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following way: if the preferemce-or-indifference relations (xi,yi)R(z i’Wi) are such
that it is possible to cancel out all of the terms occuring on the left and right
sides of the relations, then imdifference must hold in all cases. Onece this informal
rile is formally stated it becomes easy to show that consequences (2, C3, and Ch,

as well as transitivity, are implied by it.

General Cancellation Law. Let R be a preference-or-indifference relation over the
set of two-component alternatives leK2 satisfying the Additive hypothesis, and
suppose that for RysevesX 5 l"‘”’ZneK,l and VyseeesTy » WiseoesW €

K

5 )
(Xi’yi)R(Z‘i’Wi) holds. If it is the case that the sequence <X ,...,x> is a
permutation of the sequence -<zl,- . "’Zn> » and the sequence <yl, . ..,yn> is a
permutation of the sequence <W,,...,W > , then (X.i"yi)I(Zi’Wi) for i=l,...,n.

The requirement that the sequence ‘<X_l"°°° ,Xn> be a permutation of <21, “‘”’Zn>
is simply a formal way of reguiring that the x's and 2z's be the same, except that
they may occur in a .different order. Similarly, reguiring -<yl,,n,yn> to be a
peromuation of <wl seee m’n,> simply means that for each of the y i’s there is a
corresponding ij equal to it, and vice versa, and therefore it is possible to
cancel out common terms—so that no y's or w's are left. To illustrate the
gpplication of this rute, suppose thai three preference~or-indifferences (x,y)R(z,wv) s
(z,u)R(v,y), and (v,w)R(x;u) hold. .In this case, n=3 , and we can define:

Xl=X yl-y Zl=Z Wl=W
X2=Z y2=>u Z2=V W2=y
X, =V =W 4, = X W, = W
3 I3 3 3

Then the sequence 1’X2’X3> <x,z,v> 1is a permutation of the sequence

<zl,22,z3> <z,v,x> , and the sequence <yl,y2,y3> <y,u,w> 1is a permuation
of the sequence <w 2,W‘3> = <W,y,w> . . According to the General Cancellation
Law, therefore, (X,y)I('Z,W') s (z,0)I(v,y) , and (v,w)I(x,u) must hold.
Contsequences (2 « C4 cam easily be derived from the General Cancellation
Law plus the definitioms of the relations P and I in terms of R .. Suppose
it is to be shown, for example, that (x,y)R(x,w) implies (z,y)R(z,w) (one
half of the Independence Condition).  Assume then that (x,y)R(x,w) holds, but

(2z,7)R(z,w) does not; then (assuming that we have a complete system of preferences),
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both (x,y)R{x,w) and (z,w)P(z,y) would hold. It is easily seen that the Can-
cellation Law with n=2 . applies to this case, and therefore, it must be that both
(%,y)I(x,w) and (z,w)I(z,y) hold, contradicting the assumption (z,w)P(z,y).

" The remairing empirical conseguences can be derived from the (General Cancellation
Taw in a similar way: 1i.e., by assuming the premises and adding to them the
negation of the conclusion in the empirical consequence, and using the Cancellation
Law to derive a contradiction. _

' The General Cancellation Law differs from the empirical consequences of the
Additive hypothesis'discussedsin Section 3 in that while those are general state-
ments which memtion only certzin fixed numbers of components (for example, the
Independence Condition mentions only four components), the General Law mentions
an arbitrarily large number of components, depending cn the particular case
B=1,2,3,.0. to which it is applied. This means that, in a sense, the General
Cancellation Léw has an.infinite number of special cases. It might therefore be
wondered whether or‘not the General Law is getually sufficient to guarantee the
existence of an Additive utility’functioﬁ_for all finite systems of alternatives
(it will be recalled thatvitfhéé been showﬁyfhat no finite number of consequences
like those of Cl - Ch are sufficiemt). In this event, the General Cancellation
Law, plus the definitions‘of P and I in terms of R ', and the assumption of
connectivityi would be necessaty and sufficient conditions for the existence
of an Additive utility functidn° The answer to the above question, as well as
other interesting facts about the Cancellation Law are obtained by comparing it
with another law of similar nature comnsidered by Dana Scott and Suppes relating

to the theory of difference structures [20]. It turns out that the cancella-

tion law, as applied to n observed preferences~or-indifferences is very similar
to the following assertion about utility differences: given two large utility
intervals, each one subdivided into n-l1 sub-intervals; if there is a one-to-
one correspondence between the sets of sub-intervals such that each sub-interval
in the first set is larger than the corresponding one in the second set, then
the first total interval is larger than the second total interval.
- Theorems proved about corresponding systems of utility differences (by

Robert McNaughton, Dana Scott; and Patrick Suppes, communicated privately to the

authors) imply the following important facts about the General Cancellation Law.

1/ A relation R satisfies 'comnectivity' if for all X and Y in K ,
either XRY or YRX ; together with transivity, connectivity defines a weak
ordering of B , i.e., R satisfies consequence 1.
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(1) The General Cancellation Law, plus the condition that R is connected, plus
the definitions of P and I 4in terms of R are not sufficient to guarantee
the existence of an additive uﬁility function. (2) For each n=5, 6, «.. ,
the special case of the General Cancellation Law applying to n observed preference-
or-indifference relaﬁions is independent of fhe special cases 1,2,...,n-1 . To
these facts may be added: (3) The Cancellation Law for the case n = 3 is
equivalent to Consequences Cl - C33 (4) The Céncellation Law for the case n =k
is equivalent to Consequences Cl - Ch. The first of these facts answers

in the negative the question raised in the previous paragraph. The second, third
and fourth insure that the General Cancellation Law is actually stronger than
Consequences Cl -vch, and hence cannot be derived from them.

The fact that the independence of the special cases of the General Cancella-
tion Law for a given n are independent of the cases from 1 to n-1 is not
asserted for n less than 5 leaves open the question of whether case b is
is independent of cases 1-3. As is easily seen, this question is equivalent to
the question of whether or not Consequence C4 is derivable from Consequences Cl -
C3 or not. In this case an interesting situwation arises: it can be shown that
Ct is derivable from €1 - C3 in case the system is commutstive (see Section 8).
In the case of non-commutative systems, several .considerations seem‘to indicate
that Consequence Ch4 is independent of Cl - C3 (and therefore the case n =4 of
the General Cancellation Law is independent of the cases 1,2, and 3), but no
rigorous proof has yet been found for this.
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