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APPENDIX

.~general cancellation law for two-compone~ systems

Examination of the four observable consequences of the additive hypothesis

discussed in Section 3 reveals that they can all be regarded as special cases of

what might be called a IIcancellation law. II To illustrate, consider consequences

C3: if (x,y)R(z,w) and (z,u)R(v,y) hold, then (x,u)R(v,w) holds. Trans­

lating these preference-or-indifferences into inequalities between the utility

values of the alternatives, woe have:

x+y>z+w
and

z+u>v+Y
imply

x+u>v+w.

The conclusion X + U > V +W can be derivedfrom the two original in­

equalities by simply adding them, and then cancelling out common terms on both

sides of the sum. It is easily verifred also that consequences Cl (rather,

the condition of' transitivity·rn Cl) and c4 have the SaJD.e character: the

conclusion in both cases can be derived from the givenpreference-or-indifference

relations by 'adding' them, and. then cancelling the common terms on both sides

of the final inequality. The Independence Condition (consequence C2) can also

be fitted into this scheme if 'It is stipulated that whenever all but one element

is cancelled out on both sides of an inequality, then the SaJD.e quantity can be

added to both sides.

The observation that all of the observable consequences of the Additive

hypothesis derived in Section 3 are of the same type suggests that they might all

be conibinedinto a single gene:calized 'cancellation i law·. This law can be

intuitively th<JfJght of as asserting that whenever a set of preference-or-indiffence

relations (xi,Yi)R(zi'wi ), i=l, ••• ,n are observed, then the relation

(x,y)R(z,w) can be inferred i~ it is possible to 'cancel' pairs of common terms

on the left and right sides of the relations (x.,y.)R(z.,w.) in such away that
~ ~ ~ ~

only x and y are left on the left and only z and w- are left on the right.

Actually; it turns out to be somewhat more convenient to formulate the law in the
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f'ollowingway: if'the 1"l"ef'erence..or-indif'ferencerelations (Xl'Yi )R(zi" Wi) are such

that it is possible to cancel out all of the terms occuring on the lef't and right

sides of' the relations" thenindiff'erence must hold in all cases. Once this informal

rtile is formally stated.it beeomes easy to show that consequences C2, C3" andC4,

as well as transitivity-, are i"ll'f.Plied by it.

General CancellationL~. Let R be a preference-or-indif'ference relation over the

lS'etof'tvro-component al-terna.ttves Kl~ satisfying the Additive hypothesis, and

su:P:P0se that for xl,,,,,xn ' 'Zl'~~"zn e Kland Yl'''·'Yn' wl,,·~·,wne K2 "

(xi'Yi)R( zi'wi) holds. If it is the case that the sequence -<xl".' ,X? is a

permutationof'the sequence <zl; .•• ' zr? "andthe sequence -<:Y1". "y,;:- is a
permutationof'the sequence ·<:w

l
" ••• ,w >, then (x.,y. )I(z.,wi ) f'or i:;l, .... ,n.. .. n1 1 1.

The requirement that tbe sequence <Xl' .... ,x,;:- be a permutation of <Z1" ••• , zr?

is s:iJIrply a formal .way "'of'Tequiring that the Xl s and z' s be the same, except that

they may occur ina "diHerent order. SiIIlilarly, requiri:n.g<y1" •.• , yr? to be a

.Permuat16nof <wl '" p/w.;:- simply means that f'or each of' the Yi's there is a

correspondingWj equal to it"and .~yersa, and therefore it is possible to

cancel out COIllIl1onterms-so tha"t no y 1 S or Wl S are left. To illustrate the

B;pplication of this rul:e,S11.Pl'Ose that three preference-or-indifferences (x,y)R( z,w),

(z,u)R(vjy), and (v,w)R(xJu) hold. In this case, n~3 , and we can define:

Xl ~ x Yl .- Y zl ~ z WI ~ W

x2
~ z Y2 ~ u z2 ~ v w2 = y

x
3 = v Y3 = w z3 == x w

3 = u

Then the sequence <xl ,x2"x
3
> :=:<x,z,v> is a permutation of the seCluence

<Z1"z2,z3> =<z,v,x>,andthe sequence <Yl"Y2'Y3> ~<y,u,w> is a permuation

of' the sequence <w1)w2'w
3
>= <:w, Y, u> .According to the General Cam;~ellation

Law; therefore, (x"y)r(-z,w)" (z,u)I(v,y) , and (v)'w)I(x,u) must hold ..

