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we ‘would alseﬁhave?come“to:the-conclusionwthatw(ﬁj-was true. In fact,

it is easy to verify that if we restrict ourselves to .numérical assign--
ments which are linearly related to each other then we will.always.arrive
at the same conclusion concerning theﬁvalidity-of (5). If the statement
is true for one numerical assigrment then it will ,bel ’t.I'u¢ “for all. :And 1.
furthermore;"if‘it;is;unt;ue for -one numerical assignment then it owill
‘be untrue for all. :For this reason we=can,say'that the selection of a
specific pumerical 'gssigmment tc test the statement is not criticel.

" The absence of units in:(h) and~(5) is deliberate, because the =
determination of units and an appﬁeciation of their empirical signifi-
cance  comes after; not before, the investigation of questions of ' .~
meaningfulness. The character of (&) well illustrates this point.  If
the Fahrenheit scale'is specified in (4), the result is an'empirical
statement that is unambiguously true or false, but ‘it is an empirical-
statement of ‘a very ‘special kind. It tells-us'something.about the_
weather relative to s completely‘arbiﬁraryfchoice of units.: If the -
choice of the Fahrenheit scale were not-arbitréry, there would be a
meteorclogical experiment that wouldrdistinguish between Fahrenheit and
Centigrade scales and therebyﬁﬁarféﬁithe éiéé;'of admissible transforma-
tions. - The recognized absurdity of such an experiment is ‘direct evidence
for the arbitrariness of the scale choice..

- From the discussion of ((4) and (5} it should be evident what sort

of definition of meaningfulness we adopt.

Definition 33. A numerical statement is meaningful if and only if its

truth (or falsity) ig'coﬁstant£Undéf admissible scale transformations of
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any of its numerical assignments, i.e., any of 1ts numerical functions

expressing the results of meagurement.

& 1Admittedly this definition should be buttressed by an exact defini-
tion of 'numerical statement', but this would take us further into
technical matters of logic than is desirable in the present context. A
detalled -discussion of these matters, including construction of a form=
alized langusge, 1s to beé found in Suppes [l959]°§/ The kind of numérical
statements we-have 'in mind will be masde clear by the examples to follow.
The import.of'the definition of meaningfulness will be clarified by the
discussion of ‘these examples.

Tt will also be convenient in what follows to introduce the notion

of: equivalent statements.  Two statements are equivalent if and only if-

they have the same truth value. In these terms we can say that a numer-
ical statement is meaningful in the sense of Definition 33 if admissible
transformations of any of its: numerical assignmente always lead to

equivalent numerical statements.

§7 It can also be well argued that Definition 33 gives a necessary

but not sqfficient condition of meaningfulness. For example, a possible
added condition on the meaningfulness of statements in classical mechanics
is that they be invariant under a transformstion to,a‘new coordinate
system moving with uniforﬁ velécity with Lespect to the old coordinate
system {¢f. McKinsey and Suppes [1955]). However, this is not a

critical matter for what follows in this section.
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6.2 Examples

To point out some of the properties anﬁ,implications‘Qf;Definition ,
33, we discuss a number of specific examples._11n—each case & particular
numerical statement is given as well as the transformation properties of
all the numerical assigrnments referred to in the statement. .for each
example we ask the question: Is it meaningful? ‘To show that it is
meaningful admissible transformations are performed on all the numerical
assignments and then the transformed numerical statement is. shown to be
equivalent to the initial one. In most cases when the two statements
are in fact equivalent the transformed statement can generally be reduced
to the original statement by using various elementary rules of mgthematics
or logic. To show that a statement is meaningless we must show that ther
transformed statement is not equivalent or can not be reduced to the
original. When this is not obvicus, the simplest. way of procéeding is
to construct a counterexample, an example in which the truth value of
the statement is not preserved after a particular admissible transforma-
tion is performed.

