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ROC curves generated by manipulating the presentation
schedule of stimulus events.







and the polnt..

s -t
Py " Tag P51

That is, a8 the'activation parameter varies (and all other parameters

are fixed) we move along the function

M M
E 1 L+ L

P = - W B o, + e Bl . (11)

Such g prediction readily can be realized experimentally. For the
forced-choice method £  1s fixed and we could manipulate & by
varying the amount of payoff for a correct response from one experi-
mental session to another. Then, the ROC curve generated over experi-
mental sesgions would he specified by Eq. li. Such an exXperiment has
been conducted by Blackwell (1953) and this iz precisely the type

of effect observed.

‘To  he sure,-the,ROC‘functidn given by Eq. 11 is rather different
from the typical curve that one thinks of with regard to signal
detection... However, thére is neo deubt that such functions can be
generated experimentally by symmetrically manipulating motivation
yariablesain the forced-choice problem. In this regard, it should
be noted.that the ROC curve has been referred to in the: literature
as an equi-sensitivity curve (Luce,-l961)° For theories of signal .
detection that have static concepts of the activation process, such
a term is appropriate because all points on the function represent

egqually.sensitive activation levels. However, from our viewpoint
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the term equi-sensitive does not coniote the .correct meaning, for,
we admit the possibility of generating an ROC curve via variations
in_sepsitivity, -Specifically;_in terﬁs of the present theory, ROC
”cufves mgy arise iﬁ the,folléwing_wgys: (l) experimentally manipu-
lating parameters that affect the éctivation pfocess but leave the
decision process ﬁnchanged (efg;, Eq. 11); (2) manipulating param-
eﬁeré that affect the decision.process buf leave the activation
process unchanged“(ebg35 Eg. 12}; or (3) manipulating parameters
that affect éhanges-in_both the ‘activation and decision'proCeéses
(e.g., the case in which 7 varies while all other parameters are
fixed). |

If we hold O fixed and let B vary (for M; fixed and

¥ =-l/2)5,then‘the ROC curve is given by thé function

1+~ MI : Ml

P TTvae-W 2 Tva (12)

We know of no experimental results that relate to this prediction. .
© Finally, in a yes-np experimenﬁ-it seems reasonable to assume
that both & and B may vary_simultaneously as instructions
and/or payoff change. To illustrate the type of effect that can
be obtained consider the case in which. Q= f (B)  such that‘fhe
function £ is strictly monotone“inqreasingzand £ (0) =0 .
Under thesé conditions if B varies:betwéen 0O and o |, tﬁen 8

convex ROC curve i1s traced out from point (pl =1, py= l_k_Mé)- g
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0 point _(;pl = 0, p, = 0) thatis bounded between Egs. 9 and 10.
Thé dégree.df convexity -and the symmetry. of the ROC-curve will depend
on the function £ . fIn-fhis regard, it is inté:eéting to view the
estimate of £ for a given get of data as a device for.scéling the
effects of instructions and payoffs. |

_In ﬁérmﬁqu.the ahove discussion, it should be cbvious that
Virtugllyrany ROC_qurvelcgn be fitted by_selecting appropriate
parametér“values._ Thus, within the framework of the present theory,
the ability of the model to £it ROC data is a rather trivial test.
iy isiforqthis_reason thgt we now turn'%o_more detailed predictions
regarding the fine structﬁrg of.signal detection data.

Sequential Predictions

It has. long been recognized that rather complex frial-to-trial
-dependencies are involved in most psychophysical data. Some par-
“ticularly striking effects have been reported by Carterette and
Wyman {(1962), Howarth and Bulmer (1956) and Verplank, Collier and
:Cotton (1952); theseiexperimenters have demonstrated that detection
rates {even for sophisticated subjects) may increase or decrease
depending on the immediately prior sequence of stimulus-response
eveﬁts. In this section we ﬁresent some sequential predictions for
signal detection studies, having selected those quantities that are
particularly useful in making estimates of parameters. The reader
is referred to Suppes and Atkinson (19603 Ch. 2) fer a discussion of

appropriate estimation procedures.
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" We shall examine predictions regarding the influence of stimulus
. and response events on triel n .as they affect the response on

trial n +1 °. Specifically

Pr(dy nalSi ety 8k, 1)

where.i, Jj, k=1, 2 . _Explicit.expressions for theselquantities
can be derived from the aﬁcicms° 'The actual derivations are quite
lengthy and will not be presented here; the reader interested in
the:mathematical‘techniques involved should cqnsult‘Apkinson and
 Estes (1962). Also, for purposés of this_paper, the analysis of