Consequences C2" c4 eat! easily be derived from the General Cancellation

Law plus the definitions of 'the relations Pand I in terms of R Suppose

it is to be sholID, for exa.:m;ple.., that (x,y)R(x,w) ilnplies (z,y)R(z,w) (one

half of the Independence Condition). Assumethenthat (x,y)R(x,w) holds, but

(z,y)R(z,w) does not; then (assuming that we have a complete system'of preferences)"
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both (x,y)R(x,w) and (z,vr)P(2,y) would hold. It is easily seen that the Can..;

cellation Law with n=2 appl~es to this case, and therefore, it must be that both

(x,y)I(x, w) and (z,w)I( z,y) hold, contradicting the assumption (z, w)p( z,y).

The remaining empirical consequences can be derived from the General Cancellation

Law in a similar way: 1. e., by assuming the premises andadcling to them the

negation of the conclusion in the empirical consequence, and using the Cancellation

Law to derive a contradiction.

The General Cancellation Law differs from the empirical consequences of the

Additive hJ~othesis discussed in Section 3 in that while those are general state­

ments which mention only cert"'cdn fixed numbers of components (for example, the

Independence Condition IDBntionsonly four components), the General Law mentions

an arbitrarily large number of' components, depending on the particular case

n = 1,2,3,0 •• to which it is applied. This means that, ina sense, the General

Cancellation Law has an infinite nurncrer of special cases. It might therefore be

vrondered whether or not the General Law is actually sufficient to guarantee the

existence of an Additive utility function for all finite systems of alternatives

(it will be recalled that it 'has been shown that no finite number of consequences

like those of Cl - c4 are sufficient). In this event, the General Cancellation

Law, plus the definitions of P and I in terms of R , and the assumption of

connectivity~ would be necessary and sufficient conditions for the existence

of an Additive utility function. The answer to the above question, as well as

other interesting facts about the Cancellation Law are obtained by comparing it

with another law of similar nature considered by Dana Scott and Suppes relating

to the theory of difference structures [20]. It turns out that thecancella­

tion law, as applied to n observed preferences-or-indifferences is very similar

to the folJ_owing assertion about utility differences: given two large utility

intervals, each one subdivided into n-l sub-intervals; if there is a one-to­

one correspondence between the sets of sub-intervals such that each sub-interval

in the first set is larger than the corresponding one in the second set, then·

the first total interval is larger than the second total interval.

~neorems proved about corresponding systems of utility differences (by

Robert McNaughton, Dana Scott, and Patrick Suppes, cOlmnurlicated privately to the

authors) imply the follOWing hrxportant facts about the General Cancellation Law.

1/ Arelation R
either XRY or YRX
ordering of R ,i.e.,

satisfies 'con..'1ectivity' if for all X and Y in K
together with transivity, con..~ectivity defines a weak

R satisfies consequence 1.

,
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(1) The General Cancellation Law) plus the condition that R is connected, plus

the definitions of P and I in terms of Ra:r-e not ,sufficient to guarantee

the existence of an additive utility function. (2) For each n = 5 , 6 , •. 0 ,

the special case of the General Cancellation Law applying to nobserved preference...

or-indifference relations is independent of'the special cases 1,2, •• 0,n-l To

these facts may be addedx (3) The Cancellation Law for the case n = 3 is

equivalent to Consequences cJ. - C3; (4) The Cancellation Law for the case n =4

is equivalent to Consequences Cl - c4. The first of these facts answers

in the negative the question raised in the previous pa:r-agrapho The second, third

and f'ourth insure that the General Cancellation Law is actually stronger than

Consequences Cl - c4" and hence cannot be derived :from them.

The fact that the independence of the special cases of' the General Cancella­

tion Law for a given na:r-e independent of the cases from 1 to n...l is not

asserted for n less than 5 leaves open the question of whether case 4 is

is independent of eases 1.30 As is easily seen$ this question is equivalent to

the question of whether or not Consequence C4 is derivable from Consequences Cl­

C3 or not. In this ease an interesting situa.tionarises: it can be shown that

c4 is derivable f'rolIlCl - C3 incase the system is c01IlIllUtative (see Section 8).
In the case of non-commutative systems, several considerations seem to indicate

that Consequence c4 is independent of Cl. C3 (and therefore the case n =4 of

the General Cancellation Law is independent of the eases 1,2, and 3)J but no

rigorous proof has yet been found for this.
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