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TARLE 1

THEORETTCAL VARTANCE OF THE ASYMPTOTIC RESPONSE DISTRIBUTION

FOR VARTOUS VALUES OF «

o : U_'-:theory S=theory I~theory
0 . 3,290 3,290 2.290
9° 3.239 3,221 2,29k
18° 3.186 3.149 2.306
36° 3.082 3.002 2,354
90° 2.866 2.65% 2.65%
120° 2.876 2.628 2.876
150° 3.017 2.812 3.099
180° - 5.290 3.290 3.290
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Symmetric Theory

In the S-theory, the previous:assumption for the km-distribution

is replaced:by
(36) km(x’,xn) = kh(x,_xn.m )

while the remaining assumptions of the U-theory are applicable here. as

well. Under these assumpiions (13) becomes
G =0 = [0 %) xq ) w) ay [ % -0 mn) xlx) ax,

‘To compare the predictive character of the uniform and symmetric models we
shall solve (37) for the asymptotic response'distribution; r(x), taking
for k= and. f(y) the functions assumed previously in (21) and (22).
The.ﬁethod of solution follows the same pattern outlined in solving (25)

s¢ that we shall omit the details here. From (37} then we have

1 2 .sin q
(58) . I‘(X) = o (1 + 31 - Pa cos X)
which implies a response variance of
2
‘ 2 T L4 sin «
(39) ®sym *F " 35 < 2q C

The similarity of the density functions in (33) and (38) indicate with
regard to the asymptotic response distribution that the uniform and symmetric

models do not behave very differently. The two responseﬁdistributions
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.differ mainly in their variances, the variance associated with the uniform
medel being consistently larger. It will be noted in Table 1 that the
-response variance as a funetion of d has a minimum value in each theory,
aithough the minimum variance occurs .at different values of «. In the
U-theory the response distribution r(x) has a minimum"vériance when
¢ = 1.79 radians (1050)_while in the S-theory the minimum variance occurs
when @ = 1.91 radians (110°).

Although both theories lead to similar asymptotic response distri-
‘butions they do have some diffefent characteristics which are brought
out by considering their sequential predictions. Unfortunately, however,
~the sequential statisties are not easily obtained with these linear models
since simple recursions do not arise. To point up some notable differences
between the uniform and gymmetric models we shall consider in the next

section the special case & = 1 for which simple results are possible.

)

Sequential Properties:,rn(xlib

sn=1

The response distribution on trial n, given a miss on trial n - 1,
-the sequential statistic tc be considered here, is defined, in terms of

the density functions, by

¥

()'LO) rn+l(,le.‘0,n) = YO )
. 0,1
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where P(Xb n) represents the probability of a miss on trial n .~ 1.
=)

The numerator term in (40) is equal to the first integral in (7), that is,

(41) 'Jn+l(x’ ' Y.O,n) = fjJn—i—l(,X’ Yo,n’ %o’ 'Sn-l') &, ‘ds‘n’-}_

which, for general . 9, gives

ey [ -0 a6 e ) wele) Syl ) ax, e
+ 8 jkm(x, Xri) I(O(:Xn) rn(xn) ax .

‘Since the first integral in (42) cannot be simplified further, we take

@ =1, and thus have for the numerator term,

(2) (e Y ) = f b x) () () ax -

The denominator term in (40) equals

() 20 = [T () ) an

O,n
T

s0 that combining (43) and (LL4), we obtain the general expression sought:

jkm.(x, xn._) ﬂo(xn) rn(xn) dx

j no(%) T (x) @

5w, Gy
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Equation (45) is readily evaluated for the uniform model since k (x, %)

is &g -eonstant. Thus

El's? fﬁo(xn) I'n(xrl) ‘dxn

46)  r . (xlv, ) - ——

_Qpa

V-Wh_ich.indicates that the response distribution 'f‘c'}llowing a miss. in the

uniform model is a uniform distribution independent df the trisl number n.
For the symmetric model in which We.assumequuation_(36),,rn+l(x]¥6).

