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The rows indicate the state at the start of a test trial and the columns
the state at. the end of the trial° Fach entry denotes.the f:obaﬁility
of a traﬁsition from one state to another. 1In state C (of E) no
ghange can occur on a test trial. Im state G the item may become con-
ditioned to the correct response if it.occurs (with probability %) and
conditioning is effective (with probability g); similarly in state

g the item may become conditioned to the incorrect response if it occurs
and conditioning is effective. As in the éase of the linesr model each
stimulus item eventually absorbs in either state 2 or Eo Thus, after
a.leong run of test trials, a given stimulus item will eventually elicit
elther a correct or an incorrecﬁ response consistently.

These then are the two models we shall examine. From a qualitative
viewpoint each reprresents the same psychological process; i.e., they both
assume that a reinforcement tends to increase the likelihood of the rein-
forced response and they both assume the same subject-determined rein-
forcement schedules. However, ﬁhe exact natﬁre of the change that
'océurs following reinforcement is guite different for the two models.
This is illustrated by the fact that the probability of a correct res-
ponse in the inérementallmodel may take on any value from O to 1,

whereas for the sll-or-none model it can take on only the values O,

1

5s  OF -l. This fact alone indicates that there are substantial
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differences between the two models and it becomes important to determine
which interpretation of the reinforcing event best approximates the
actual learning process.

In order to compare these models we need to derive some predictions.
Consider first the incremental model and the possible ocutcomes for a
given stimulus item on trials Tl and Hbu What is the probability of
two correct responses? Well, a correct response will occur on Ty with
probability o (seé Equation 5) and since the correct response occufred
on Tl’ then the pfobability of a correct response on Té will he
(1-a)o + @ (see Equation 7). The probability of two correct responses
. is simply the product of these itwo probabilities. Similarly,; the
probability of an incorrect followed By a correct is (1-p) times
(1-a)p; 1.e., the probability of an iﬁcorrect response on T, times the

2

probability of a correct response on T. given that the preceding trial

was incorrect. In this way.we obtain the following expressions.

i

Pr(eye,) = 9[(1-0)p + al

185) = 0[1 - ((1-o)p + a}] ()
(1-9) [ (1-a)o]

(1-9)[1 - (1-a)o]

Pr(c

il

Pr(e

1% )
Pr(e

It

1%2)

By similar methods expressions can be cobtained for the probability of
any sequence of responses over the four test ‘l_:rials° We display & few
of these equations to indicate that even for a simple model of this
sort the elaboration of the theory leads to predictions whose con-
sequences are too complicated to be understoqd without the tools of

mathematical analysis:
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Pr(e,c.coc ) cp['(l—a)cp+oc][(1-a)2cp+(l-cx)cx+a][(l-oc)5cp+(1-cx)2a+(l—oz)oc+a]
172737,

Pr(cicyezey) = ol (L-a)ptar][ (1-0) (L) b} [1-(1-01) P (1-t) - (L-0) o] (10)

Pr(elegeBej_l_) = (lncp)[l-(l-o:)q)][l-(l-ox)ggo][l—(l—a)icp]

Predictions for the same quantities can be obtained for the all-
or-none model. Consider first‘the possible outcomes for a given stimulus
item4on trials Ti and Iée The Probability of twe correct fésponses
in a row is x + (l-x)%[ﬁ + (l—B)%]. That is, with probability x the
stimulus item is in state c before the first test trial and hence will
generate correct responses on all subséquent'trials; with probability
“l-x  the stimulus item startslin state G and a correect response occurs

on T with probability %, further a correct response can Occur on

1
T, if (1) conditioning was effective on T, (i.e., with probability
B) or (2) if conditioning was not effective and by chance the subject
again guessed correctly on the next trial. Proceding in this way we

cbtain the following expressicns:

Pr(c,c,) = x + 5(1-x)[B + (1-B)5]

Pr(c,e,) = p(1-x)(1-p)

N (11)
Pr(e,c,) = 7(1-x)(1-8)
Pr(eje,) = 2(1-x)[B + (1-8)5]

Using the same methods one can obtain expressions for the sequence of

events over the four test trials. For example
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Pr(clc2c5ch) =X + %(l—x)[ﬁ + %ﬁ(l-ﬁ) + %(1-5)2{5 + (1-5)%}]

Pr(cjcyezey) = i%(l"X)(l-B)i'
) (12)

-

Priejepesey) = %(l'xjfﬁ +28(1-8) + F(1-8)° (8 + (1-B)311 .

