







































































We now consider the distribution of total errors, T . The probabil-
ity of zero errors is just gibo ; as given in 21 above. For k > O,
we consider the probability that the subject makes his k-th (and last)
error on trial j after having made k-1 errors someplace during the
previous j-l1 drials. Up until the trial of the last error, we are
observing a fixed Bernculli process with probability gy of a success-
gnd l-gl of an error. We write the probability of k-1 errors in

j=+ +trials as

22) B{k-1 , j-1} =

The probability of obtaining exactly k errors (for k > 0) is the
sum over all |J of the probabilities of making the last error on trial

J and making k-1 errors during the preceding j-1 *rials. That is,

23) P(T = k) = i B{k-~1, j=1) - P(n' = j)
J=k

By appropriate substitution from Equations 21 and 22 the result is

J=k

o0 jml .
_pyd=t
( gy (l-r)

2l,) P(T = k) = (1-,9;1.)k b, S k-1
- | 3=k

B(l-g Y5, o [3-1) .. T . .

2 -k - =1
b2 Tk g [(l-cl)’J to(1-r)? J
These sums on the right-hand side are all of the same form and reduce to

simpler expressions. For example, considering only the first sum, -it

reduces to
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g 2 el .
{3~y :E;; k=1 | [g) {1-r)]
l?,

which can be shown to equal

l.

:(lar)k”l o
: l-glilwri

Similar results obtain for the last two sums. If we employ the following

abbreviations

(1-g, }(1-r) (1-g;)(1-c )

~ww~—f-—w~ = ¥ and =0
lmgl l"I‘) ' l=’gl(}_=cl) .

then the distribution of T can be written compactly as

b x bbb k
253 P(T = k) = —ordem + 2 | of - L for k > 1

AT r-cy lmcl l-r

We now derive the distribution of JO o .the number of errors before
the first success. To have k errors before the first success, the pro-
cess can either stay in 8, k-1 reinforcements or can be 1in e at fhe
end of k-1 reinforcements. Given that the system was in s, on trial
k (when the k-th consecutive error occurred), the probability of a suc;
cess on the next trial is a+4d + gl(l ~a~=4) =1 - ¢ ; given that we
were in S5 on the k-th trial, the probability of a success on the next
trial dis cy + gl(l=cl) =1 =1 . From these considerations, we may

write the distribution of 'Jo as
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26) P = k) =<

(1-g )"

[wb}k(l-o)-+ Wé,k(l—T)] , for k> 1

“

We now derive expressions for Py s the probability of no errors

following the k-th success, and the distribution of J the number of

k}
st
)

errors between the k-th and (k + 1 success. To obtain these quan-

tities we first must derive the probability that the process is in s

o

on the trial of the k-th success (call this fo k) and the probability
S

that the process is in 8, on the trial of the k-th success (call thisg

f, k) . First, we derive “the probability that the k-th success
3

fo,k ?
occurs with the proecess in So . One way to reslize this event is for
‘the procegs to have k-1 successes in the first n-l trials, be in state
s, -on trial n and have the response on trial n be a correct guess

(with probability gl }.. If we then sum these probabilities over all

values of n > k we will obtain f :

o,k °
o n-1
g R . k__l . n..k_
21 Lo,k - g;% Yo, (k_l) g & = (1-g)
o : n=1
=3 (1) (k—l) g (1-g)" "
Cn=k ,
' ' o [kelti
K ) :
= gy (1) 3 ( k—l) [(1-r)(1-g))1"
_ =
koo k-l
_ g (1-r) | _ 'MF
[1-(1-7)(1-g )1 1-x




gl (._l“'IE)
T-(1-r)(i-g)
By the same reasoning;’ f2 - is given by
E

where we set u =

el (n“l & n~k
28) o 529k =_§;k.w2}n k-1 g (1-g)
k Tk
__b B _ _HK
T=Cy .lmql l-r
where
gl( 1HC1)

* T(T-g, )1 e))

