























conceived as holding between a particuler stimulus display and a given
response, We have also applied this model extensively to concepl forma-
tion in children (Suppes and Ginsberg [1961], [1962]1). 'Here I shall -
describe briefly an experiment concerned with ﬁhe concept of identity
“of sets. The subjects were 48 children of first-grade age (6 or T years).
On each trial the child’s task was to indicate whether two sets were
identical or not. There were a total of 56 trials on 28 of which the
stimulus display shoﬁed identical sets and the remaining 28 non-
identical sets. The subjects were instructed to press one of two buttons
when the stimulus pairs presented were "the same" and the other button

. when they were "not the same"f In this experiment no stimulus display
on any trisl was repeated for individual subjects., - In this case the
conditioning connection may be postulated as holding at different '
levels of abstraction. To begin with, we may assume there is a single"
concept of identity of sets and the child is learning to establish the
appropriate connection between this concept and the two responses:

Until this commection is established he is guessing the correct answer
with probability p , and after it is made he makes the correct response
with probability -1 .-

The next natural level of analysis 1s in terms of two concepts,

one for the pairs of sets that are identical and one for the pairs of
sets that are not identical. The one-element model may then be applied
to the subsequences of trials on which identical sets are displayed and
again to the complementary subsequences of trials on which non-identical
sets are displayed. As'the model has been formulated sbave and as

gpplied to paired-associate data,.it is assumed that the probabilities
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of conditioning are statistically independent for the two subsequences..
For the analysis of any concept formation experiment in terms of more-
than one concept 1t is necessary directly to test this assumption of
statistiecal independence agéinst the data.

At a still more refined level, we may analyze the stimulus displays
in terms of pairs of sets that are identical in the sense of ordered
sets, pairs of sets that are identical bubt not in the sense of ordered
sets, pairs of sets that are not identical bubt equipollent, and pairs
of sets that are not equipollent. - In this case, we consider four con-
cepts rather than one or two.

It is not the purpose of this paper to evaluste the empirical ade-
quacy of any of the alternative ways of analyzing an experiment on -
identity of sets. It is worth emphasizing, however, that there is no
direct way of building from the individual stimulus displays to these
various concepts by simple stimulus connections when no stimulus display
is repeated for an individual subject. Admittedly, it is not fully
~satisfactory intellectually to analyze the learning of concepts simply
in.terms of a conditioning commection between the concept and the correct
response. Theories which postulate more details about the learning
“process in concept formation are needed to go beyond the present analysis.
There are two things tc be said about such theories at the present time.
In the first placg, there seems little doubt but that a good first
approximation to the data may be obbtained in terms of theories formulat-
ed in terms of notions of hypothesis and strategies (compare the
discussion in Suppes and Atkinson [1960, Sec. 1.7}, Restle [1961]). Onm

the other hand, at the moment, these theories have little more to offer
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than the simple one-elemeirt model in terms of detailed analysis of
actual experimental data.

It is aisd not appropriate here to consider in detail statistical -
methods of analyzing the goodness of fif of the simple one-element model
to experimental détao However in ‘order to sketch briefly some results
for a pilot experiment at the end of this paper, T recapitulate briefly
the ideas set forth in ‘Suppes and Ginsberg [1961]. 'There are just two
basic ideas needed for essentially complete statistical analysis of
the one-element all-or-none conditioning model. In the first place,
the assumption that there is a constant guessidg probability p that
the ‘subject responds correctly before he is conditioned implies that
the sequence of responses prior to the last error of the subject is a
sequerice of Bernoulli trials with binomiasi distribution parameter p . -
Classical statistical tests for stationarity ef the response probabiiity,
independence from trial to trial, and the actual binomial distribution
of responses -in blocks of fixed size may be applied to the data comsid-
ered in terms of responses ‘made prior to the lagt error. The condition-
ing parameter ¢ - on the other hand, enters only in termé of the dis-
tribution. of the last error. Across & group of subjects this last
error msy be estimated from the essentially geometrie distribution of
the last error as derived from the theory formulated sbove. A standard
goodness of it test may then be performed to see if the assumption of -
a homogeneous conditioning parametér for all subjects in a glven experi-
ment ig gcceptable.