Armed with these equations we now face the task of deciding which
mgdel provides the best account of our data. Table 1 presents observed
frequencies for two identical experiments, one using 60 college students
at Stanférd University_and the other 60 fourth grade children from the
Oakland City schools®. As indicated earlier each subject was run on
.18 paired—associates.so that over a group of subjects we have information
on 18 X 60 = 1080 test trial sequences. The table gives the freguency
with which each sequence occurred in the fwo groups. In subsequent
analyses we assume that the items in the list are of equal difficulty
and that all subjects in a group learn at the same rate; i.e., we
postulate that the values of the various parameters are‘the same for all
subjects in the college group and for zll subjects in the grade sghool
group. Of course, this assumption is suspect, but for purposes of this
paper it seems justified since it greatly simplifies subsequent analyses.
For with this assumption the response sequence associéted with any given
stimulue item can be viewed as a sample of size one from a population
of sequences all generated by the same underlying process. Aldiscussion
of the problems involved in treating individual data and group data is

given in Suppes and Atkinson (1960)a

This study was conducted, by Duncan Hansen of Stanford University.
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TABIE 1

Observed frequencies for response sequences.

Sequence T College Grade School
Code 1 4 Group Group
1 c c 633 L7k
2 c e 22 51
3 e c 19 59
L c e 28 38
5 c c 16 30
6 e e 19 27
7 d c 23 20
8 c = 5h 71
9 e c 43 Lo
10 e e 6 15
11 e C 11 24
12 e e 10 53
13 e c 26 23
14 e e 11 19
15 e c 14 15
16 e e 145 161
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In order to make predictions for the- data displayed 'in Teble 1 we-
need estimates of the parameters ¢ and @ for the incremental model
and k and B for the all-or-none medel. There are many ways of making
these estimates, but for the present problem a simple methed is to select
the pair of parsmeter values that minimizes the X2 function®. To
illustrate the method, let pi(a,Q) denote theoretical expressions for
the four-response probabilities gifen in BEquation 10O, vhere the subscript
i refers to code numbers assigned in Table 1. Further, let Oi
(i=l +to 16) denote the cbserved frequehcies for one of the groups in

Teble 1 snd let T = 0; + 0yt v 0y ' Then we define the function

16 [1p;(c9) - 0, 1

5 .
X () = 3

(13)

and select our estimates of @ and ¢ so0 that they jointly minimize

the X? function. Under the null hypothesis this minimum X2 has the

usuel limiting distribution with 16 - 3 degrees of freedom. (If n

parameters are estimated then there sre 16 - n - 1 degrees of freedom.)
Using this method we obtain parameter estimates for the incremental-

model with the following minimum X2 values:.

College ) Orade School
o A5583 | 2351
@ - T05 636
minimum X? 256.3 192.7

For a review of some of these statistical methods as they apply to
learning models see Chapter 2 in Suppes and Atkinson (1960).
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Using the same minimum X? method for the all-or-none model, we obtain the

following parameter estimates:

Colliege Grade School
B .291 .191
X o9 297
minimum % ho. L 67.0

The above parameter estimates generate the predictions presented
in Table 2. For both the College and the Grade School groups the all-
or-none model provideg the closest correspondence between predicted and
observed proportions on the four-response data. The superiority of the
all-or-none model is also reflected in the obtained minimum Xg’s. For
the College group the X2 for the incremental model is more than six
times that for the all-or-none model; whereas, for the Grade School
group the ratio is almost three to oﬁe in favor of the all-or-none
model. Since all the X?'s are based on the same number of degrees of
- freedom, it seems reasonable to conclude that the all-or-none model pro-
vides the best account of these data. Further, independent of any
comparative analysis of the models, the correspondence hetween the all-
or-none predictions and these dats is reasonably good in terms of the
degree of accuracy that psychologists have come to expect in research
of this sort. See Atkinson and Estes (1963) for a discussion of this
point.

Finally, we should note that the paramefer estimates for hoth the
all-or-none model gnd the increﬁental model have the expected properties.

For the all-or-none model the estimate of x  1s larger for the College

<
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Observed proportions and predicticns for the Incremental

Model gnd the All-or-None Model.