‘sequentisl effects will be confined to asymptotic statistics; To

simplify notatlon the quantity

lim Pr(A 18, A, 8 _ _
Will be written as Pr(AllSiAjSk) . ~The expressions for these -

probabilities are as followss
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(m-1)p, ¥+ (1-¥)m [0, + (1:6,)m ]

: "Pr(AlISlAlSl) =+ T (13a)
s Py
(N-1)p,  (1-9)(@-m)[6, +(1-8))m ] |
Pr(A)[8,8,8)) = —5— + W(I-p,) (13b)
(N-1)p v(l-m,)[6,m, + 1-6,]
Pr(a {8,4,8,) = —; L, sz - . (13¢)
L (F-1)p)  ¥my[6pmy + 1-6,] + (1-¥)m;
_?r(ﬁfl_l S;Azse) == ~ W(1-p,) ‘ (134)
(8-1)p, ¥(1-m) + (1-¥)m 6 (1-m,)

' Pr.(Al.[_saAlsl) = — 2 ¢ m2 : Nplml 172 (13e)
. (N-1)p, - (1-¥){(1-m;)6.(1-m,) oy
Prlhy[8,858,) =~ + iy .

| (v-1)p, W(1-m)(1-6,)(1-m)
Pr(A,|8,A,8,) = — 2y i ivp; e - (13g)
' (8-1)p, ym,(1-6,)(1-m,)
Pr(A) [8,858,) = — S 2 N(i_pa)mg (13h)
- To obtain Pr(AE‘SiAJSk) one need only ﬁote that
Pr(Al[ SiAj'Sk-) ‘-i-'_.’E_’r_(A2|. siAjsk) =1 . The expressions in Eq. 13

arerrather-formidable looking, but numerical predictions can be

easily calculated once values for the parameters have been obtained.
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Purthermore, independently of the parameter values, certain relations
among the sequentialmprobabilitiesrcanaberspecified. For example, . it
can be easily shown that Pr(AllsiAlSi)-25Pr(AlISiAESi)‘Or‘that

(A |S A,S ) > Pr( A ]S A, 82) for 1 =.1, 2 and for any values Of
1 2 and Mé . .

To indicate the nature of these predictions we shall examine

'}‘GM

some data from two Subjects.run-ip a forced=choicé auditory experi-
ment. Two temporal intervals were defined on each trial by the 6nset
and offset of two lights. A band-limited Gaussian. noise {the magking
 stimilus) was presenféoﬁtinuaméljfthroughout the experimentél seééion
and on every trial cne of the two temporal intervals contaimned a
fixed intensity, l,OOO cps tone, - The subject pressed one button if
he believed the signal was in the first interval or pressed a second
j button if he believed.the_signal was in the second interval. The
experimental proceaﬁre is desﬁribed in detail in Atkiﬁsdn and
Carterette (in preparation); that paper deals with an analysis of
forced-choice and yes-no'daté frqm-six subjects, each run for 350
trials per day for 30 days. |

The data we present here is not to bé regarded as a test of th¢
tl’uac»rfy,n but only to illustfate soﬁe of the ﬁrédiétiohs, Tablell
presents the cbserved values for pl s Pp and Pr(Alls A 8 ) The
value of y was set at 1/2 in the. experlment and, since a forced—
choice mPthod was used, we assume that B 1 .(i €.y 6, = 6, = é);

1 2
Given that B8 =1 and y = 1/2 we have, via Eg. 5, that ¢ 1/2 .
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Table T

Predicted and CObserved Response Probabilities

at Asymptote

.Observed Predicted
'Pr(All'I‘E) ».28‘ : .27
. Pr(.AI'[TlAlTl) .80 - .78
Pr.(_-All T,.1A2T1) .76 .75
Pr(A; | TIATS) T3 71
Pr(A;|T,AST,) 6T .68
Pr(A, | TAT,) .30 : 20
Pr(a;|T,AT) .32 .29
Pr(A;|T,4,T,) .26 .25
Pr(A;|T,A,T,) .22 .22







Knowing V¥ and the observed value. of Py » Ba. 72 may be used to
obtain an estimate of - m ; onemely m +r(l-m1) 1/2 = .T% or
,ﬁl-= 46 . Further, for the forced-choice procedure Ml =-M2 and
‘therefore, by Eq. B,,it’followérthat m =m, =m . Using the
_dbove. estimate of m we predict by E¢. (b that Py = 27 which
is quite close to the observed value of .28 .