Befdre turning to the specific context of mathematical proofs, there

is one further remark about applications of the one-element all-or-none -
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conditioning model which is needed. .This is the application to simple -

discrimination experiments. Essentially a discrimination experiment is
one in which the subject needs to learn to discrimihate.betweeq two or
more stimuli and make the-appropriatejresponse_to.each. It is possible
to think of a paired-associate experiment as such s discrimination
experiment. On the other hand, because the discrimination itself is

- not difficult, it is not ordinarily described gs such. However, in
many cases, the problem of discrimination is one of discriminating.
between two stimuli that are highly similar in thelr perceptudl char-
acferistics. ‘When it is assumed that the similarity is negligible, or
iﬁ more technical terms, that there are no common stimuli between the
two stimulus displays, the one-element model may be applied to the
discrimination. experiment in the same way that we have applied it sbove
to a paired-associate experiment. . For instance, suppose the subject
is a rat in a T-maze. At the choice point of the T-maze a white card
is placed on some trials, and on other trials, a.biahk card. The ani-
mal must learn to turn left in order to receive food when the card is
white, and to turn right when it is black. We may.analyzé such an
experiment exactly in the manner indicated for palred-associate situs-
tions. The ideas of diserimination to be mentioned below will implic-
itly assume the simple context in which there is né problem of stimulus
overlap.

3. An Utterly Trivial Mathematical System-.

The simple mathematical system we shall analyze in terms of the
behavioral ideas Jjust discussed is concerned with production of finite
strings of 1l's and O's. -Any-fiﬁite_string of 1's.and O's is a well.
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formed formula of the system. The single axiom is the single symbol 1.

-The four rules of inference are:

Rl.

R2.

R3.

Rh.

where S is a non-empty string.
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either the axiom or a finite string

— 511

- 300

— 8
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theorem of the system is, of course,

that may be obtained from the axiom

by a finite number of applications of the rules of inference, ' A general

characterization of all theorems is immediate: any finite string is a

theorem if and only if it begins with 1 . A typical theorem in the

system is the following one,'which I have chosen because it uses all‘

four rules of inference.

Theoremn.
(1) 1

- {2) 100
(3)- 10
(4) 2011
(5) 102

101

Axiom
R2.
Rk.
Rl.
R3.

It is apparent that a shorter proof of this theorem couid not be given,

and this is generally true of this system. A proof of minimal length

of any theorem is easily found, but it is not the case that there is

exactly one proof of minimal length.

For instance, if we want to prove

the theorem 111 we may apply rule Rl twice to obtain 1111 and then re-

move the last 1 by applying R3; or we may interchange the position of
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the application of R3 and prove the theorem by first using Rl and then
RE3 and then Rl z2gain. Counting the introduction of the axiom as one

line, the two proofs are both of length four in terms of number of steps.

(I have not fully formalized the system here by giving a recursive
definition of proof, etc. because it is completely obvious how these
matters go for a system of this kind; I want to give only enough formal
detail to make the mathematical system definite)

For simple reference in the behavioral analysis to follow let us

call this mathematical system, the system ?LZ .

b, Behavioral Analysis of Proofs in the System ?/( .

Initially, 1t will be simplest to ignofe the possibility of more
than one proof of minimal length and consider only an analysis that
will always yield exactly one proof of minimal length. The gtimulus
diserimination facing the subject on each triazl is simply described.

He must compare the last line of proof in front of him with the theorem

to be proved. This comparison immediately leads to a classification of
each last line of a proof into one of four catégories: additional 1's
need to be added to match the theorem (R1): additional O's need to be
added to match the theorem (R2); a 1 must be deleted to continue to
match the theorem (R3); or, finally, a O must be deleted in order to
match the theorem (R4)}. The rule that should be applied once the
stimulus comparison has been made is indicated in parenthesis. When
the subject is completely.conditioned to all four stimulus discrimina-
tion situations, he will make the response corresponding to applying

