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a learning experiment in which the subject is rewarded or not depending upon

which alternative he chooses. The model makes a number of uni~ue predictions

about the results of some learning experiments. Space limitations do not

permit a full discussion here of many of these cases, but we shall briefly

discuss two cases to illustrate the type of predictions derivable from the

model.

The first condition to be discussed is that in which the subject is

learning to choose, say, the black alley as it is shifted from side to side

in the maze; this condition is contrasted with that in which the black-white

cues are in fixed spatial positions (right or left of the choice point).

The second case to be discussed is that in which, following initial learning,

the reward significance of the two brightness cues are reversed.

Consider first the learning of a brightness discrimination in which

approaches to the black alley are rewarded while approaches to the white

alley are not rewarded. The result of these contingencies will be an

increase over successive trials in the subject's tendency to approach the

rewarded black alley and a decrease in his tendency to approach the non­

rewarded white alley. If the rewarded black alley is shifted from right to

left at random in the maze, then over successive trials the subject's

orientation probability, oR' will not vary appreciably from one-half

because he has not been conffistently reinforced for looking right or left

at the choice point. However, if the rewarded black alley is always on the

right side of the maze ("position" learning), then orientations to the right

are consistently reinforced and oR would be expected to increase to unity
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under such conditions. It is this latter fact which differentiates position

learning from stimulus discrimination learning.

In Fig. 3 are shown some hypothetical curves illustrating the qualitative

differences to be expected for these two cases. The solid curves are for

position learning and the dashed curves for stimulus discrimination learning

conditions. For both conditions we have plotted the probability of the correct

response (upper curves, to be referred to the right ordinate) and the average

or expected number of VTEs (lower curves, to be referred to the left

ordinate). For this illustration, it has been assumed, as in previous work (2),

that reward and nonreward increase and decrease, respectively, the approach

probabilities by linear transformations.21

The first thing to notice in Fig. 3 is that the probability of the correct

response is expected to increase faster in conditions of position learning, and

this is a well-established qualitative result in animal learning (10). The

expected difference here is due to the fact that, in position learning, the

subject is learning not only which stimulus to approach and which to avoid,

but is also learning which way to orient at the choice point to expose himself

to the rewarded stimulus. Corresponding to the expected changes in the

orienting and approach probabilities, the average number of VTEs for position

learners is expected to drop rapidly to Zero. By contrast, the initial

orientation at the choice point of the subjects in the stimulus discrimination

conditions will continue to be random, so that at asymptote their initial

orientation on half the trials will be to the nonrewarded white alley, and
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one VTE will occur on such trials. Hence, the asymptote of E(V) is .50

for these conditions, and this result is well-established empirically.

According to the theory, the exact path of the VTE curve during

learning will depend considerably upon the initial strengths of the

approach tendencies to the alternative choice stimuli. For the cases shown

in Fig. 3 it was assumed that the initial values of PB

and eQual. A completely different course of learning and

were low

is expected

for those conditions in which the approach tendency to the incorrect stimulus

is initially higher than that to the correct stimulus. Such conditions might

be expected to obtain in the stimulus discrimination problem, for example,

if the reward values of the black and white alleys are reversed after the

subject has learned previously to approach one and avoid the other. In

Fig. 4 are shown the expected results for reversal learning under two

conditions: in one condition, depicted by the dashed lines, the subject

simply receives no reward for incorrect choices (and is not permitted to

correct his errors); in the other condition, shown in solid curves, the

subject is punished, say, by an electric shock every time he makes an error.

In terms of conditioning assumptions, the punishment is conceived simply

as reducing more rapidly the subject's tendency to approach the incorrect

stimulus.

There are several features of Fig. 4 which may be noted. First, the

curve for the probability of the correct response during reversal learning

is expected to be S-shaped rather than negatively accelerated as it was

during initial learning when the two responses begin at nearly eQual
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strengths. Secondly, the course of VTE during reversal learning differs

from that in initial learning; the E(V) rises to a maximum as the strong

incorrect response tendency is reduced, and then falls off as the correct

response is strengthened. Finally, the effect of punishment for incorrect

responses, as compared with just nonreward for errors, is to increase the

absolute amount of VTE behavior and to lead to faster learning of the

new correct response.

The qualitative aspects of these last predictions seem to be in general

accord with the scant amount of VTE data that have been collected during

reversal learning. An experiment by Davenport (4) has demonstrated in

rats the hump-shaped VTE curve during reversal learning. Punishment for

errors during reversal learning is well-known to increase the rate of learning;

VTE during punished reversal learning has not been compared with that using

nonreward only, but relevant cDmparisons during original learning (9) have

shown that punishment results in increased levels of VTE behavior.