given in {45) depends on the response aistri’oution of trial n =0 thét

in general it will change over trials. If, for example;_fhe asymptotic

response density given in (38) is. inserted into .(45), the -conditional

function which results is

(hT) r(x|Y ,n) = %; 1+ _ tsina — éos x

: 2(x - @) (¥n - 2q) - 2 sin” @
The distribution .implied By (47} is un_iqual.in the interval (-m, =)
and symmetrical sbout x = 0 for all'values of &< x. Since (L6)
and (47) differ considerably the sequential statistic we are considering
here fofms.a basis for distinguishing the two models empirically. Tt
should be emphasized however that.bofh (46) and (47) depend on the
assumption' =] = 1  and this may be untenable:or,diffiéult to establish
empirically for both models. Thermoﬁels to . be considered in the next

section do not have this defect.
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Stimulus Sampling Theory

In the finite versionrof the stimulus sampling theory it is usuvally
asstmed that each element comprising the stimulus set is conditioned to
at most one response at.a given timgn (An element may be in an unconditioned
gtete, in which case the.element.is'conditioned to no response.) The
conbinuous version 6f the theory is obtained by relaxing this restriction
and permitting an_elgment'to be conditioned to & range of responses. The
cconditioning state of an element is then represented by a density function
k(x,z) where 2z denotes the mean of the distribution and x a value
.of the response réndom variable. We shall further assume'here,_since.we
are mainly concerned with perlodic continua, that the distribution implied
by this density function is symmetric about the mean z. (In [2], k(x,z)
is called a smearing density.)

The sequence of events which takes place on a given frial-is then
VCOnceptualized as follows. See [2] for -4 more detailed/statemente A
cstimnlus elemenf is drawn by the subjeet from the set available on the
given trial which, we shall assume in this paper, consists of exactly one
elementu In this special case, the state of the organism on each triai
is given by a value of a single parsmeter, viz. the mean z; knowing the
vélue of z (and, of course, the smearing density k(x,z)) we may determine
the probability of the response x Falling within any specified inberval
on the response.continuuma In practice, however, the mean 2z -is not known
ﬁo the experimenter;.and it is more meaningful to discuss the density of

z on trial n (denoted by gn(Z)) and to define the response density,
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rn(x), in terms of gn(z), that is,

(48) rn(_x) = f k(x,z) gn(z) dz .

Tt will be seen that it is more convenient to express the conditioning
assumptions of the stimuius sampling theory in terms of recursions involving
gn(z) rather. than ?n(x)n Since equation (48) can be used to obtaiﬁ

;n(x) when gh(;) is known, this procedure will not result in any loss

of generality.

Following the occurrence of the response X, in the simple non-
determinate case, four outcomes are possible. These outeomes are deseribed
by two diechotomous random variables, the reinforcement variable Yh and
a variable denoted by FhA {or Fi,ﬁ} vhich specifies whether the
. reinforeing event is “effective”. When Yﬁ = 1 and Fn =1 (or given
Fl,n)’ i.e., when the subject has been informed he is “correct” and
this reinforcing event is “effective”, it is assumed that the mean of
the k-distribution shifts to the point of the response, that is,
= xnﬁ To .obtain the recursion which indicates how the density of =z

P
n+L

.changes after each trial; we shall need the Jjoint densgity of the events

21 (or Xn)’“yi;n and Y, . If & denotes the probability of

l,n
¥ =1, then

n

(49) Jn+l(Z’ F

12 Xi’n)_= eﬁl(z) rnﬁz)w
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With probability 1 - 6 the reinforcement is not.effectiVE‘(Fn =0).
Then the mean of the k-distribution does not shift, but remains fixed for
the subsequent trial, that is, Z ¢ = zn, The joint density associated

with these events is
(50) I (B Fo Y p) = (- 0) g4(2) Jfk(x’z) ™ (x) &

It is further assumed that when the subject is incorrect .(Yh = 0)

and the "reinforcement” not effective (Fh = 0) that =z =-z_3 ‘thus

N+l

(51) S (% Fo o Yo o) = (1= 0) g,(2) Jk(x,2) n(x) ax .

)

For the effect of the fourth possible outcome (F and Y
1,n Oyn

on z,, We shall consider three possible alternatives:

'(I)- a1 T %
(S) Zn+l = Xn 7

. 1
(U) g(zn-i-llFl,n’ Y:O,Il) ="é";.["

Assumptions (8) and (U), respectively lead, as Will be seen, to stimuius
gampling analogs of the symmetric model (when  7 = 1) and the uniform

model discussed previously. Assumption (I) leads to a distinet theory

we shall term the Identity {or I) theory. The Joint densities correspond-

~ing tec these three assumptions are as follows:
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© e By Y ) = 0 s(2) | r(e) K2 @
(52) (8) jn+l(z’ Fl,n’ YO,n) =¢ I'I:L(Z'- 7) Kb(z'_ 7)
(0) jn+l(Z, Fi,n’ XO,n) = ﬁ%\J‘ﬂo(X) ?H(X) dx -

By -combining {49), (50), (51) and one of the equations given in
(52) a recursion for gn(z) may be obtained. We shall consider separately

.each of the three possibilities.

