









































Tt should be noted from Equation 10 that the stimulus sampling models
of the type we have been considering mske the very strong prediction
that the number of errors in any learning seqguence must be equél to or
larger than the number of stimulus patterns representing the situation.
This prediction_follows from the assumption that conditioning can occur

only when an error has been made.

The expected total efroxs can serve as a stable estimatof for <the
model's single parameter, c. In the avoidance experiment deécribed
above, the mean total errors was 4.68. Equating T in Equatibn 11 to
4.68 and assuming N=2, the resulting‘ ¢ value is .427. This estimate
of ¢ will be fixed throughout the remaining discussion and wiil be used

in the calculations of all the following theoreticzl predictions.

The distribution of T for the two-pattern model, with which we
are presently concerned, is given by Equation 10.with N=2. The cumulant
of the obtained distribution of total errors is given in Figure 3, along

with the theoretical prediction.

In deriving further predictions it is useful to have the probabili-

ties, Ve n? that the subject is in conditioning state Si (i=0,1,2)
2

on trial ‘n of the experiment (n=1, 2; 3, +e.). The result for

W is
0,n :

(12) Vo n (1-¢)*1 .

For a subject to be in state Sl on trial n we note that he may re-

main in state §, for k trials (k=1,2,...,n-1)  before moving to 5,
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Fig. 3. Cumulant of the Distribution of Total Errors, P(Ul < K).
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(w2 n)" These Curves also Represent the Cumulant of the Distribution
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and then have remained in state 5, for (n-k-1) trials. Thus, the
probability of being in state Sl on trial n will be given by
. n-1
k-1 cyn-k-1
(13) V)n = k;l (1-e)" e (1- 5 ,

which has the solution

(13) W

1,n

2[(1- P - ()™

Having obtained the probabilities of being in conditioning states SO'-

and Sl on trial n, the probzbility of being in state'.82 :may -be

obtained by subtraction;

=
Il
[
|
=
L ]
=

(1)

5
"

1 - 2[(1_ g)n"l . (1-c)n'l],

Once the subject‘has grrived at conditioning state 52 there can be no

more errors. Hernce, wE n gives the probability of no more errors after
>

trial n-l. The observed and thecretical proportions of response sequences
having no errors following trial n-1 are given in Figure 4. The ¢

value used in the predictions is .427, which was estimated from the

mean total errors.

Trial Number of the Last Error

A subject's last error can occur on trial n only if he is in

conditioning state 5 » samples the unconditioned pattern, and conditioning

of that element is effective. Thus, the probability distribution of the
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trial number of the last error, P(L=n) for n=1,2,3, ... , is

(15) P(L=n) = Wl,n . g =c [(1- %)n-l _ (l_c)n—l] ,
which has mean and variance
(16) E(L) =% s var (1) = §5-gc} _

c

The obtained and predicted mean-and standrad deviation of the trial

number of the last error are given in Table 3. The cumulant of the

distribution of the trial number of the last error is just LY the
2

probability of no errors following trial n-l, which was given in

Figure k.

The average probability of an error on trial n will be equal to

the probebility of being in state S. on trial n times the probability

o
of an error in SO pius the probability of being in state Sl on trial
n times the probability of an error in 8, Thus,
P( y=1-'w riy
A2,n o,n 2 l,n’
n-1 1 e n-1 n-1
aD Ry ) = (-0)"T r 3 e 20 DT - (1)

cyn-1
(1- 5) .

2(s, )

The probability of a success on trial n is given by
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(18)

c\n-1
- (- 5

The obtained and predicted mean learning curves are given in Figure 5.

Errors During Various Parts of Learning

The probability of exactly one error before the first success,
P(Joél), will be equal to the probability that conditioning was effect-
ive on the first trial times the probability of sampling the conditioned

pattern on the second trial, which is egual to
(29) P =1) = ¢ (5) -
' o] 2

Two errors before the first success can cccur if conditioning is not
effective until trial 2 and then the conditicned pattern is sampled on
trial 3, or if conditioning is effective on trial %, the uhconditioned
pattefn is sampled on trial 2, and then either {a) the second pattern
becomes conditionéd on trial 2, of (b) ineffecfive conditioning on
trial 2 and the single conditioned:paftern is sampled on trial 3. Thus

the probability of two errors before the Tirst success will be given

by

P(JO=2) = (l—c)c% + c%c + c%(l—c)%
(20)

P(J =2) = %c [1 +% (1-e)1 .

17




P(Al',n) ‘

TRIALS (m

Fig. 5. Probability of an Avoidance Response, P(A}_ n),_on Successive
f
Trials of the Experiment.