that rule. For each of the four discriminations with respect to which

he is not yet conditioned, there is a guessing probability - Py
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i21,2,3, or &, that he will guess the correct rule and thus a
probability 1 - Py that he will guess incorrectlyc Also, when thé
subject is unconditioned, for'ény-one of the discrimination comparisons
there is a probabiiiﬁj 4y .that he will become conditioned on the next
trial. On.thé‘aésumptiéﬁ of statistical indepeﬁdence'made earlier; we
meay fhen.analyze éeparately the four sﬁbsequenées of trials on which
the féuf Stimﬁlus discrimination categories apbear, Tt is to be

emphaéized‘again that the four guessing parameters D5 and the four

éonditioning‘pérameters cy are to be estimated from the experimental a
data. | | |
The'exampié given in the precediﬁg section of two proofé of mini-
mal length shows that the analysis just stated represents a slight over-
simplification. For éXémple, if exactlyonel is neéded énd ﬁwo l'é are
at the end of the string sﬁandihg as the last line of proof, it will
be just as efficient first to apply R3 and then Rl as to apply RL and
then R3. It does not require serious modiTication of the behaﬁiofal |
analysis'of:ﬁhe gyétém1?{ to take aﬁcount of this fact. Reinforcement

can be given randomly of either of the rules that are correct in terms

of'reﬁderihg a minimal proof and either one of:these responsés can be
counted as correct‘when made. This leaves the analysis in terms of the
"two states of conditioning untouched. It does éhange the relation
between the state of conditioning and the probability of a response.
The weaker requirement for this discrimination is& that the probability
of making,oﬁe of the two eorrect'resﬁcnsés'is 1. we,éould if we so

desired, analyze the system 2{ in such a way that there were more than

four discriminating situstions in order to take account of the cases
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in which more than .one response was correct For an extensive experi—
ment this would be desirable. In terms of the pllot study to whlch I
would now llke to turn, 1t is not necessary.

The pilot study was conducted w1th a group of flrst—grade children
(ages.6 and 7) in an elementary scnool_near Stanford Un;ver51ty'
Inltlally, we consldered doing the experlment with fourth-grade children
(ages 9 and lO), but prellmlnery testlng with a few chlldren of this
age indicated that the experimental preblem was far too easy for them;
most of the fourth-grade children mede no errors at all. There is a
variety.of evidence no indicate that fhe reasoning abilities‘of young
-\children are far sgﬁe;iof fo their ability to put an argument in
wrinnen form (see e.g., Hill, 1961), For this reason we attempted to
avoid ennirely,a written context for the exhibiting of proofs in the
gystem ?41 . Our procedure was the following.i/

We considered only theorems which are of length greater than one
and iese ihen seven. There_are 62 members of this ¢clasgs of theorems.

-We ordered their proofs according to the following four criteria of

simplicity.
1. If proof Pl may be obtained from proof Eé by interchanging
1's and O's in all lines, then El and P2 are of equal simplicity.

2. If m<n then a proof of length m 1is simpler than a precef

of length n .

i/ I am much 1ndebted to John M. Vlckers for his contrlbutlons to
the detalled de31gn and actual execution of this pllot study.

Mrs. Susan Matheson assisted Mr, Vickers in runhing the experiment.
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3. IF Pl and Pg'tare minimal proofs of the same length, 1Pl

is one of several alternative minimal proofs and P2"is a unique mini-

mal proof, then P. is ‘simpler than P

1 2 °

L, If P, is not simpler than P

5 . by virtte of Criteria 2 or 3

1
and Pl uses a smaller number of different rules of'infereﬁce than
does P-2 5 then Pl is simpler than P2 .

- These four c¢riteria arrange the 62 members into 17 equivalence
classes of increasing complexity. Within an equivalence class the
theorems were réhdomized and each subject was presented with‘a:ééquenCe"
of 17 theorems, as determined by random selection from each of the
classes,

The four criteria of simplicity are not necessarily'the'qnly ohes
or even the best ones with which to begin. They did provide‘joihtly'a"'
workable basis for arranging the theorems of length not greater thaﬁ
six.

