. =1&X, = 1)

— — — _ — =1 —
P(xj _.1[__5‘j _.1) 1_3(8j _1_|‘si =1) lﬁP(Xi— l‘,..Si =1) P(Si =1)

+ZHXj=lBj=l)P$j=lmi=0)P@ﬁ:lmi=O)Pwi=G)
+ P(Xj;lfsj=9) P(SJ. =ols=i=o) P(X, =llSi =0) P(Si =0) ,

where Sj is the random varisble whose values on trial J are the

possible states CO and Cl s indicated here by 0 and 1 respectivély.
Note that fhe three terms on the right correspond to the three possibilities
for entering state Cl P nameiy, before trial i , between trisls 1 and

J , or after trial Jj . Computing the terms shown above we then have:




0" [1-(1-e)™ + qqa [1-(1-0)™) (2-0) 7

E(Xin) =
0 (1-e)? (10)
= qy{a - ) (1) + qD(qo-ql)(l-C)j_l +a,
And
B0 B(K, ) = [a,(0-e) ™ + g (1-(1-) )], (10077 4 gy (2-(2-0)T )]
= 0 P(1-e)? M ae)M 4 g [(1-e)I T e (ze) T
- 2(1-0) B + ¢ % [-(2-0)? T 1-(1-0)P )
8o, by (5)
cov(x¥,) = a7 (1-0)97 [1-(1-¢)' 7] + qq; [22-)92 2 (1-0)T)
v 02 (1-e)? [-(a-)
= (a,-0,) (1-e)9™F [1-(1-)"™]
Hence
| Ta 2 . -1 . :
2 Cov(XiX,) = (qo-qi)g{g J‘Z (l—c)Jr-l - ; JZ (l-c)']"l(l-c)l‘ﬂ
1<i<jgn J j=2 1i=1 gee i1 |

SN




. n . .no. . j-1 i.
) =(%ﬂﬂ12 (1 - E e s (1) 7
j=2 ) J=2 i=1

n x
: -1
The first term in brackets is z'(,j-l)(:L-c)J

J=1

= Z J(l—c)j-l - g (l—c)j-l

Jj=0 J=1
= IZI - i 1-c J - [l- l-c):]

5=0 de ( ) c
_ _ & |1 ,l-c)_nﬂ-']_'[i- l-'c)n]
T o de L ¢ c
= - EE c(n+1)(ljc)n - lf(l-c)nf{J- {;:L%:EléJ

(1) _2= o™ () e oo [1-(1«)1‘ }

e

The second term in brackets in Eq. (6) is

S 3 (1-0)3'1[1' 1'““]

J=2 €

When - j=1 , {l—(l-c)Jél] =0 , so we can -sum from JS=1 :

- }.l:g (l-c)rj"l - (1-0)23“2:[= 1 ]_..-(l._c.)n . l-(l_c)gn-ﬂ
% =1 % e 1-(1-e)?

| LI g [ =

U5




; o ; an 2n
®) ' Jozi(l-c)™ | 1-(1-c)
c2 : + c2(2-.c)

Putting Egs. (7) and (8) in (6), we have

(1-c)" - (l—c)n+l— (nt+1)e(1-c) N l-(l-c)en
-. et . 2(e-c)

= cov(xx,) - (qo-ql)E[

1 <i<j<n

L ol (1-c )ri[

c

= (qo-ql)el}(l“c)n ‘nQ(léC)n.-c(l-c)n: + l;_(l-c)zn . —1+(]_-c)n]
¢ © et (2-c) c

)-2 IFn(l-c)Il - 1+ (;i—c )" + 1- (1-c )En]

= (a,-q
o1 c 02(2-0)

-

e o
(9) P n [—(:L-c)n<n-1>-1.+ 1) |

We add the variance term and twice the covariance term by using Eqs. (4)

and (9)

(10)  Var(s ) = E(U;)mg -~ - [1-(1-¢)™] —

(g _-a,) | (a_~a )2+ (2-e)™)
= H[OQI +2qll

2(qo—ql)2 E;(I_C)En

- B l - (n-1)(1-c )n t

+
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We now econsider the distribution of errors'before the first success,
i.e., first correct response. let F be the raﬁdom variable whose
distribution is that of errors before the first success. Then for

kK =0, 1, 2, oco, N-1,

P(F<k) = qok (l~q0)(l-<:)k+q0k c(1-¢)"H(1-q, )

Look=l k-2 - k-1
+ a4 (2-g))(T-e)” T e+ i (1-q;)e

oql

. ok .
- g F LIy J-1 k-J
= q, (1-g )(i~c)"+ cq (1-q;) 3%1 9, lg (1-e)]

la,(1-e)T" - a,"
g (1-c)~aq;

(11) =0t (g )(-e) +eq (2-q,)

We next‘derive‘the expression for the expected number of J-tuples
of errors in n trials. From this expressioni it is easy to obtain
the expected number of runs of errors of given length. Let Ujvm = Jj-tuple

3
of errors with lst error on trial m . Note that

E(Ul_,l) = qO 2

. - 2 .
E(U; 1) = ay” (I=e} + qq .
For the case in which the transition from state O to state 1 occurs

between trials mand m + J - 1, we defiﬁe k as the number of trisls ip

state 0 after trial m. (1 <k < j). Then

ol




a with probability (1-c)@d-2

E(U, ) = qlJ with probability 1-(1-c)m'1

qokql K yith probability c(l-c )52

for m < n-j+l .
Thus, for m < n-j+l

o d g ymRd=2, J o g ymel
E(U; ) = 9" (1-¢) +q.” [1-(1-c)7]

j-1
+e(1-e)™ 'z qok.(l-C)k q
k=1 -

J-k
€

Now
j-1 - S j-2 .
: k k -k k k k-2
"% g (l-e) q,9 = g (1c)g, = g~ (1-c) q?
'} 1 (o} 1 o} 1
=1 =0
j=1 j-1 7-11
Q' (1-e)? T - g7
qo(l—C) - ql