The previous discussion has provided what I consider to be independent

empirical support for this model of choice point behavior. Let us now return

to the earlier discussion of different combination rules for determining

choice probability given the respective strengths of the competing responses.

One interesting feature of the choice point model is that it yields as a

special case Luce's ratio rule for determining choice probabilities. Suppose

we label the alternative choice stimuli as Sl and S2 ' rather than

talking about black and white alleys. The probability of absorption at Sl

when a choice is required between 81 and S2 may be derived to be
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(1)

In this expression, 0
1

represents the initial probability of orienting

For most of the situations we shall discuss, in particular for

paired comparisons, we may reasonably assume that 0
1

is one-half; that is,

we may assume that the subject orients at random to the alternative stimuli,

With this condition, then, the probability of choosing alternative lover 2

turns out to be a simple function of the ratio of the two approach tendencies.

Suppose we look at some further consequences of this model. Consider

first the paired comparison experiment with a number of commodities, the

subjects indicating their choices for each possible pair. In this case,

we may think of the approach probabilities as reflecting the subject's

evaluation of the commodities. The first result to be discussed concerns

the relationship among the pairwise choice probabilities for any three

commodities, say i, j, and k. Suppose we take the ratio of the probability

of choosing i over j to the probability of choosing j over i The

value of this ratio, which we may call wij , is

(2)

Using these w..
l.J

numbers, we may prove a theorem which Estes (5) has called

the product rule and which Luce (7) calls the triple condition. The theorem is
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Proof:

The product rule may be regarded as a probabilistic form of transitivity:

it says that if we know the probabilities that i is chosen over j, and

j is chosen over k, then we can predict the probability that i is

chosen over k •

Some experimental results on the product rule are shown in Table 1.

At the top are the results of two rat studies done in T-mazes, the first

one by P.T, Young (12) and the second one by the author, and at the bottom

are some results of two studies with human subjects in a mock consumer survey,

the first of these done by Estes (5) and the second one by the author. In

the study by Young, rats' preferences for sugar, wheat, and casein were

determined by pairing each substance with the other two in independent

comparisons. The rats chose sugar over wheat 55 percent of the time, and

wheat over casein 70 percent of the time. By the product rule, we may

predict that sugar will be chosen over casein 74 percent of the trials, and

this prediction compares favorably with the observed percentage of 73.8

shown in the brackets to the side. The study by the author compared rats'

asymptotic probability of choosing different amounts of food reward, 6,

4 ,or 2 tiny food pellets. Three groups of rats were run, one group

corresponding to each of the three possible pairs. The results predicted

here by the product rule are again quite accurate .,. 83.5 predicted versuS
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Table 1

Experimental Tests of the Product Rule

predicted 1observed

w.. w
jk wi~_____l_ WikJ.J

·55 ·70 .74 I .738Young (rats) WSW = "Ji5 WWC =-
WSC =~ I .262.30

(rats) W ·992 W .040 W .835 I .833Bower 62 = .008 24 =~ 64 = .167 I .167

W =.73 .87
,

.89W =.71 ,
(humans) WRY = .13

,. Estes
RB .29 BY .27

I
.11

W = .65 W ·55 W ·70 ·71Bower(humans)

I
GB .35 BY = .45 GY = .30 .29
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83.3 observed as the percent choice of 6 over 4 pellets. In the mock

consumer studies with college students, the subjects were asked to indicate

their preferences among different pairs of color-combinations for automobiles.

For example, in the first study, by Estes, the specific color-combinations

compared were red-white, blue-gray, and yellow-black. Comparing the

predicted and observed values in the bottom two studies, we see that the

product rule performs about as well with the human subjects as it did with

the rats. These data strongly suggest that the product rule may be regarded

as a low-level law about choice probabilities in this type of situation.

As a final illustration of this model, let us consider its implications

for situations in which the subject is required to choose from among more

than two alternatives at a time. As one example of this, we may extend the

ordinary paired comparisons experiment by having the subjects also indicate

their first choices from among all possible sets of three commodities, from

among all possible sets of four commodities, and so on. Unfortunately,

theoretical and experimental treatment of such multiple choice problems has

been seriously neglected in the history of psychology, so the data in this

area are quite meager. This neglect has been partly due to the fact that,

prior to the appearance of Luce's axiom, the Thurstone theory was the only

useable choice axiom known to psychologists, and that theory has never extended

to the multiple choice situation. I might add that the problems in so

extending Thurstone's theory seem a bit formidable at the present.

Fortunately, extension of the choice-point model to the multiple choice

case is a relatively easy matter. In fact, if we can assume that the subject
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orients at random to the alternative stimuli in the set presented to him)

then the choice probabilities are a simple function of the ratios of the

alternative approach tendencies. This result is shown inE~uation 4.