TABLE 2

Sequence College Grade School
Code Incremental | All-or-None Incremental | All-or-None
Observed |Predictions | Predicticms |{Observed |[Predictions |Predictions

1 .586 L76 549 439 .359 426
2 020 035 .013 047 Ol 023
3 -018 =060 .013 -036 070 .023
b 026 .COb .02k -035 .009 L0%h

5 015 045 .02k 028 .052 034

6 .018 020 .013 .025 .026 .023

7 .021 .020 .013 019 026 .02%
8 .050 Nt .05k .066 .051 061
9 .0ho 066 054 037 071 .061
10 006 .018 013 .01k .025 .023
11 .010 .018 013 .022 .025 .023
12 009 027 024 031 .035 034
13 024 025 024 021 031 034
14 .010 .020 013 .018 .028 .023
15 013 020 .013 Noit 028 023
16 134 102 140 149 121 .129
& 256.3 4Ok 192.7 67.0
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group than for the Grade School group, reflecting the fact that more
learning occurred for the former group on the study trials. Also,'fhé
parameter B  characterizing the conditioning rate on test trisls is
larger for the College group, indicating that the postuleted self-
“reinforeing event had more effec£ for the College students. Similarly,
for the incremental model the estimates of both ¢ and « are greater
for the College group than for the Grade School group.

- What conclusions can be drawn from our analysis of these iwo
models? Should readers unot familiér with psycholeogy conclude that in-
cremental models are clearly less satisfactory than all-or-none models
and that subsequent theory construction should be along all-or-none lines
of "development? This might be one conclusion, but few psychologists
~inelined toward incremental theories of learning would be in agreement.

. They, of course; would want to see many more comparisons between the two
models on a variety of experimental data. Further, they probably would
argue that the incremental model presented here was too'simple and that
a more sophisticated interpretation of incremental theory would lead to
much better results. On this last point, psychologists favoring an
all-or-none position would agree, but they; in turn, would point out
that similar improvements easily could be made for the all-or-none model.
Further; they would emphasize that both models estimated the same number
of parasmeters and are of similar mathematical difficulty, and that these
facts are impoftant when one evaluates the clear superiority of the all-

or-none process.
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It is not necessary to pursue such arguments to realize that a
single comparison of this sort is unlikely to change anyone’s theofetical
disposition. Only as more evidence accumulates and more variations of each
model are investigated will it become clear which approsch is more
parisimonious. Certainly since the time of Henri Poincaré we have known
that no theory is correct in an absolute sense. Rather, some theories
tend to be more useful than others in accomplishing the goals of the
sclentific enterprise if they (1) lead to natural and unambiguous inter-
pretations of phenomena, (2) havé a tractable logical structure, and
(3) suggest new experimental dimensions. The success of the Relativity
Théory was not due to the fact that the new concepts of space and time
were in-any sense more true than the old ones. For, any of the phenomensa
that could be explained by the new theory also could be explained on the
basis of absolute dimensions of space and time. But such explanations
became extremely cumbersome and artificial when contrasted to the ex-
blanations offered by Relativity Theory.

If we accept the notion that a single comparison of the sort
offered in this paper cannot be regarded as crucial in selecting between
models, then what is the next step? As indicated earlier, one obvious
requirement is to extend the application of the two models to many other
types of experiments. As more experimental comparisons are mede a better
understanding of the properties of each model will be obtained which will
give usla measure of their relative power. However, in addition to
extending the range of application it also 1s important to take each
experiment and, by inspection of the discrepancies between theory and

observation, obtain some clues for modifications that will lead to s
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better model. This part of the scientific enterprise is extremely
challenging. In effect the theorist, by scrutinizing unexpecied per-
turbations in the data, attempts to come up with either s modification
of the basic assumptions or a new interpretation of how the assumptions
can be applied. We doubti if such revisions fellow any clear or
systematic patfern; more often than not the theorist trys many new
schemes and then réports the one thatlseems most promising. From the
viewpoint of understanding the scientific process, it is unfortunate
that the trial and error stage between successive revisions of a medel
is not ocessionally recorded. Looking at the end product tends to give
the misleading impression that theory develops in a neat and orderly
fashione |

In this next section we shall try to give the reader some idea of
the way the psychologist may use a set of experimental results to suggest
changes in the theory. We could present examples for elther the incre-
mental or the all-or-none model since both have natural extensions
suggested by our dsta. However, it would be too lengthy to attempt both
in this paper; consequently we will only examine possible revisions of
the all—or-noﬁe theory. We select this model because the modifications
t0 be considered are tractable snd will not introduce any new math-
emztical techniques. 'The modifications illustrate two types of re-
visions that can occur in a theory: one modification represents s
reinterpretation of how the axioms can be applied and the other; a basic
change in the axioms.