18




By the same reasoning, it follows that the probakhility of cobtaining

three errors before the first success is

o - _ _ 1 1.1
(21) CP(Ig3) = e (1-e) [1 45+ (1-e)] .
-In general, it can be shown by induction that the probability that

JO takes on an arbitrary value, k,-'will be given by

for k =1

o=
Q

(22) P(JO=k) = o
c(l-c)k'2 [1 - (l+c)(%)k] for k> 2

which has a mean equal to
(23) . E(g

The cumulants of the obtalned and predicted distributions of the number

of errors before the first success are given in Figure 6.

A seguence with nc reversals can be défined 48 a response sequence
‘in whiqh no errors occur aftg; the first success. Sequences with no
" reversals can occur only if there have been at least two initial errors,
éince conditioning occurs only cn trials on which an error was made and
there are two stimulus patterns Which must become conditioned. A seguence
%ith twb efrérs.follbwéa B&‘ali Sueéessés can‘éééur b& coﬁditiéning being
effective on the first trizl, sampling the unconditioned paftern on the
gsecond trial, and then having conditioning again effective. Thus, the
probebility of obtaining a non-reversal sequence with two errors,

P(NR=2), is

19 .
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Fig. 6. Cumulant of the Distribution of Errors Before the First Success,
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- 2
(24) P(NR=2) =

o

A non-reversal sequence witﬁ three errcrs can come about by ineffective
cbnditioning on fhé first trial followed by effective conditioning on
the next two trials, or by effective conditioning on the first trial,
samplirg the unconditioned pattern on the second trial with conditioning
ineffective, and then sampling it again with conditioning effective.

Therefore, the probability of a non-reversal seguence with three errors
is

(25) P(R=3) = (1) (5 + ) -

Similarly, the probability of obtaining a non-reversal sequence with

four errors will be
2 2,1 1 1
(26) P(NR=4) = ¢~ (1-c) (-2~ b 8) .
In general, it can be shown by induction that the probability of obtain-
ing k errors (k=2,3,4, ...) in a non-reversal sequence will be given

by

(27) P(aR=k) = ¢*(1-¢)% [1 - ()77 .
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The probabiliiy of obtaining a sequence without any reversals,

P(NR), will just be

o3 =] oo \ k2
(28) P(MR) = ] P(NR=k) = E I 7 (1-c)k' % Z (J—Lz-— 15
k=2 k=2 k=2

which has the solution

(29) - PR) - %

Obtained and predicted values for P(NR) are glven in Table k.

Errors between adjacent successes can only occur in state Sl' it

we let gk' represent the probability that the k~-th success occurred

in state Sl’ then g 1is

(30) g =1 - P(R) = (&) -

The general equation for gk will be
o0 2 k
l-c 1 1 1
(31) € = Ek.a izo () 5 =8 G5 = (T5c

Letting I be the number of errors between the k-th and the (ktl)-st

successes, the probability distribution of J, 18

k
1 - !‘_g for 1 =0
(32) P(3=1) = ¢ &k 1 i-1 ;
Hgk(l+c)[§(l-c)] for i>1
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- and the expectation of Jk will be

& 5 .

The obtained and expected mean number of errors between the k-th and

(k+l)-st successes are plotted in Figure 7 for k going from O to G.

The cumulative errors before the k-th success, Fk’ -can be

chtained by adding the valuss of Ji from 1i=0 to 1i=k-1.

The expectation of Ek- will be

k
1
Tl -

e, B 2 1
(3k) E(F,) = E(J,) +-.§l B(Jy) =5 -3
The limit of E(Fk) as k approzches infinity is the expected mean

total errors, (2/c), as it should be.

Let P be the probability of nc errors follcowing the k-th
success. Buccesses can occur only when the subject is in conditioning
states Sl or 82. If the k-th success occurs in Sl there will be

at least one more error. Therefore, to be followed by no more errors,

the k-th success must ocecur in state 82, which it can with probability

. X ‘
- (35) Py = 1 - & = L - (I'_!'_‘E) P for k .= ;.,2,5, sae s

Define a random varisble Z taking the values O, 1, 2, 35 vee,
which represents the number of successes before the subject's last
error. The probability distribution of Z c¢an be determined from

successive differences of the values of Equation 35, viz.,

P
23
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Fig, 7. Mean Number of Errors Between the kth and (k+ 1)":‘t Successes,
E(Jk).
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k+l

(36) B(z=k) = », . - p, = cly= for k=0,1,2, ...

l+e ?
This distribution of Z has mean and variance equal to

: l+c
== .
c

(37) E(Z) =

% ; Var (Z)

The obtained and predicted distributions of Z are given in Figure 8.