= g (1-c)q,
Whence

(12) B(U, ) = a) (1-e)™ 9 4 ) [1-(1ee)™ ]+ e1-0) e

oql
j-1 j-1 §=1
9,° "(1-e) 9"
q (1-¢) - q

We next sum over m to obtain E(Uj) . We consider each of.the three

terms on the right of Eq. (12) individually.
' -48-




n-j+1 n-j+l

) o4 .
o Z @)L gl Z )" -
m=l m=l

c)n-,3+l]
IS 3

qoj(l—c)j“l [l'(l“

IR S ' . o ‘n_j+l
qlJ Z (1-(2-e)"] - qngEn'3+l) - [%:LE:El :} ;

m=1 ¢

._' - e 3 n- ‘+l
q J l(lqc)J l_ a J=1 J
cq q 0 1

o1 qo(l-c) - =l

(l-c)m-l _

ro3-1,.  \i-1 3-1]- .
cq g [?o (1-e)"" - g 1-(1-¢)*" 9t
9%y qo(l-c) -q, ' c

Whence, edding together these three terms and factoring, we have

3-1 j-1 -1

. . . . q
_ s J Jd - J"l - J N 1

.' l—(l-c )Il"j"‘l

C

We next consider the "autocorrelation" of errors k trials apart.

Let _Ck o event of error on trial m and on trial m+ k .
. X

E(C

(€ ) = 800" q (1-0)* + q) [ 1-(1-)*1 g

| -1 k i-1
+ qo(l—c) ql Z (l-c) c
i=1l

=bh9-




Whence

n-k _
E(Ck) = 21 (ck’m)
o kK 2. k) BoE mel 2
= {qo (1-e)™ -q,"+q a,(1-(1-c) }} Zl (1-c)} 7+ g, (n-k)

(1)

1.

[

n-k
ggogcl-c)k- qle-+qoqlc1ﬂ(1-c)§§(¥:£l:91 ; )+ CEY

Finally, we derive the binomial distributicn of errors in blocks

of four trials. Let bj = event of - J errors in a block of four
2

trials with m the first trial of the block. Then we see Immediately

that

b = U

bym = Vhm .

Let n be divisible by 4 and let Q = n/t We want

E(Uu’l) + E(Uh,5) F oo + E(Uh}n_3) =

0 > (1-c)-q,°

q.{1-c)-q,

- I | R
(15) ZOE(U ) = EAlay (3ee)q) "+ ey
m=0 m=0

(le)um + g

1

3 3 3] Q-1. j.
P s
qu + qO (lwc) q,l +cq0qlL qo(l_c)_qlq by (‘l Q)

=0

..50_‘




Now

Q-1 (1o
¥ (l-c)um - 1-(1-e) ™

m=0 1-(1-c)

Whence

| | : 3 343
e Mg o [ e
a RS N 6 | A

i

N

(16) Em) =g

-

We next compute

E(by ) = {’+<1O3(l-qo)(l-c)3 - b (1-q) )+ 30,9," (1, )
3 2., 2 -
+ (L-q.)a; e +[2q_(1-q )9, "+ 29 "q, (1-q, ) le(1-¢)

- .[3%2(1"%)‘11 +q 0 (1-g;)Je(2-c )2} (1-e)" "+ 4q,* (1-q,)

Thus

Q-1
1 E{(b,) = Z E(b
G Eey) = T By,

3 3 3 . 3.
) =nq,.7(1-qy) f%”% (1-q )(1-c)” -kq,”(1-q,) +
3a,a,° (1-q  Je+ (1-q_)a e+ [2g,(1-a_)a,” +

| 2q_%q, (1-q, ) Je(1-c) + Bc:tf(l--qo)ql +

qj(l-ql)]c(lw)g}ﬂﬂ“—fl |

; 1-(l-c)lL
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Similarly,

(8) B(v,) = 603,%(1-,)° +{60 2(1-0,)7 (1)’ -69)%(1-q))°
2 2
+ [39,9, (1~q7)"+ 3(1-q )q, " (1-¢))]c
+ [q02(1~ql)2+ hqo(l-qo)ql(l-ql)4-(l-qaﬁq1210(l-0)‘

[1-(1-¢)™]

T :3q02(l_qo)(l_ql)-rjgo(l-qo)g QLl]c(l—C)2_§ 1-(1—C)h

And

(19) B(v,) = q, (1-0,)° + fig (100, (1-0)° - by (109, )’

o+ [3(1—q0)ql(l-ql)245qb(l?ql)3]c o
£2qo(l—qo)(l~ql)24-2(1-qo)2qi(l-qi)]c(l-C) +

1-(1-¢)™]

[3(l-qo)2q0(l“ql) +(l_q0)3q3—]c(1-c)2} [l (l )

(20) B(b,) = (l-a)) "+ [(1-q ) (1-c)’ - (1-q)" +

(1-a,)(1-q; e+ (1-0,)%(2-q,)%c(1-c) + (2-q)  (1-g) e (i-c)?]

C[1-(-e)?]

l-(l-c)u
For s subjects each with n +trials, we multiply the equation by s
to get the group prediction.
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