(4)

When N stimuli are presented, the probability that the first choice is

alternative i is given by Pi divided by the sum of the N approach

tendencies. If we were to divide this expression by Pi then it is clear

that it's just a function of the ratios of to These ratios we

have met before in the two choice problem where we called them wki and

so forth. The implication of this simple result is that first choices

from higner sets of alternatives should be predictable in a straight-

forward manner from pairwise choice probabilities, since all the wki

can be estimated from pairwise choices. If the theory is correct, then it

is enormously productive in terms of the number of predictions it can make.

For example, with 6 alternative stimuli) there are 57 possible

combinations or choice sets (pairs) triples, fours) etc.) which may be

presented to the SUbject.~ To describe the distribution of responses

in all 57 choice sets would re~uire 129 numbers. If the theory is

right, then we can use 5 pairwise choice probabilities to estimate the

ratios of the response tendencies, and then predict the other 124

probabilities. We would be getting roughly 25 predictions for each bit

of data we use in estimating our parameters) and that is a fairly good

operating characteristic for a theory.
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One simple way by which part of this grandiose scheme may be tested

is shown in Equation 50

Again let us take the ratio of the probability that the subject's first

choice is alternative i when he chooses among N stimuli to the

probability that his first choice is alternative j The s·~mation in the

denoininators of both probabilities cancel out and we are left si.mply with

the ratio of to which is the same as that given in Eq. 2 for

ratios of pairwise probabiDties. The important point here is that this

ratio is not affected by the number of alternatives that are added on to

the choice set in addition to i and j • This constant ratio rule is

often regarded as one version of Luce' s choice axiom and we see that i.t

also follows from the random walk model.

Empirical tests of the constant ratio rule are particularly scanty.

There is one psychophysical experiment by Clarke (3) which gave generally

confirmatory results. We attempted to test the constant ratio rule in a

mock consumer survey, some of the data of which were reported in Table 1 •

.There were 4 choice objects, in this case color-combinations for

automobiles. With 4 objects you can construct 6 pairs, 4 triples,

and the one set containing all 4 objects. Each of 170 subjects was

required to indicate a first choice for each of these choice sets. From

this data there are 6 independent probability ratios, and for each of
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these ratlos we calculated the values for choice sets of size 2, 3, and 4 .

As one might have expected from sampling theory, ratios of probability

estimates based on only 170 observations show considerable variability.

However, to indicate the overall trend for these six series of probability

ratios, I have taken the average ratios for pairs, for triples, and for the

one quartet, and these values are shown in Table 2. Although one can't

make a definite statistical statement about whether the slight discrepancies

from constancy could have occurred by chance, I have accepted, for the mom.ent

at least, the conclusion that these ratios are constant, and that the

observed deviations can be attributed to chance sampling error. Although

this is not a particularly resounding conclusion, we can at least be assured

that the data have not entirely defeated our expectations on the constant

ratio rule.

What the previous discussion has attempted to show is that there are

extra constraints on the decision about suitable ways (rules) by which

alternative response strengths may be combined to yield choice probabilities.

The extra constraints arise from a more detailed analysis and representation

of the (pre-decision) behaviors the subject engages in during the act of

choice, and we have provided independent empirical support for this

representation. The important result of interest here was that this

model for choice behavior dictated a ratio rule for combining competing

response strengths to determine choice probability. The result in this

case is the Same as that obtained by Luce through his axiomatic approach

to choice behavior.
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Table 2

Average values of probability ratios for choice

sets of size 2, 3, and 4. See text for details.

N average w..
lJ

2 2.15

3 2.21

4 2.19
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Footnotes

1. This paper is the text of a speech given in the Symposium on

alternative approaches to the theory of choice, at the 1960 meetings

of the International Congress for Logic, Methodology, and Philosophy

of Science. Financial support for the author's research reported

here was provided by a research grant, M-3849, from the National

Institutes of Mental Health, United States Public Health Service.

The research has also been supported in part by the Group Psychology

Branch of the Office of Naval Research.

2. This brief sentence suffices here for complex issues, but can be

unpacked by the interested reader by referring to Luce (7), Adams

and Messick (1), and Marschak (8).

3. Fortunately, the qualitative results given in Figs. 3 and 4 do not

depend to any great extent upon the form or details of the conditioning

laws we use in tranforming the basic probabilities following the reward-

nonreward outcomes.

4. In general, for N alternatives, there will be 2,N- N- 1 possible

choice sets and N- 1 free parameters (the W •• 's) to be estimated
~J

from the data.
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