The apparatus consisted of a plywood board, approximately 20 irn.
by 6'in., placed horizontally. The top half of the board was slotted
for insertion of cards 20 in. by 2 1/2 in. Theorems were written on
these large cards. The bottom half of the board had hooks at 2 3/4 iﬁ,
.intervals to permit hanging 2 in. by 2 1/2 in. cards on which were
printed either a O or a 1. Each theorem was written on one of the
large eards in such & way that it could be metched directly below it
by hanging the appropriate small cards on the hooks.

- Subjects were instructed as follows:

"Thig is a string of zeros and ones. Whenever I put a string of

zeros and ones up here you are to put a sbtring just like it down here.
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Every string that I put up begins with a one, and so we'll leave these
ones .in the first places.

"Now of course if you couid hang zeros and ones on the board sny
way you wanted, the game would be terribly easy. Why don'it you try
that}now: Make & string of zeros and ones Jjust llke this one under-
neath it. |

"That's right. DNow that was too easy to be much fun, wasn't it?
In the game we.are going to play now there are some rules about the
ways in which you may make strings. These are the rules:

"First, you may put two zeros on the end of a string you have made,
but you may not put one zero by itself on the end. With ones it's the
same way: you may.put two_ones on the end, but you may not put one
one,by itself on the end.

"If you wish though, you may take the last card off the end of a
string, whether it's a one or a zero, and put it back in its box, but
you may only remove the last card, none of the others.

. "So the rules are: You may add two-zeros to the end of a string,
add two ones to the end of a string, take a zero off the end of a
string, or take a one off the end of a string, except that you may not
take away this_first one. (practice). Now would you tell me the rules,
Just to make sure you understand them?

"Now -each time you_put cards on.or take & card away, I want you
to tell me what you're doing; what rule it.is that you're following.
‘That is, say, "I'm adding two zeros", or "I'm adding two ones", or

"I'm taking off the last zero", or "I'm taking off the. last one"."
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Bubjects were divided into two groups. Subjects in the correction
group were corrected for each wrong step in each proof. Subjects in
the other group (the discovery group) were stopped only when a valid

proof was not completed in three times the length of a minimal proof.

At the .end of each proof, subjects in the discovery group were shown a -
minimal proof or--in the event that the subject constructed a minimal
proof--told thaf the proof constructed was correct. For theorems which
have several alternative proofs, we considered either proof correct and
when. demonstrating a minimal proof selected-réndomlyu

Subjects made correcfion responses overtly, that is, in the
correction  group they removed the cards themselves and pui up correct
cards (or took down the correct cards) as instructed. In the discovery
group they executed a minimal proof following instructions.
| Actually not all subjects were required to prove 17 theoremsu The
following criterion.rule‘was used. We considered that a subject had
learned how to give minimal proofs in the system when four correct
theérems were proved in_sﬁccessiono ‘However, it was required that each
subject prove at. least ten theoremsu. All subjects, except for two in
the discovery group, satisfied this criterion by the time the seven-
teenth theorem was reached. (It should be noted, however, that the
nine subjects in each group represent a net figure; approximstely this.
same number of subjects were discarded because of various kinds of-
problems that arose: seeming failure to comprehend the instructions

at all, lack of attention after the first few theorems, etc.)

Because there were only nine subjects in each group the empirical
data are not to be taken seriously and no detailed statistical analysis
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shall be presented here. T have summarized in Table 1 helow the mesan

proportion of errors-prior to the last error in blocks of twelve trials

Insert Table 1 sbout here

rfor each group and for the two groups comwbined. A trial in-this in-
stance is defined as a gtep in a proof and not as an entire proof.
There were more than sixty trials, that is, more than a total of sixty
lines of proof in the seventeen theorems, bul because very few subjects
needed the entire geventeen theorems to reach criterion, it has been
necessary to terminate the mean curves with the last block ending on
trial 60. Several things are to be noted about the data in Table 1.