- 'In order to compute predictions. for the sequential statistics
.in Table 'l vélues-for ‘0 and N are required in addition to the
estimate of  m '}'uSeveral methods may be used to estimate 8 and

N but, for simplicity, we apply a least sguares technlque. Specif-

ically, for m = .46 , the following function is defined:

T : . | ,
.SIB’N)~= % -z VPr(AlISiAjgk)."Pr(AllSiAjS;§
. 22 .

‘where -%r (°j denpﬁesmthe obgerved values given in Table 1. Ap-
-plying the méﬁhod ofrleast squares, estimates of 6 and N are
»qbﬁained by‘éelecting-yalues for thesg-parameters that minimize
thgifunctign s(e;ﬁ) .

| _Uéipg_apﬁropriate numerical. technigues, the following estimates
ﬁe;g obtaiﬁed: G % 62 , N = 3.85 . The predictions corresponding
torfheée parametef va;ues are presented in Table 1. TWhen oné con=-
siders'fhat only three of the possible eight degrees of freedom
fepresented in theltable have been utilized in estimating parameters,
the cérrespondence_between thebretical and observed quantities is

guite good. The fact-that‘our estimation procedure yields a
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non-integral value of - N _mgy_suggest that N varies somewhat from
time-to‘time}‘or-it‘may réfleqt sqmeicontamination=of:the data by
~sources cf:experimental error not represented in the model.  The
reader interested in other applications. of .this model 0 sequential
date should. see Atkinson (1962).
:Discussion

-In gome respects the theory proposed in-this paper is.similar
to various applicationS'of.statistiCal'decision theory to psycho-
physical phencmena (Swets, Tanner and Birdsell, -1961; Tanner and
Bwetsy; 1954).. The decision theory approach rejects the conventional
notion of a threshold and: argues for the concept of a criterion
range Of acceptance. They assume that on each trial the reaction
of the sensorynéyStem‘fo én'eXterﬁal‘Stimulus ran be characterized
by a number (a likelihood ratio) and the subject's response: depends
on Whether or not the number falls‘in the crlterlon range. The
process rs not determlnlstlc, forrrepeated presentatlons of a
'stlmulus do‘not generate the game number but rather a dlstrlbutlon
of mumbers (1 €., to a single presentatlon of the stlmulus -8, number
(is randomly drawn from the dlstrlbution) The positlon of the
fcr;terlon (the operatlng level} is assumed to be under_the control
of ﬁhe:obsérrer and to vary as a-funétion of ésychqloéical varlébles
that 1nfluence motlvation and set | Spec1f1cally, the subJect flxes
-the opératiﬁg level in terms of & pricri probabllltles of stlmuli and

the costs assoc1ated w1th_the various choices 1n_such,a,way as to
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maximize.his_expected utility. Translated into the language used in
this paper; the activation process Is represented by the random
sémpling‘of a number from & -distribution associasted with the stimulus;
‘and the declislon process refers to the.selection, by the subject, of
an operating level or criterion.

A principal-distinction beiween our approach-and signal detec-
tion theory.ls wlth regard to the activation process. In our theory
_the sensitivity level of the activation process may vary {(within
.8 given range) from trial to trial as a function of the preceding
evéntsf.-ln contrast, signal detection. theory conceptualizes the
.activation process as static, for the parametefs that describe the
responge :0f the sensory system to an externsl stimulus are constant
and do not depend-on instructions, stimulus schedules, payoffs or
other variables that might influence set or motivationm.