‘Given these guantities, the probability of no errors following the k-th

success 1sg

2 = = - + + °
29) P =l -t et T P T kP ot P2
=1 El(lgbo)fogk -1 “'?é)f2,k
The quantity 1 = fo k" f2 K 1s the likelihood that the response was
3 2

in the conditioned state at the k-th success; so with probability 1 no
more errors would occur .in that case; - fogkbo is the;proﬁability‘that
the k-th success occurred in .So and with probability bo no subsequent
errors occurred; fE,k bg is the analogous expreésicn for the k-th suc-
cess occurring with the process in&.s2 . The limit of Py is A since
‘both fo,k and f2,k go to zero as k becomes,large., Thig’ ig reasonable:
aftér a large number of successes, it's 1likely that.the response. is con-

ditioned sc no more errors are going to occur.
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We now derive the distribution of J; , the number of errors occur-

Ting between the k-th and (k-!-l)'st success . We can have Jk =0 in

case (a) the k-th success occurred by prior conditioning with probabil-
ity 1 - fo,k -'f2,k_’ or (b) the process is in 8, &t k-th success
and we have a2 guccess on the next trial with probability afd+gl(l-a-d)
= {1l-0), or (ec) the process isin.s, at the k-th success and we have a
success on the mext trial with probability .cl+gl(l-ql) = (1-7) . Thus,

P(J

=0

il
[l

1 -'f05k_~ fg,k + fg,k(l-r) + fo,k(l—c)

-l'—'bfo,k - Tf2,k

. For Jk = n> 0 : with probability 'f2,k

~there for n trials while making n errors, then get a success on the

we can start in s, , stay

-next trial with probability 1 - 7 ; with probability fO ~we start

Lk

in so_ and either stay there .or move to 52 during the n trials.

From these conslderations, we may Write the distribution as

r
1- Ufo,k'_ Tf2,k s for n=20
1) P(I, = n) =¢
n .
(l-gl) '{fo,kwo,n+l(l_a)'+ fo,kWE,n+l(l-T)
+ £, . (1l-c )n(lQT) for n>1
2 k\TCL =

‘Where, as before,
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Y2, n+l =:;§%I [(l-cl)n - (l-r)n]

As our final derivation here, we consider the distribution'of the
number of successes . intervening between adjacent_errors (provided there
‘is a next error). Call this random variable H . In the simple one-
element medel with a constant probability of conditioning, .the next:
error is an uncertain recurrent event and H has a simple geometfic dis-
tribution which is independent of the trial number n on which the
-ieading error occurred. Sﬁch simple results do not Obtain‘for the present

model since the distribution of Hn depends. uvpon the state (so or ‘se)

.giving rise to the error on trial 'n , .and the probabilities of being in
these states changes with n . This means.that we must first find the
distribution of 'Hn conditional upon the process being in Sy on trisl
n , and alsoc find the distribution of Hn conditional upon being in

5, on trial n . Before proceeding to this problem, however, we first
conéider the distribution of HO the number of successes before the

first error. -This problem is easy since by assumption1the-subject is in

3 at the outset of training. -The distribution of HO is

’

1-g
——=— for j =0
g%,
32)  P(H = 3) =<
' (1-g,) |
Tg b, &1 [To,5M1 RIS for Jz1

.

The division by l-glbo establishes the condition that at least one
error will occur. Given that at least one error is going to occur and

given that j reinforcements fail to condition the response, then the

probability of j successes then an error is glJ(l»g):,
28



We now consider the distribution of Hn conditional upon Sp
obtaining on trial n . Call this distribution --P(an_s2 n) . The prob-
b

-ability distribution here is

53)  P(H_ = JISB,n)‘= 1o, (g (1-c;)1° = [1-g (1-c;)]lg, (1-c;)]

for J=0, 1,2, w..