Inspection of the correspondence hetween predictions for the all-
or-none model and our data indicates two striking discrepancies. PFirst,

the theory predicts that the probability of a correct response on Tl
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followed by an incorrect response on T2 is the same as the probability

followed by a correct response on T3

of an incorrect response on T o

1
i.e., Pr(cle2 = Pf(elce), However, the data clearly contradicts

this prediction as indicated belows:

College Grade School

Pr(cleg) <104 137
Pr(elcg) 065 104

These guantities are obtained directly from Table 2; i.e.,
Pr(clég) = psfp6+p7+p8' and Pr(elce) = p9+plo+pli+ﬁ12, For both groups
Pr(clez) is larger than Pr(elcg),

Anéther discrepancy between theory and data is with regard to the
probability of & correct response on test trial n. The theory predicts
~ that this guantity, averaged over items; should be a constant; 1.e.,

Pr(cn) =X + (l-x)%° The appropriate statistics are given below.

College Crade School
Pr(cl) . T54% .604
Pr(cgj T15 661
Pr(c5) 719 629
Pr(cu) _ 727 616

In both groups there is a tendency for the probability of & correct res-
ponse to decrease over test trials. Parenthetically, the incremental
model makes the same predictions; i.e., Pr(clea) = Pr(eecl) and

Pr(cn) = congtant.
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Both of these observations suggest the need for a process in the
model that will produce an increase in the error rate over test trials,

One way of doing this is to assume that the conditioning paraméter

assoclated with a correct response is different from that associated wlth
an incorrect response. Specifically, we can assume that when an ltem

is in state G on a test trial, then (1} if a correct response is made

it becomes conditioned with probability u and (2) if an incorrect res-
ponse 1s made it becomes conditioned with probably &. The tfansition

matrix given in Equation 8 would now be rewritten as follows:

< g E
c [ 1 0 o |
¢ | B ke L (1)
g | o 0 -

At a qualitetive level of analysis this change provides for the dis-

crepancies noted above. It can be shown that

Pr(cye,) = F(1ek) (1-x) 5)

Pr(e,c,) = F{1-8) (1-x)

‘which implies that Pr(c,e,) > Pr(e;c,) when & > u. Similarly, it
can be shown that the probability of a correct response on test trial

n is

prey) = x + B2 0 eyt B0 1 g Lie)® ) (1)
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When_ o } W Ithis equation describeé:a function decreasing over.fést
ffiélé tﬁét approaches lx } (iQx)u .in thé iimit.:  : . |

e L .HIH+55 S .

What.psychological rational can be_offered.for.postuiéting fhat
&.> u? There éfe several bﬁt ve shéll mention oﬁe £ha£.assumes |
_differences in learning rétes.for vafioﬁs paired—assééiate items. .Let
ﬁs suppoée thét some stimulus-response connéctiohs are earief tollearﬁ
.ﬁhan others; e.é., for some subjects the CQreek letter w may be easier
to assoéiaté with response 1 than 2. If response 2 is éséigﬁéd aévthe
to-be-learned response,.fhen fhié item'éhould bé iééfned moré slowly aﬁd
consequeptly would have a higher prdbability than other items of being
in'state g after two study trials. If the item still is in state G
after the study trigls then, Since response 1 is the more compatible
résponse, the item will be more likely to become conditioned to an error
fesponse over the sefies of test trials. In essence the assumption 1s
that stimulus items not conditioned to a correct response after a geries
of study trials will tend to favor association with an error response
onltest trials.

The proposed modification that assumes differential conditioning
" parameters may be regarded as a revision of the basic axioms of the
model. The next modification ﬁe offer simply requires a reinterpretation
of how the model might be applied. Originally it was assumed that after
a series of study trials each stimulus item was either in state ¢ (with
probability x) or state G (with probability 1-x). A natural ex-
tension of these ideas is to permit the possibility that the item also
may be In state E at the end of a study trial. That is, it seems

reasonable to assume that at the start of Tl there is a probability x'
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that the item will be in state C, & probability y' <that the item will
be in state E, and a probability 1l-x'-y' that it will still be in

state G.

Introducing these two modifications yields a model that has four
parameters to be estimated from the data (namely, u,5,x', and y') as
compared with two in the original. sll-or-none model. The questién is
whether the addition of two parameters yielde a substantial improvement
in the fit of the model.

The four parameters were estimated separately for each set of data
by selecting that parameter vector (u,8,x';y'} that minimized .

The obtained estimates were as follows.