Sequential Statistics

In deriving sequential statisties it is useful to-define a sequence
of response random variables, Xn’ which take on the value 1 if an
error occurred on trial n or the value 0 1if a success cccurred on
trial n. From the axioms, the conditional probabilities of an error

given state Si are
1
(38)  B(xplls, ) =1, P(Xn=l|Sl,n) =5 P(Xn—llse,n) =0 .

Using the notation of Bush (1959), a j- tuple of errors will be defined

as uj, Where

(39) LR A TRIITE S for §=1,2, «..

and

(40) E(u 5 n Vo gﬁl c)J -1 + 2’ (1- )k 11 [ (1- )] jwl- %}

wl,nug) (1-¢)7]
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The expected number of J-tuples of errors will have the sciution

0 Jj-2 j—l.
(42)  B(u,) = B[ El u = (o)™ (12e)2) 1 for j2.
n= ?

The value cf vy will be given by mean total errors, which has expecta-
tion 2/c. Bush (1959) has shown that predictions about runs of errors
can be obtained once the expected uj are known. Defining total error

runs as R, the expectation of R 1is
' 1
(42) E(R) = E(ul) - E(ug) =1+ (EE .

Letting rj be the number of errcr runs of length Jj, for J=1,2,3, ... ,

the expectation of rj is

(43) B(r)) = B(s,) - 28y, ;) + B3 )

]
o

%c (l+c+2c2) s ' for Jj
j-2

]

E(rj)

1-¢
e, [(l—c)(l+c)2(T)

c{l-c 3

], for j>2.

The number of alternations of errors and successes, A, over the entire
learning sequence will be twice the number of error runs minus one. Thus,
the expectation of A will be

(ub) E(A) =2 - E(R) - 1 =1+ (%) )

The obtained and predicted values for runs of errors are given in Table L.
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Another useful summary of segquential characteristics in the
response data is the extent to which an error on trial n tends to be
followed by an error k trials later, irrespective of the intervening

responses. Define the autocorrelation, c as the product

2
k,n

+ X

Xﬁ Xk which will have the wvalue 1 if errors occurred on both

trials n and ntk and the value ¢ otherwise. The expectation

45) E(e, ) Ly L)) L Ly (e,
(45) E(ck,n = {Wo,n(wo,k+l 5V )l [Wl,n T (1- 5¢ (1-c)1..

The expectation of ¢y, OVer all trials will be
2
o c k1
_ _ (3-2¢c) 1
(46) °x T E[nzl' ck,n] = e (-3,

for k=1,2,3, ... . The obtained and predicted-autocorrelations of

errors for the first few values of k are given in Table 3.
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. Teble 3 .

Observed and Predicted Values for Various Response Measures

'Response Measure ' ~ Observed Predicted
' 1

Total errors

o OE(T) | . 4.68 L -
z(T) | - U 2.48
Trial number of last error o
E(L) 6.56 7.02
o(L) 3.40 - hese
Errors before the first success
B(J,) B : 2.96 - 3.03
o(3,) o , 1.83 2.1

Probability of no reversals _
P(IR) .26 30

Mean number of runs of errors
' R - 2.18 2.18

Runs of errors, rj, of length Jj.

= : - 1.05 : 1.05
Ty ke .51
s ' - . =30 27
Autocorrelation of errors, Ck’ .k trials apart
B ' 2,50 2.62
ey - 2.06 2.06
c5 1.47 1.61
c), 1.18 o L.27
Mean length of runs of successes in state Sl
E(h) ' 1.77 2.00

o(h) S 1.1k ' 1.41
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THE SOLOMON AND WYNNE DATA

' Having achieved a high degree of success. in applying the two-

fattern Markov model to avoidance condifioning in réts, the model will
now be applied to data from an experiment by Solomon and Wynne (1953)
where 30 dogs learned an avoidance response. This application of the
-model_is of great interest since Bush and Mosteller (1959) have already
fitted eight models to this data, with varying degrees of succesg. It

should he noted beforehand that the procedure used by Solomon and Wynne

does not provide an optimum test of the two-pattern model. For example,
fhe use of the shutile response, which requires the subject to Jjump to
a place where he has been previously shocked, and the spacing of trials
would terid to complicate the stimulus situation. In spite of these
drawbacks in the Solomon and Wynne experiment, it is felt that important
information on the generality of the Markov model could be gained by
applying it to the dog data. It is fortunate that Bush and Mosteller