In the following examples we shall, for simplicity, conform to
common usage and denote numerical assignments by x , y and z instead

‘of by f(a) or g(a) . Thus instead of writing
for all ach , f(a) = ¢(g(a)) 5
we shall write simply

vo=0(x) .
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When it is necessary to distinguish between the values of & given
numerical assignment for two distinct objects .2 and b , subscript
notation is used. Thus, for example, X and X, might be the masses
of two weights a and b . The parameters of the admissible transforma-
tions are Jj , k, 1, m, ... and the numerical assigmments which
reeult fr0m:Fhese“trensfoymgtiops of x,y and z are .xf s v' end
zr-,.respectively, ‘__ “ 

o Exaegie;lot

SRR S T (1)

i

_First'éssume'that the nﬁmerieei'assignement X is unigque up to a
similarity transformation. Then if x is transformed to kx , (1)
_becomes'

kxa_+kxb >\k-xc | o (2)

~which is obviously equivalent.to (l). - Hence (1), under the assumption
that x 1lies on a ratio scale, is meaningful.
Assume instead that x is specified up to a linear transformstion.

Then when x +transforms to kx + 4} (1) transforms to
(kxa+£)_+ (lx, + £)>(kxc+£)- s (3)

Whlch does not reduce to (1).‘ For a speelflc counterexample, let
=1, xﬁ =2 and k= l and B -1 . Equatlon (l) then

becomes

l+2>2 , : ()
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But substituting the transformed values ef_'xa and X into,(l) gives -

(a-1)y+(2-1)> (2-1)

o+ L>1 e (5)

which.ebriouslfjddes not have the same truth value as (4). ‘Hence (l)'”
is meanitgless"when x 1i6s on an inferval scale. . Thus we cen say,.for
example, that if mass is on a ratioc scale it Is meaningfui to'sey that
the sum of the masses of two objects exceeds the mass of & third ebject¢
.On the other hand, if_temperature-is on an interval scale then it is not
meanlngful to say that the sum of the maxmmum temperatures on two days
exceeds the maximum temperature oﬁ arthlrd day.

These last remarks should not be 1nterpreted to mean that addltron
carn always be performed with ratio scales and never with interval scales.

Consider the statement
XX > (x‘j2 : .._ “.-,; U (6)
a Xb ‘e '
ThlS statement is meanlngless for a ratlo scale since
(kx)+(kxb)>(kx) e (1)

_is clearly not equivalent to (6).
An example of a meanlngful numerlcal statement which 1nvolves both
addltlon and multlpllcatlon of 8 numerlcal ass1gnment hav1ng only 1nterval

.scale propertles is the fOllOWlnga
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Example 2. ILet Sl and S2 be two seis having ny and n23

members respectively. Then

——-E:: X, >-——-z:: X, o (8)
o aeS 2 b€S2

One interpretation of (8) is that the mean maximum temperature of the
days in January exceeds the mean maximum teﬁperature of the days in
February.  We wish to show that when x  is unique up to a linear

transformation that

1 1
"‘“'2 > == (9)
S 2 beS :
is equivalent to (8) where x' is another admisesible numerical
assignment. Substituting x' = kx + £ into (8) gives
'—Z (kx_ +ﬂ)>-—-—Z (kx, + 4)
1 aeS Bo ch
or
1 — .\ 1
EI[kCZ: xa) + nlﬂ] >ln2[k(§::Xb)‘+ nzﬂ] (10)

and (10) can be reduced to (8). Hence (8) is meaningful under these
conditions. In general, it may be observed that whether or not a
particulaf mathematical operati&n can be used with a.particular scale
does not have a simple yes or né answer. The admissibility_of any
mathematiéal-bﬁéra£ibn aepénds hof.oniy.On théISCale t&pe of the felevanf
' numeficél assignﬁents“buf on the entire numerical sfatement of.which the

operation is a part.
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Example 3.
XX > X, : (11) .