The division by 1-b, ensures at least one more error; the factor

2

[gl(lwcl)]J gives the probability of J -consecutive correct guesses

without conditloning ocecurring, -and then an error on the next trial

with probability _(lmcl)(l=gl) .
The similar density function conditional upon the process belng in

)

s, at the time -the error occurred on trial n . is called P(Hn[so d

2

-and is given by

(

(1-a~a)(1-g )

T for J=0
o
ll- PH:.S =
34) P, = 3ls, ) Y ()
B SO . o
T g, [W0§j+2 + w253+2] for j>1
s)

The reason for the (j + 2} subscripts on W, and W, 1s to express

2
the fact that there are j + 1 reinforcemenis that occur between the
error on trial n and the next error on trial n + j + 1 . The proba-

bility that the process remains in 5, during these 3 4+ 1 reinforce-

N S R
ments is (Ll-r) s which is vy 342

according tc the notation estab-
5 ‘

lished in Equation 7.
-From these conditional distributions; -we may obtain the unconditional
~distribution of Hn by the relation
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v P(H =gls Y4+ w,_ PH .=ils, )
) _ iy _ 9am I Qy 2.1 hal 2,1
35)  B{H = §) = == 2

W + W
L0,TL 2,1

These derivationé above have been carried out with reference -to
Hh given.an error occurring en trial n . We could also count off
‘errors and ask for the distribution of Hi ; the number of successes
‘between the k-th and (k + 1)St error (provided there is a (k + 1,)st
error). The conditional distributions - P(Hﬁ]sz at k-th error) and
P(Hﬁiso at k-th error).w would be the same as the expressions in
Equationsg 33 aﬁd 345 respectively. Combining these as in Eguation 35
to cobtain the unconditional distribution would require knowiné‘the
relative probabilities that the k=th error came about with the process

in 5, rether than s, . Let to be the probability that a k-th

2 ok

error cccurs and that the process is in 8, at the time. .The expres-

gion for £ is
o,k
o n=1
, _ o k n-k
36 . 2 Von &1 {i-g,} &
k-1 k
@ haee)t
[léglﬁlwr)}k LI-r

Similarly, the probability that a k-th error occurs and the subject is

in S5 _at the time..is
o0 nﬂl]
. - _ . 4k n-k
37) t2,.k = Z:: WQ_,.n k-1 (l"’gl) =
_ n=k :
_ b ak . Tk
rscl l--’c;L _1l-r




where & and 7y are as given before in Eguation 25. Since we are
assuming, in the conditicnalization of Hﬁ » that a k-th error occurs,

the relative probabliity that it came about in Sy is given by -to "
’

divided by to x plus t Hence, the unconditional distribution
bl

2,k °

of Hi , the number of successes between the k-th and (k + l)St errcr

" (provided there is one), .is
T 2 i
t, . P(EIfs) + to k P(E;[s,)

38) . P(H!) = SFES J
Hy po,k ¥ tz,k

x




V. Conecluding Comments

Wnat has been accomplished in the preceeding pages is a detailed
statistical analysis. of response sequences for the general case of a
subject learning two mutually dependent response components, The
fundamental unit of analysis still femains_fhe.single response COmpo-
nent (the X~ sequence or Yy sequence) .rather than the composite. score
(zﬁ) _représenting Joint performance on the two components. -The main
feason for this emphasis.here-was that of mathematical conwvenience; .the
Zn sequence presents same special difficulties for extensive analyses,
.although it is clear that a few results could be easily derived (e.g.,
the trial of the last error).

A second reason for emphasizing the model's analysis of the single
compeonent 1s that the corresponding-results have application toc another
-class of problems having little to do with response compound learning,
.viz., thoge cases in which the learning parameter for a single response
.changes over trials. This latter situation is of more than academic
interest in view of the prevalence of "warm-up" effects obtained with
.naive subjects in_verbai learning experiments. In terms of the model,

a "warm-up" effect in the learning of a single response would be reflect-
- ed by a shift in the value of the conditioning parameter from the initial
trials to the later trials of the experiment. Some evidence for such

.2 shift with naive subjects has been obtained in experiments by the
Writér,.but the effect is absent when well-practiced subjects are uged..
In #pplying the model to the "warm-up" phenomenon, .we would identify two
transéent states which differ in the probability of conditioning the

response. -This scheme requires an additional parameter specifying the
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probability of a transition each trial from thé low-c state to the high-e
state (the b constant in the matrix of Equation 9).