- Another digtinetion between our approach and signal detecta-
‘bility theory is with regard to the decision process. Both theories
permit variations in the decislon rule as a function of various in--
dgpendent variables but in quite  different ways. For signal detec-
tion theory the subject selects g criterion in terms of certain
game-theoretic eonsiderations. that take into account a priori prob-
_abilities-of_stimuli'and the costs associated with the various
choices. -Once-the eriterion has been selected for a given experi-
méntal~condition it is assumed to be relatively fixed, and conge-

quently there is no possibility for predicking trial-by-trial -
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seguentinl effects. .In. contrast, for .the present theory, the deci-
sion process=cﬁaﬁggsZfrom~trial to - trial as a function of the type
-.of information that accrues to the subject.

In discussing the decision rule it 1s important to realize that
we have placed a heavy emphasis on a learning process assoclated
with - stimuli extraneous to the signal source (i.e.,.background cues ).
~This learning proQESS”plays a central role in determining the values
of Py and Py a8 a function of various independent variables and
provides. one mearis of accounting for sequential effects:in,péycho~
physical data. It should be emphasized that the sequential results
predicted by Eg. 15 are due entirely to trial-to-trial changes.din ..
‘the conditioning of stimuli in the background set % ..  Another
source of sequential variability can arise from trial-to-trial

Ffluctuations in : m, .
- i,n

‘When the scan range,. & , is large

these effects are negligible at asympbote; however; for small values

of -E. they can be quite Important. As indicated earlier; we have

obtained good accounts of sequential'éffécts for several sets of

‘datazby_assuming,that the scan range is large. ~Further, when -

£ = o the mathematical analysis is simplified. ‘It is for these

reasong that we have ‘been willing to begin by making this assumption,
Without actually estimating the value of: £ .one can obtain .-

various crude,'bui.easily‘galculated,.measures.of trial-to-trial .

fluctuations=in-sensitivity'(as opposed to the long term changes -

_in sensitivity level described by Eq.6). .As an example, let cy
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an&-an'-dethe-correct (Sl_— Al'or 52 -,AE).and‘incorrect
{ﬁl,ﬂ‘Ag or -8, —.Al),responses on trial n , respectively. Then
-in-a forced-choice experiment in which .7 =.1/2 , the theory pre-

“@icts that

P?Gﬁnfllcﬁ)_S'Pr(cn*llﬁﬁ) (1)

Wifh.edualit#-obtaining_whén E — o .é/ If over an extended series
of't:ials estimates of these two probabilities are about equal, then

" ome can assume that SYStematiéftrial-£o~trial,fluctuations in sensi-
fivity lével are negligible,' JIf the difference is significant, then
;it will be nécéssary;toutﬁke‘ihto accdunt not Only-iongfterm dhanges
in gensitiﬁity_lével but also the more local effects. In this régard,
: it should be pointed out that any theory of signal detection that
.postulatES-a static activation process, has as a consequence the

prediction that Pr(Cn+l|Gn) = Pr(Cn+l|Cn),1n a forced-choice experi-

ment with 7 = 1/2 ; this result holds for both & eorrect-information
prdcedure and a no~information proecedure.

Our presentation of the theory_has‘deélt with exﬁerimental
‘ situation$ in whidh_thé;subject is given correct information on each

trial regarding:therappropriate response; di.e.,
Pr(E) 18 ) = Pr(E, s

s ) =1 . Tt is obvious that the axioms,
o, . _

2,n

_és_stated,.are directly applicable to .problems in which the éxperir
menter.may give false information on some trials. 'ﬁéfshall not go

Cintdfthe predictions for this type of experiment except to say that
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the theory glves.a goodiaccount,gat least at the qualitative level, .of
the findings reported by Carterette.and Wyman (1962) and Suppes and
Krasne (1960) on detection problems in which incorrect information
was manipulated as an experimental variable.

‘Throughout this paper, we have considered psychophysical methods in
Which.tﬁe subject is given inférmation'on'eaéﬁ-trial.and have not dealt
with the no-information case. ~Ugd¢r conditions of no igfprﬁatipn certain
hchanges nged tp_be maié in agioms A% and L2 . A discussion of this.
version of the theory is _given_in' Atkinson (1962) and Atkinson and Estes
L(;962)Iaqd applied_tq somg forced-cholce visual deteqticn_data_infolviﬁg
no information feedback;uthg_detailgd_predictipns_for both asymptotic
_response‘proportions and firstgérder_sequentiél statistics are_gxcel—
lént, However,_the mgjor difficulty with the no—information condition
As that it makes the mathematiqal predictions-léss managable and increases
wthe sampling error associated with parameter estimates. Thus, within
. the present theoretical_f;aﬁework the study of the no-information éase
warrants only_limited'investigation until the. less compiicated cases
have.beeqhadequatexy"explpyedo