If x is unigue up to a similarity transformation then (11) is meaning-

less since
(1 Yg) > (i) 2)

does not reduce to (11} for all values of k . Since {11} is meaningless

for a ratio scale it follows a fortiori that it is meaningless for an

interval scale as well. It does not follow that (11) is meaningless
for all scales. As an exemple let x be unique up to a power transforma-
tion (See Sec. 4.5 for an illustration). Then as x is transformed to

xk R (12) becomes

k k k
X, Xy > %

and since this is equivalent to (12), statement (12) is meaningful.

In the following examples we shall consider numerical statements

involving at least two independent numerical assignmenfs, x and y .
Example b,
y = ax . (13)
If the numerical assignments x and y are not completely unique,

then it is clear that (13) will in genersl be meaningless, since most

non-identity transformations applied to x and y will transform (13)
.to a non-equivalent statement. One approach which is frequently used .

to make (13) meaningful under more general conditions is to permit the
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constant @ " to depend upon the paremeters k , £ ,m , n , ... of the
admissible transformations (but not on x or y) . This approach will
be used here so that in the remaining discussion statement (13) will be
understood to mean the féllowing:= there exists a real number & such
that for all- a eA‘; y,=0x . If x is traﬁsfofmed to x; and y

to y' then (13) interpreted in this ﬁay will be meéﬁihgful if there
exists an Q' , not necessarily equal-to @ , such that yé = a’xé Tor
all aecehA . =

' Assume“thaf 'x and y are specified up to a similarity transforma-

tion.  Letting x go to kx , y to my., and @ to (at present

unspecified) (13) transforms to
my = Q'kx . (k)

Ifiﬁénlet ' = (m/k)a then (14) will be equivalent to (13) for all
(non-zero) values of m and Xk and=therefore (13) will be meaningful.
Assume instead that x and y are both specified up to linear

transformations. Let x transform to .(kx +4) , vy to (my+ n),

and @ to ' . We then have

(my + 1) = &' (i + £) )

_Inspection of (15) suggests that no transformation of & to &' which
depends solely on the parasmeters k , £ , m , or n will reduce (15)

to (13), ‘This conclusion can be established more firmly by constructing
a counterexample. Consider the following in which. A = {a,b} . Let

x =1, Y, = 2 ,-yb-z 2. and Ty = 4 . Then if & =2 equation (13)

will be true for all a-in ‘A. Nowlet x go to (kx + £) ;'y ~to
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(my + n) vhere k=£=m=n=1 and @ to Q . Equation (13)

then becomes for .a in A

3 =a'2 . S o (18)
indicating thet if the truth value of (13) is to be preserved we must
have Q! = 3/2 . However, for b €A we have

5= a'3 (x7)

_which can only be true if a' = 5/3 and in particular is false if
a' =3/2 . Both (16) and (17) cannot be true and the truth value of
(13) is not preserved in this example. Hence under these conditions .

(13) is meaningless.

.Example 5.
X+y=0 ., (18)

. In this'example~we assume first that x and y are unique up to a
similaiity transformstion. One interpretation .of (18) would then be
that the.sum_offthe weight and height of each person in A is equal to
a constant. .As usual we let x +transform to kx, y to my and &

to @' . Then (18) becomes
kx + my = @', | (19).

but sipce it is evident that no value of @' will reduce this equation
to .one equivalent to (18) we may éonclude that (18) is meaningless under
these aésumpfions.

Although this result cqnfirms the common sense notion that it does

not make sense to add welght and length, there are conditions under. .
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which (18) is certainly meaningful. One example is the assumption that
x and y 1ie on difference scales, that is, are unlque up to an additive
constant. This can be verified by letting x transform to x + £,

y to y+mn and @ to (@+ &+ n), for then (18) transforms to
(x+£2)+ (y+n)=a+ 4L +n (20)

which is certainly equivalent to (18).