Tdentity Theory.

Equations (50) and (51) may be combined and simplified immediately

to give

(53) L T

Jn+l 0,n

)

(- 6) (=) | Kx,2) () + 7, (0) ax

(1 - 8) g (=)

Combining (53) with (49) and (52I) gives the recursion

() ae) = (1= 6) (=) + 6lxy(2) (=) + g,() [m(x) Klx,2) ax)

Agymptotically this reduces to

g(z) = =

o (2) 2(2) x,(2) ) o
. — r{z
.1-;[no(x) K(x?z) dx J[ﬁl(x) k(x,z) dx .
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which we abbreviate by introducing H(z) as follows:

(55) — &(2) - 5(2) ©(3) -

From (55) and (48) the asymptotic expressicns for r(x) ean be obtained;

multiplying (55) by k(x,z), integrating over =z, and usimg_(hB) we have
p .
(56) r{x) = J k(x,z} H(z) r(z) dz .

Tf we take for k(x,z) and ﬁlfx) the functions stated previously in

(21) and (23), respectively, (56) may be solved explicitly for r(x). The

result of this solution is

E

r(x) = 1+ S D s x

(57)

which has a variance of

(58) 2 i _sing
Ui ~—-. 3 , Qf “

comparing {58) with the variance expressions .of the linear U and 8
theories given in (34) and (39) indicates at least one significant
aifferencen The minimum variance in the Tdentity theory occurs as o
approaches zero, or, alternatively, the wariance increases monotonieally
as @ increases. 1In the U and 'S theories, however, the variance has
- & minimum when @ equals 103 and 110 degrees respectively. (See Table 1
for comparative values of the variance.) Tms verying o would appear

to ke cne way of discriminating between the Identity theory and the two

linear theories. (It should be noted that although it is possible to




- 27 -

Tormulate the Tdentity model within the linear theory ccontext, simple
closed form expressions do not resulit for this model and for this

reason it was not discussed previously.)

Uniform Theory

The appropriate recursion obtained by swmming (52U) with (49)

andl(53) is
(59) e a5 =6 () m(e) ¢ 2 [ng) 1 () ax v (@ - 6) g (2]

which gives asymptotically

g{z) = nl(z) r(z) +-§;;[ﬂo(x) rn(x) ix .

Mhe asymptotic response.densiﬁy r{x) is then equal to

(60) r(x) =-[-k(XJZ) ﬁl(z) r(z) dz + g;d[j.ka,z) ﬂo(x") rn(x?) dz éx',

but due tc the symmetry assumption of the k-distribution k(x,z) = k(z,x)

so that the integration over 2 equals one. ‘Thus (60) becomes
(61)  r(x) = | k{x,z) x (2) #(z) dz + 2= | = (x') v(x’) ax’
. : 1 an 0 -
_ s : . 5
_¥!’k(x,z) ﬂl(Z) r(z) dz + r er ﬁl(X ) r{x') dx

~which clearly agrees with (25). Thus the two uniform theories lead +to

the. same asymptotic response distribution.
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Symmetric Theory

Toc obtain the recursion in gn(z) for the symmetric model, we

let 7 =7« in (528) and combining (528) with (49) and (53) we obtain

(@) g (2) = (1-0) g(2) + 6lxy(2) v (2) + 3z - x) xfz - W]

At asymptote
(63) g(z) =-ﬂl(Z) r(z) + ﬂO(Z - ) r(z ~ xt) ,

or in terms of r(x)
T

k(x,z)_ﬂo(z - 1) f(z -.x) dz .
— _ .

(on) r(x) .=j_ﬁ x(x,2) = (2) 7(z) az +f

BEquation (64) is in fact precisely equivalent to the asymptotic response
density of the linear-symmetric theory given in (37). To show this more
expicitly we perform a change of variable in the second integral. of (64).