In the first place; the correction group seems to have done better
than the discovery group, which result is consistent with experiments
of ‘a similar character dealing with the effects of immedlate reinforce-
ment. Secondly, the discovery group is more or less stationary (i.e.,
the learning curve in terms of responses prior to the last error is
approximately flat). If anything, there is a tendeney for the propor-
tion of errors to increase with trials, whereas the correction group
is clearly not stationary, and there is a definite tendency for the
proportion of errors to decrease with trials. When the two groups are
combined, an approximately stationary learning curve is obtained. The
problem for future investigation is to discover which of these effects
will be observed in larger and more stable bodies of data. In inter-
preting Table 1 it should be emphasized again that these figures are

based on responses prior to the last error. -Naturally, if the full
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Table 1

.Obgerved Proportion of Errors Prior to Last Error for the Correction,

Discavery and Combined Groups. Blocks of 12 trials.

Block
Group 1 2 3 b 5
Correction | .28 | .23 | .15 .00 | .10
Discovery 23 | .20 | .bo| .30 | .33
Combined 25 | .21 | .30 [ .18 | .ok







set of data Were.considered the leerning curves would approaéh l'af
brial 60. It is also importent to emphasize that the data of Table 1
.are based on consideriﬁg onlyle siﬁgle.seouenee of triais;.:There‘ie oo
analjsis of the data into-the Seﬁarate sﬁbéeﬁuences defiﬁed bjuﬁhe |
various stimulus comparisoneo This lumping together of the four sets
of stimulus dlscrlmlnetlon Sltuatlons could in 1tself account for the‘
lack of stationarity for the correction group, becaﬁse res@onses wefe
not deleted from consideration after.the appropriafe rulelbecame coﬁm
ditioned to the stimulus discriminatiom. The rule for coﬁsidefiné
responses p?ior to the last error was invoked only for the whole':
sequence and not for the subsequences.

There was also some evidence agalnst the 1ndependeoce of responses

as shown by the flgures given in Table 2. Here are shown the condltlonal

Tnsert Table 2 sbout here

probabllities of a correct response following a correct response and N
following an inoorrect.response for the correction? discovery andrcome
bined grouﬁs, The biggest differemnce occurs for the discover& gfoup,
which has e mean probability of .81 that a correct response will follow
a correct response in comparison to a mean probability of .58 that a
correct response will follow_an‘incoffect reeﬁonsen “

.From fhis preliminery evidence it is perhaps doubtful that the one-
element allworunone.eonaitioning-model will fit very well the fine
structursl detalls of experlmental data derlved from young chlldren

learnlng proofs in the mathematlcal system 2{ On the other hand,
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this model does seem to give a pretty good first approximation to
actual behavior. To give some ldea of the immediate range of alter-
native possibilities I shall briefly sketch three other models that
might be applied to data similar to those obtained from our pilot study.
The simplest alternative modei igs the linear incremental model
with a single operator. The intuitive idea of this model is precisely
the opposite of the all-or-ﬁone conditioning model, The supposition
is ‘that learning proceeds on an incrementsal basis. Let qn be the
probability of an exrror on trial n . Then the model is formulated by

the followlng recursive equation.

(1) a4, = (1 -8,

where 0<6<1. It is simple to show but somewhat surprisiﬁg that
this purely incremental model has precisely the same mean learning
curve as the all-or-none model if we se£ c=6. (To obtain this
identity of the learning_cﬁrves we must consider all responses and not
£imply responses prior to the 1ast.error;) The incremental model does
differ sharply from the all-or-none model in'the kind of learning
curve predicted for responses prior to the last error, as is evident
from equation (1).

The second simple alternative is a ﬁodel which répresenfs a kind
of compromise between the all-or-none model aﬁd the incremental model.
It assumes that associated with each discrimination sitﬁation there
are two eiements. Each of these (uncbserved) elements is conditioﬁed
on an all-or-none basis but fhe two parameteré of éondifioning may be
adjusted to produce various incremental effects bﬁ thé response
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Table 2

Conditional Probability Prior to Last Error of a Correct Response

Following a Correct Response and Following an Error.