To illustrate the effects of a derived numerical assigmment, as
well és another set of assumptioﬁs fdr which (18) is meaningful consider
the following. Assume that 'y is a derived numerical assignment and
‘that it depends in part on x . 'Assﬁme‘that when - x 1is transformed to
kx , y is transferred to (ky + 2k) . Therefore if Q@ transforms to’

@' (18) becomes
x + (ky + 2K) = ' o (21)

and clearlj‘if a' = k{a + 2) this equation will be equivaient to (18).
Equation (18) is therefore meaningful under these conditions. Thus
whether or not it is meaningfﬁl to add #eight.and length depends not
so much on the physical properties of bodies but on the uniqueness
properties of the numerical assignments'associatéd with weight and
length. |

| Another cdﬁmﬁn dictum frequently encountered is that one can take
the logarithm only of a numerical assigmment.which lies on an abéolute
scale, or as it is customarily said, of a dimensionless number. -with

this in mind we consider the following example.
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-Example 6.
Cy=Qalogx . (22)

Assume first that =x and y have ratlo scale propertleso Then as X

transforms to kx , ¥y to my , and Q@ to o (22) transforms to
my = ot lég kx
or to
my = Q' log x.+ O log k | (23)

and (23) cannot. be made equivalent to (22) by any value of @' . There-
fore under these assumptlons we again have the common sense result, viz.,
that (22) is meaningless.

However, assume next that x 1s unique up to a power transformation
cand y is unique up to a similarity transformation. Then when x
transforms to x5 , ¥y to my and o to (m/k)x equation (22)

transforms to

xk) . | .(zu)

Since (24) is clearly equivalent to (22), equation (Qé)‘is-meaniﬁgful
under these conditions, common sensé not‘withstanding;

Another example involving the 1ogar1thm of a non unigue . numerlcal
a581gnment is the followmng. .

Ex Ele T

= }og X + d K IR S (25)
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From the previous exa;mpie it should be evidenmt that {25} will not be
meaningful when x and y have ratio scale properties. But if y is
on a difference scale and x is on a ratio scale then (25) will be
meaningful,‘ This can be verified by letting x transform to kx ,

y %0 y+n and @ to G+ n - log k since then (25) transforms to
(y +n) = log kx + (¢ + n -~ log k) {26)

and (26) is equivalent to (25). The interesting featurero_f (25) is that
the required transformation of @ is not a simple or elementary function
.of the paraméters _k and_ n . Although_most, if noﬁ all, of the.
ﬁdimensiénal.conétants" encountered in practice have simple transforma-
tion ﬁroperties (uwsually a power fﬁnction of the_parameters), there is

no a priori_reason why these consténts cammot be allowed to have quite
arbitrary trénsformations. Of course, if the transformation propefties
of the constants are limited, the conditions under which numerical

statements will be meaningful will ordinsrily be changed.

6.3 Extensipns and Comments

It will be ﬁoted that the definition cf meaningfulness in Definition
28 contains no reference to the physical operations which may or may
not have been employed in the measurement procedure. There are at lesast
two other points pf_view on this issue whichvthe readef should be aware
Qf. | |

Oné ﬁoipt éf-view (e.g. Weitzenhoffer, 1951) asserts that meaningfui
stateménté may only emplpy mathematical operations which correspond to

known physical operations. In terms of empirical and relational systems
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this point of view_may be described as requiring thata for each empirical
system, the admissible mathematical oPerations be limited to those
contained in the selected homomorphic numerical system.(or alternatively
in some homomorphic numerical sy-stem).j

The second point of view {e.g. Guilford, 1954) appears to be iess
severe, It asserts that all the rules of arithmetic are admissible when
physical addition exisfs {and, presumably, éatisfies éome set of axioms
such as'thoSe in Sec. h;5). Without physical addition the application
of arithmétic is limited (0 some undefined set of rules or operations):
In terms df relational syétems;'this:péiﬁt of view appears to imply that
all statements "Saﬁisying" the fules‘of'afithmétic.are'meaningful when
the éelected ﬁbmomorphic numerical-system'cbntains the arithmeticzal
oPeration of addition {or, perhaps, when at least one homomorphic numerical
_sysfem'exists:whiCh'contains fhe addition'operation). When this is not
the case, fewer statements are mesningful.