(1955) have published response sequences of Monte Carlo, stat-dogs

having the properties of a two-operstor linear model, with parameters
estimated from the real cdog data. Thus, the real dog data can be com-
pared to both the predictions from the Markov model and the values from

+the linear stat—dogs.:

Bernoulli Properties

The Markov model predicts that the probability of a success (an

avoidance response) between the first success and the last error (failure

to avoid) should be a constant, 1/2. According to the linear model,
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the probability of a success should not be stationary, but should increase
during these trials. The probability of a success on trials between the
Tirst success and the last error (excluding the last error) for the real
and linear stat-dogs are given in Figure 9. It can be seen that the

real dogs are approximating a constant value near m57 , while the linear
staf;dogs show a systematic increase over trials. Thus, the real dags

_exhibit the Markov property of stationarity, but slightly above .50.

Acéording to the Markov model, the conditional probability of a
success following a success On these Bermoulll trials should be a con-
stant, .500. This conditional probability for the real dogs was .492,

but was  .626 for the linear stat-dogs.

The response seguences between the first success and the iasi error
for the real and stat-dogs were divided into blocks of three.trials.
According to the Markov model the number of errors in each block sheould
be distributed binomially, with p = %. Goodness of fit test of the
real data to the theoretical predictions yielded a Chi Square of .89
with 3 degrees of freedom, whiéh is not significantly different from
what would be expected on the basis of chance. On the other hand, the
comparison of the linear stat-dog data to the binomial predictions
yielded a Chi Sguare of 16.08 with 3 degrees of freedom, which is
significant at béyond the .05:level, Thus, 3 binomial response sequence
charaéteriies the real data,,but:doeé.not characterize the iinear stat-

dog dats.

Further, a test of the two-pattern prediction that the response

sequence from the first .success to the last error should be a zero-order
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Fig. 9. Probability of a Success on Trials Between the First Success

and the Last Error for the Solomon and Wynne Dogs and the Bush and
Mosteller Linear Stat-Dogys-. :
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.Markov process ylelded a nonsignificant Chi_Square of 1.79 with one
degree of freedom. Thus, we cammot reject the hypothesis that the

response sequence on thege trials is a zero-order. Markov process.

Other Predictions

Table 4 presents a comparison of the two—péttern.Markov predic-
tions and the data from'fhe real and 1inear stat-dogs on various
response mesgsures. Mean total errors, 1E(T), was used to estimate
the conditioning parameter, ¢, which i$..257. It can be seen that
ﬁhe Markov model is predicting the real déta as well or better than
the two—operaﬁor linear model on some bf the response measure. The
Markov model's glaring inﬁdequacy is the sysfematic overestimation of
the stapdérd deviations.

Small standard deviations would result if the stimulus situation
COnSiéted of more than two stimulus patterns. - The obtained mean and
variance of the total errors can be set equal to the general
theorical equations for the mean and varlance of~£he total errors
(Equation 11), and the two equations can be_solved‘simultaneously for
the conditioniﬁg parameter, = ¢, and the number of stimilus patterns,
N; For tﬁe Solomon & Wynné data; this estimate of ¢ is .538, and
the estimated number of stimulus patterns, N, is L4.2. - Thus, it is

~possible that a fourlpattern~model would describe the data better than
the twb~pﬁ£tern mbdéi. -Thé dﬁtaiﬁed probébility disffibufion of tgtal
errors is glven in Figure 10, along with the predictions from the

two-pattern and the four-patterﬁ models. It can be seen that the four-

pattern model describes the data better than does the two-pattern model.
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Fig. 10. Probability Distribution of Total Errors for the Solomon and Wynne Dogs.
~and the Predictions from the Two-Pattern and Four-Pattern Markov Models .,
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The four-pattern predictions for the mean and standard deviations of
the total errors and tpe trial ﬁumber of the last error are giveg_in
Tabie L, Because of the difficult mathematics invqued in the four—
pattern model, the predictions for the.other statistics are not yet

évailéble, It can berseen_that thé fouf—pattérn'model is,predicﬁing
the standard deviations better than the linear or two-pattern models,

but the @redicfioﬁ for the.ﬁean of the trial of the last error ig Offn

Since the Solomon & Wynne situation (four-pattern) involved the
bidirectional, shuttle response, and the rat experimenﬁ (two-pattern)
involved a undirectiOnal‘fesponsé, it-is pOssible that each side of
the shuttle boﬁ cén e représented by two stimulus elements. Assuming
that the learning on each side of the box is independent, the two-
pattefn model could be apflied independently to the odd znd even
trials. This hypothesis'needs to.be tested under coﬁditions vhich are

optimum for the two-patterﬁ model, e.g. uniform spacing of trials.