Let (z - w} = z'; the second integral then becomes

o
(65) jfe k(x, z' + x) ﬂo(z*)_r(z?) az'

but since the functions k(x, z' + ), ﬁo(z?), and r(z') are periodic
(with pericd equal to 2n) we may change the limits of integration baek to
(-n, 1). Thus identifying kﬁx,a& with k(x,z) the equivalence
between (6h) and (37) is explicitly realized. Thus the two symmetric
models give rise to the same asymptotic response distribution. This is not

to suggest, however, that the two theories are identical..
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Sequentiagl Characteristics

The seguential statistic rn*l(fob n) considered previously will
. -
be discussed here ss well as for the stimulus sampling theories. First
wescons;der gn+l(Z!¥o,n) defined by

3oz X )
(66) gn+1(ZfY0,n') = n%(Y{ :()),n

The nurerator of (66) for the identity theory is obtained by summing (51)

and (52I); thus from (66) -

(l—e).gn(z)J(k(x,z)_ﬁo(x)_dx+ ng(z) k(x,2) FO(X)'dX
[ 7ol 0 ax o

(67) gy (sl ) =

which is, of course, egual to
g,(%) f k(x,2) =o(x) ax
f % (x) ¥ (x) ax

(68) 2|y, ) =

gn+l( J.Q,n

indicating that this statistic is independent of &. The conditional

Tesponse density T +l(x¢l ¥, n) is obtained directly from (68) by the
. ~2

usual procedure of Tirst multiplying both sides by k(x,z) and then

integrating over zj

(69) (x|¥ ) r{x) "IK(X;Z) nl('z') rn(z) dz
A& r (x| - . _ -
/ n+1'* 1 To,n jﬂ.‘o(x) r (x) ax
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Using the functions for r(x), k(x,z) and ﬂl(Z) giver previously in
(57), (1), ard (23), respectively, we obtain the asymptotic conditional

}s

response density r(x|Y
! 0,]3.

(2n - 3x) sin o
hos - Uo© - sind o

1
(70} r(x[jb,n) =5 |1+ cos X
The expression in (70), it will be noted, does not agree with either of
the two previous expressions for this statistic {see (46) and {L47)).
For the U and S theories, sn+l(Z+¥b,n) is obtained by summing

{51} with (52U) and (51) with (528), respectively. In the former case

(1-6) £,(2) [ Krs2) 500) a5+ 2 [ (e 00 0
(Tl) gn+l(Z[YO n) = - =
' i j’ﬁo(x) rn(x) dx

and for & =1

(72) 840 (7Y,

indicating that

Thus the uniform stimulus sampling theory agrees with the corresponding

implications from the corresponding linear theory. In the S+<theory,

(1-6) gn(;) k(x,z) no(x) dx + erﬁ(z -) ﬁo(z,_.y)'

1> Z|Y, '} =~ : ' |
(13} 8 (2 1%, ). fﬂocx) ry(e) &




3] .
which, unlike (68), depends on €. If & =1,

Az =) e - )

. (ZEY
n+1l O,n
[ﬂo(x) ?n(x) dx

(%) :

giving Tor the response density

{75) rn+1(xﬂYb,n) _ d[k(xg z + y) rn{z) ﬂo(z) az )

f 7o) =rn(x) ax

Since equation (75) and (45) are equivalent when kmﬁx, x') = k(x, x' + 7),
the two symmetric theories are seen to imply the same expressicns for
'rn+l(xlxb,n) for the special case 6 = 1.

Tt should be pointed out perhaps that (71) and (73) can be used to
estimate 6 for the symmetric and uniform theories so that definite
predictions can be made for the sequential characteristics. FExpressions
such as 1 (xiY )} can easily be obtained in these theories and in .all

n+l Lyn

cases they show a dependence on 8.

The ideas developed in this paper may be directly extended to other
continua than the circumference_of a circle. More importantly, the non-
determinate conditions of reinforcement may be varied in several directions

without disturbing the main lines of the mathematical srguments leading
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to. the mean asymptotic response distributions or some of the simpler
-sequential statistics. Por instance, it is clear how to modify the theory
of the basic target experiment described at the beginning in order to
predict response behavior when the subject is shown the exact position

of the target on those trials on which he misses. Another possibility

of some interest is to show the sﬁbject the target's exact position

on a certain proportion.of the itrials independently of the correctness

or incorrectness .of his response.




[1]

2]
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