 There are a number of speclal toples that have not been discussed.
The following are of particular interest: the effect of.blauk trials in
a_forceqfchg;ce pr@cédure; extension of the mbdel ﬁo account fo; choice-
time measu;es;'and extgnsign of the_model.to muiti-inﬁerya;.forcedrchoice
experiments where §ecgnd chpices are permitted. These problems.éan.be
‘fgrmuigteéwinJa naturq; way_within-the_frameworkJof_theitheqry_agq_will

e treated ﬁn,laterhb&pers,
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"BUMMARY

In~this paper we present an analysig of.both yes-no and forced-
choice experiments in terms of & two-process model. -One process
describes systematic changes that may occur over time in the subject's
:sensitivity level to external stimuli; the other process specifies
changes -in the subjéct‘s decision rule as information accrues to
‘him. From the theory one can derive predictions regarding both
gross statistics like receiver-operating-characteristic curves and
‘detailed sequential statistics like autocorrelations based on. pre-
vieous -stimulus-response events.

Most theories of signal detection assume that the subject's
decision rule changes as & functlon of instructions, payoffs, stimu-
-lus presentation‘schedules,hand other experimental wvariables, ‘but to
our knowledge the present paper is the first to examine the -implica-
~tions of postulating systematic mon-random changes in. sensitivity.
Undoubtedly the detailed features of thé axioms describing changes
in ‘sensitivity are going ﬁorneed much revision to provide a.broad
base for interpreting psychophysical phencmena. Nevertheless, it
‘seems clear that by assuming a variable sensitivity level one can
provide a highly parsimonious account of a wide array of phencmens.
No suggestions have been offered regarding the mechanism that might
account for changes in sensitivity (e.g., orienting respoﬁses,
peripheral changes within the sensory system, or events presumed to
occur at higher centers) and future exploration of the'qoncept may
féﬁuire_such-specificity;'
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Another unique aspect of the present development is its emphasis
~on. sequential phenomena. These effects caﬁ-be;easily‘estimated in
most experiments and represent a source -of information about detec-
“tion behavior that cannot be dupli;ated by an analysis: of gross
statistics like the proportion of hits or false alarms. - Within
the present theory, sequential effects are accounted for in terms -
of trial-by-trial fluctuations in both the decision rule and the
Sensitivity level. Predictions regerding seguential phenomena play
a crucial role in evaluating the .theory. In the past, most investi-
gators eilther have ignored these sequential effects or treated them
ag.experimental-artifacﬁs,to_be minimized by counterbalancing; trial
-gpacing, .or by theluselof_tﬁained subjééts.

. ‘Much research is needed -to test the general class of models
-suggested by the thecory. However, in.our opinion, there is enough.
~evidence:already available to suggest that the concept of a variable
sensitivity level will be.a.necesSary ingredient of a .comprehensive,
theory of detection behavior. Also, it is hoped that the present.
paper has.emphasized the importance of examining trialeby;trial;-.‘
sequential phencmena as.a source -of information about the. perceptual

Process.
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‘. FOOTNOTES

fThefidéas preSented.inTthis paper -have been much influenced

-by :lengthy .discussions with R. A. Kinchla of Ames Research

u_xﬂgqte;;ﬁ'$he-research wasjsupported by the National Institute

of Health under .Contrdet M-5184.

- iIn formulating a ﬁodel:thatfalso treated choice time and:
1:confidencevratings;it.wbuldrbe natural to distinguish be--

_tween outcomes l to'3Qm'HoWever,ffor,anzanalysisjof response

selection,. such a distinetion -is not necessary. Also, note

that the assigmment of provabilities to the four ocutcomes:

Cassumes no time-order effect; i.e., no interaction between

events in ope'temyoral interval.andnthe next. For a glven

experimental situation, the precision of the comparison

‘between ﬁhefforced-choice and the yes-no method will depend

on the accuracy of this assﬁmption,

It should be emphasized that the prediction in Eq,-lh does

‘not depend on the value of B but only on the fact that

M) =M, and ;¥ =1/2 .
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