DISCUSSION

-A two-patiern stimulus sampling model, wﬁich can be represented
as a'three stafé, absorbing Markov chain, has been presented to
accounﬁ for simple conditibningu A large number of prédictions aboﬁf
sequences of reéponse random variables were derived in closed form and
were éompared to actual data obtained in an avoidance conditloning
.experiment with rats. The theoretical predictions .fit the raf’datar
extremely well. TIn particular, the predicted Bernculll properties of
the response.séquences between the first success to the last error

were upheld suprisingly well by the data. This characteristic of the
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' Table 4
A Comparigon of Avoidance COnditiOning'Data of Real Dogs with Linear

Stat-dogs and Markov Model Predictions

Response  Measure . 4-Pattern 2-Pattern . Data Linear
Total.errors, E(T) 7.43 ———— 7.80 7.60
o(T) 2.53 L.75 2.52 2.27

Errors before k-th success,

‘.E(Fl) -— .68 L.50 4.13
U(Fl) ---—' 3.66 | 2.25 2.08
E(F,)  ---- 5.32 547 5.20
B(F)  ---- 581 6.10 5,94
Trial .of last‘error E(i)‘ 15.47 11.70  12.33 13u53;.‘
o | u(L) L2 8.02 | ..#136 | L.78
Total runs of errors, R -——— .2.96 3.30.' 3.47
Runs of errors, r me== 01037 1.86 1.87
r, c——m .63 o] .57
| r3 ---- .33 27 .é7
Autocorrelations, ey e .86 k.50 h.li
02. J— 4.25 4.36 3.53
cq ——— 3.70 3.&0 3.14.
Proportion of succegses on two
trials prior to the last error . 1.50 .52 78

Probability of no errors after S Co
l-st success .20 10 .03

36




data is sufficient to guestion the adeguacy of apy linear model as a
descripﬁiOn of the present rat daté. It should be noted a;so, that_no
estimated parameters entered into the predictiogs about the response.
sequences during trials between the first success and the lagt error,
since the Berpoulli properties of the model are paramgterjfree?

:The predictions about various responge measures over the entire
learning sequence l1lnvolved Only a single parameter, c. _Although c
was estimated from an arbitrary response measure, mean total errors,
the predictions for the numerous other response measures fit the data
very well. It should be noted that entire distributions pf response
variables were fitted to. the data, and not Jusi mean values.

| As a test of its generality, the two-pattern Markov model was
applied to the data of Solomon & Wynne (1953) on avoidance
conditioning in dogs. Again the Bernoulli properties of the model
were upheld by the dog data, but the obtained prqbability of an
avoidance response on the Bernoulii triéls was slightly higher than
the predicted value of 1/2. In general, the two—pattern_model £it the
dog data reasonably well in spite of the fact that the experimental
procedure did not afford an optimum test.: of the model. The variances
predicted by the two-pattern model were too large and indicated that
some type of four-pattern Markov‘mOdel,might fit the data better. The
strongest evidence for the two-pattern Markov model as an-interpreta-
tion of the dog data is the fact that the response sequences between
the first success and the last error are independent Bernoulli trials.
In view of this fact, it is surprising, and somwhat paradoxical, that

the two-operator linear model predicts means and variances of . other
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_response measures as well as it does. The Bernoulli predictibns'cer-‘
tainly do'not follow. from the linear model . The analyses of the'
Solomon & Wynne data indicate (a) that the two-pattern Markov model
cannot be excluded as a possible interpretation of'these.data,'(b) that
a four-pattern process might be involved here, and (¢) that the
two-operator linear model does not give a complete désériptidn of the
data, even'though it closely approximstes the data in many respects.
The tWOapattern;Markov model has been presented as applying
to all simplé conditioning situstions. However, to date it has been
applied only to avoidance learning data. The model prédicts that
learning occurs only on trials on which an error is made, and in fact,
in avoidance conditioning an experimenter-controlled reinfofcemenf
ocecurs only on these error triasls. Therefore, it is of interest
whether this assumption of learning dnly on error trials will be
upheld by, say, classickl conditioning or T-maze feversal.data,.where'
an experimenter-controlled reinforcement occurs on both errof ahd

success trials.
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APPENDIX

Table 5

Response Seguences for Individual Rats

Code: The columns represent consecutive runs of failures to avoid
{errors) and runs of avéidance responses (successes). The columns
labeled "1" designate runs of errors. The columns labeled "O"
designate runs of successes. The entries of the table give the length
of the runs in number of trdials. The final c¢riterion run of 20 suc-

cesses has not been indicated, but it follows the last entry for each

rat.
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