In contrast to these two positions, Definition 28 implies that the
meaningfulness of numerical statements is determined solely by the
uniqueness properties of their numerical assignmehts, not By the nature
of the opérations in the empirical or numerical systems.

One of our baéic agssumptions throughout this section has been that
a knowledge-of the Tepresentation and ﬁﬁiqueness theorems is & prereg-
uisite to answering the meaningfulness question. It can be argued though
fhat these assumptibhs'are too Strong,’siﬁce in some cases the hniqueness
properties of the numerical assignments are not precisely known. For

example, although‘we have a representatidn theorem for semi-orders
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(Sec. 4.2) we do not have a uniqueness theorem. In these caseg, we
often havé'an approximation of a standard ordinal, interval or ratio
scale. Without stating general definitions the intuitive ides may be
illustrated by consideration of an example.

Suppose we have an empirical qusternary system Z7 = < A,D > for
which there exists a numerical assignment f such that abDed if and
only if

f(aj" ] f(b) <£e) - £(a) . (1)
We also suppose that the set A 1is finite. In addition, let 4?)be
the full numerical relational System defined by (1). Let < 77, ?Z
be a scale and < 47Z s ;?7 » &> Dbe any scale such that for two
eleméﬁts s and b in A, f(a) # £f(b) and f(a) = g(a) and
f(b) = g(b) ,'i.e., 'f and g =assign the same number to at least two
elements of A which are not eqﬁivalént° .We then say that

< 0’( 6?7 f > is an e- approximstion of an interval scale if-

maxlf(a) -gla)l<e ,
8,8

where the maximum is taken over all elements of A and numerical
assignments g satisfying the condition just stated. It is clearly not
necessary that there be an ¢ such that the scale < &7, ’7?, £ >
be an_‘e—app:oximatiop of an interval scale. Consider, for instance,
the three element set A = [a b,e} , with f{a) =1, £(b) = 1.5, and
f{c) = 3 . Then 1f g(a) =1 and g(b) = 195 s We may aésign any

- number for the value g(c) provided g(ec) > 2 , and thus there is no
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finite max|f(a) - g(a)| . On the other hand, if A has twenty or more
elements, say, and no intervals are too large or too small_in_relatiqn_
to the rest, < 4%7 B ;?7,f_>_-will,be_an e-approximation of an
interval ségle for € ‘reasonsbly small in relation to the scale of f .

The relation between e¢-approximations of standard scales and
issues of meaningfulness is apparent. A statement or hypothesis that
is meaningful for interval or ratio scales has a simple and direct
analogue that is meaningful for e-approximations_of these scales. For
example, consider the standard proﬁortionality hypothesis for two ratio
scales, i;éo, thafithere'existsa.positive o such that for every a
in A |

f(a) = a h{a) K ‘(2)

This equation is meaningful, as we have seen (Sec. 6.2, Example 4),
When. f and h are determined up to.a similarity transformation. If
f and h , or more exactly < JZ, ?, £ > and <ﬂ(’,?8',‘h>,
are &- and O-approximations of ratio scales, respectively, then (2)

iz no longer meaningful, but the apprbpriate analogue of (2), namely
|£(a) - @ n(a)] < e+abd

is meaningful.

Problems of meaningfﬁlness and thé'iésué of the applicébility of
certain statistics to data that are not known to.conétituie an interval
or ratio séale ﬁave beén closely tiéd in_therpsychologiCal literature.

Unfortunately, we do not have the space to analyze this literature.
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We believe that the solution,lies not in developing alternative
definitions of meaningfulness but rather in clarifying the exact status
of the measurements made. One way is to make explicit the empirical
relational system underlying7the“empirical,procedures of measurement.
‘A second is along the lines we have just suggested in sketching the
theory of e-approximations: 4 third possibility for clarification is
to give a more explicit statement of the theory or hypotheses to which

the measurements are relevant.
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