College Grade School
1 207 Nol'ME
(6] 289 270
x? 478 379
y' 0 0

The predictions for the revised model based on the above estimates
aré given in Table 3. The iable also presents the asscciated minimum
Xg‘sn It is evident; by comparing these predictions and X? values
with those given in Teble 2, that the revised model does a better Jjob.
The improvement is not very large for the College dats but is dramatic
in the case of the Grade School data®. However, it is evident that the

improvement in prediction is due entirely to but one of the two

modificetions. The change thet permitted an item to be in state E at

Statistical tests to evaluate these comparisons are available and are
discussed in reference to learning models by Suppes and Atkinson (1960).
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TABLE 3

Observed proportions and predictions for the revised

version of the All-or-Kone Modelu

Sequence Colliege Grade School
Code Observed | Predicted Observed | Predicted
1 .586 578 439 435
2 .020 .016 -OUT .03k
3 .018 015 -036 .026
4 .026 026 1,035 QU5
5 .015 022 .028 .028
6 .018 .015 .025 .026
7 .021 .013 019 .020
'8 050 054 066 075
9 040 041 .037 033
10 006 .015 Noik:! 026
11 010 .013 .022 .020
12 .009 024 .031 .035
13 .02k .020 021 - .022
14 .010 .013 .018 .020
15 013 .012 .01k 015
16 134 .12% .149 L1
' 30.2 21.7
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the end of a study trial did not yield an improvement in prediction,

because In both the College and the Grade School groups the estimated

value of ¥’ .was 0. Thus, the revision that postulated differentiél

conditioning parameters for correct and incorrect responses accounks

entirely for the improvement in the fit of the modified all-or-none model.
Without pursuing this example further, we hope that the reader has

=3 fairly clear.picture of our view of the théoretical enterprise 1in

psychology. However, there is one last point. If we scan the Xg‘s

given in this paper and select the one associatedA%i££_t£éwﬁest.fit
(i.e., the modified all-or-none model spplied to the Grade School data)
a value of 21.7 is obtaiﬁed with 11 degrees of freedom. This value of‘
X? 1s significant abt the .05 level, and therefore on the basis of
statistipal considerations we would reject the model. The sensible
retort to this statement is the point we have tried to emphasize through-
-out the paper. We always assume that any model can be rejected on
statistical grounds if enough observations are made. The goal is not

to reject or accept a given model at some predetermined level of
significance, but rather to make comparisons among models.and ask how
well a model performs relative to other models. Simply stated; a model
will not be rejected on purely statistical grounds, but will be rejected
only when there are other models that consistently do a better job of
prediction.

In conclusion, we view the use of mathematical models as virtually

synonymous with the construction of a quantitative theory of behaviocr.
From a mathematical standpoint it is logically possible to have a

theory of behavior that leads only to Qualitative predictions. However,

30




it is difficult to find in.the history of science, let alone. in the
history of psychology, theories of this sort that have had sustained
empirical significance. From the systematic. standpoint a theory: or model
based only 6n.qualitative distinctions leads to a small number of testable
predictions. lAristqtle‘s physics and Lewin's topological field theory
(1936) are good examples. The absence of precise.systematization leads
usualiy to pseudo-derivations from the theory. By pseudo-derivation
we mean the derivation of prediction that requires many additionsl
assumptions that are not part of the original theory. Further, as the
set of phenomena that we study expand in complexity so also does the
reasoning necessary for the design of experiments and the formulation
of hypotheses. QOrdinary logic becomes inadequate and the elaboration
of the theory requires the powerful tool. of mathematical anslysis.
Finally, we remark that we have avoided a discussion of the general
nature of models and theories. The words "model” and "methematical model"
are used in a variety of related senses by behavioral scientists and
rhilosophers. dften the most reasonable interpretation is that the model
is the set of mathematically formulated postulates that express in pre-
cise form the intuitive notions of the relevant psychological theory.
Despite the dominance of this usage in the literature of the behavicral
gciences; we prefer to use the more precise concept of model that has
been adopted by mathematical logicisns. Roughly speaking, a model is
an abstract object that satisfies a theory. A theory given_in axlomatic
form can, if one chooses; be identified with its set of axloms. It is
not to the point to enter into technical detalls here. What i1s important

in our opinicn isrthat models have a role tc play whenever theory is
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constructed. From our standpoint, if a theory has systematic content
and ig not simply a vague collection of heuristic ideas, then there
 exist models that satisfy the theory, and it is up to the experimenter
to determine whether these models provide an adequate analysis of be-
havioral phenomens. We believe that the role of mathematical models
in psychology is not really separate from the role of systematic

theorizing.
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