After After

Group Correct R. Error
Correction .85 i
Discovery .81 _ .58
Combined .83 _ ..64







probablllties. A model of th1s klnd as 1s p01nted out in Supnes and.
Glnsberg [1961], could account falrly well for the klnd of data shownl.
in Tables 1 and 2. Probably 1ts main 1nadequacy for accountlng for |
more extens1ve data obtalned from a, 1arge number of subJects would be
found 1n connectlon w1th the problem of the assumed 1ndependence of
the subsequences deflned by the four types of stlmulus comparlsons.
| The thlrd alternatlve is to gtart w1th one of the three models_”

already sketched and to 1ntroduce.ln a natural way.dependenc1es among
“the subsequencesr To 1ntroduce these dependen01es we deflne a neu
process-uhose states &re now ordered guadruples. The flrstlcoordlnate
of tle quadruple 1ndlcates the state of condltlonlng of Rule R1, the |
second coordlnate the state of condltlonlng of Rule R2, etc. One
natural dlrectlon is then to deflne condltlonlng parameters cij for
'each Rule i, where‘ J ls the number of other rules already condi-
tioned. By assuming further tnat the barameters depend only on J and
not on i , we once again obtain g process with four conditioning para-
meters‘but with tne parameters defined in.an entirely dlfferent way
Wlthout a large set of data to analyze and thereby to declde among
these various alternatlves it does not seem profltable to pursue them”
. 1n_any detallf  ExPerlments are‘now underway in our laboratory and I
'hope to be able-to reﬁort soonrwhich_models are most able to account

for the fine structure of the data.

5. General Comments.
I would llke to conclude w1th two general comments. In the dis=-
cusslon follow1ng the orlglnal presentatlon of thls paper in Warsaw,

Professor Kalmar approprlately ralsed the questlon of how the rein-
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forcement schedule, i.e., the correction procedure, would be defined
for more compllcated mathematlcal systems than 2(_ , in partlcular for‘
gystems which do not possess a de01s1on procedure. It should be appar-'
ent that the behavioral theory outliﬁed gbove is certainly not yet
powerful enough to specify slear‘recipes for laying out ths.scheduleﬁofr
reinforcements. At the presént time for more comrlicated systems, for
example, ths,elementary algebra of integers and real numbers;'the'only
practical procedure seems to be to proceed in a mannef very.similar to
that used by Newell, Shaw and Simon (1956,.1957),in working out a ﬁro~
gram for proving thesrems of elementarj iogic. Essentiaily-thsir ﬁro-
cedure is to abstract those heuristic rrinciples that seem ﬁsst uséful '
in g1v1ngrthe set of proofs under consideration. My own cdnjecture is
that in this area we shall find a substantial intersection between the
work of mathematical pSychologists interested in behavior theory andr
-secientists like.Simon who are-interested in artificigl intelligeﬁse and
computer simulation of human behavior. |

.1My secoﬁd general comment is to emphasize that I am under no iliu-
sions about the fragmentary character of the behavisral foundations
sketched in this paper. The next step forward it seems to ﬁe is to
provide a theory at the following level of generality. Supposé se re-
tained the problem of proving theorems in systems whose well_fofmed
formulas gare strings of 1's and O's. As‘rules of inference we have.
various rules of production of the kind given for the system 2{ : Thé
problem is to formulate in sufficlently general terms the behav1or
theory that w1ll lead to appr0pr1ate conditioning connectlons in at

least a falrly wide class of systems similar to z( Q The weakness of
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the present theory is easiiy brought out by considering the problem.of =
using the theory to build & machine to prove theorems in:such systems.
It 1s clear that a machine could not be programmed, on the basis of. ..
the present theory, in a general way to prove-theoremﬁ ;n gystems. sim-
ilar to 2{_ .., 1t is of course a trivial matter to program a machine .
to prove theorems in systems.like 2( if the programming .is done for
that particular system after the rules of inference of the sysiem are
specified. The much deeper problem of programming a machine to
gaccommodate 1tself to proofs in a variety of systems similar to JQAL

- seems to me to be one of the most pressing problems to solve in order

to provide a more adequate behavioral foundation of mathematical proofs.
The solution Qf“this problem will be_of direct help in.construciing a
more general theory to predict thé.”proof—giving" behavior of our. -

young .subJjects.
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