. .An dssue not yet discussed here is that of the goodness of £it of

the alternative models to the data of response compounding experiments.
.The -alternatives mentioned before are (a) the AR compound is learned

-as a unitﬂ;(b)_the A and B components are learned indépendently, and

{c) some degree of dependence ohtains between the two learning processes.
These alternatives can be represented in terms of special values of the
conditioning parameters of the general model. This being the case, the-
direct method for determining which case obtains for a set of data

would involve estimating cl 3 Co s B, b, and d within the general
model; and then testing special hypotheses about these parameters (e.g.,

that b=d4d =0, orthat a+d.=c The difficulty with this dir-

1)
ect approach ig that it requires some knowledge of the sampling distri-
bution (at least the variance) of the several estimating statistics,

and this knowledge 1s simply not available at the present time. It
might be added that this situation is generally characteristic of the
stochastic learning models studied to date, with s few notable exceptions
(Restle, 1961). Failing in this direct approach, goodness of fit con-
siderations must settle on second-best, approximate tests. One candi-
date for an approximate test is the Suppes-Atkinson (1960) chi-square
test of how well a model reproduces the n-th order conditional probabil-
ities of the reeponse sequences. This ig an approximate test of the
present models because the chi-square preocedure is really appropriate

only when the model implies a finite Markov chain in the abservable

response sequence and none of the models considered here imply that
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x:esult; The second cbvious candidate 1s the "visual inspection” test:
a number of predictions of the alternative‘ﬁpdels are compared with
dats, and the model coming closer to the majority of the data statistics
is accepted. The method is. admittedly crude but for.all.that it has
enabled research on stochastic models for learning to thrive over the
past twelve years. -Analysis is currently under way to determine which

- (if any) of the alternative models best describes results.of an exten-

~8lve experiment just completed on response compound learning.
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1.0.
1.
2.
13,
1k,

15.

16.

17.

18.

19.

Notation Used.in,Texﬁ

gy = probability of a correct guess on the i-th component.
N = number of response alternatives.
cl,qg,a,b,d = conditioning parameters.
r=a+b+4d.
ni = the mean number of trials in transient state i before
apsorption, starting out in s  on the first trial.
o] > :
-TX = total errors .on response variable x = E—l x -
W, o F probability of being in state 1 after n-1 reinforcements
2
starting out in s, -
% = a#erage error probabiliﬁy for i-th component on trial n .
uj,n = xnxn+l .oo-xn+jil = a j-tuple of errors.
rj = number of runs of exactly J errors.
-Ck,n = EnFnex
7= (1-g.)(1-c )} .
o = (1-g,)(1-a-d) .
e, = number of errors following an error on trial n .
bo = probability that there are no more errors following a guess
with the subject in state O .
b2 = probability that there are no more errors following a guess
with the subject in state 2 .
n' = trial of the last error.
Y E
l"gl(l"'r—)
o _-(l"gl}(l‘cl)
1=g) (A-c,)
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.20, J_ = errors before the first success.

J
21. Jk = errors between the k-th and (k + l)St success.

= probability that there are no errors following the k-th .success.

22,
. P-k |

23, ‘fi'k = probability that the subject is in state i when the k-th
Buccess OcCurs.
gl(l—r)

-2k, “'z_l-(l—gl)(l—r)
g, (1-c.)
1M1

25. B

"~ 1-(1-g; ) (1-c;)
.26, Hn = number of successes between an error on trial n and the
next error (provided there is a next error).

27, Hé = number of successes between the k~th and (_k.+ l_)5t error.

28. t,

1T probability that the subject is in state i when the k-th
> . y _ o : _. -

_error oceurs.
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