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them sufficient conceptual definiteness to 'make the:tr connections with

current experiments sufficiently clear to otb,er specialists in the field,

,He who seeks an exact characterization of the theory and thus of models

in-such branches of science as non-vertebrate anatomy, organic chemistry

or nuclear physics is indeed barki.ng up the wrong tree, In various papers

and books I have attempted to provide some evidence against th:ts view,

In the final chapter of my Introduction to Logic I have formulated axiomat­

ically a theory of measurement and a version of classical particle mechanics

which satisfy,I beli.eve, the standards of exactness and clarity customary

in the axiomatic formulation of theories in pure mathematics, In Estes and

Suppes [1960] such a formulation is attempted fora branch of mathematical

learning theory, In Rubin and Suppes [1954] _an exact formulation of rela­

tivistic mechanics is considered and in Suppes [1959] such a formulation of

relativistic kinematics is given, These references are admittedly egocentric;

it is also pertinent to refer to the work of Woodger [1937], Hermes [1938],

Adams [1959], Debreu [1959], Noll [1959] and many others, Although, it is

not possible to pinpoint a reference to every branch of empirical science

which will provide an exact formulation of the fundamental theory of the

discipline, sufficient examples do now exist to make t,he poi,nt that there

is no systematic difference between tb,e axiomatic formulation of thebri,es

in well-developed branches of empirical science and in branches of pure

mathematics,

By remarks made from a number of different directi.ons I have tried to

argue that the concept of model used by mathematical logicians is the basi,c

and fundamental concept of model needed for an exact statement of anY branch
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of empirical scienceo To agree with this thesis it is not necessary to rule

out or to deplore variant uses or variant concepts of model now abroad in the

empirical scienceso As has been indicated, I am myself prepared to admit the

significance and practical importance of the notion of physical model current

in much discussion in physics and engineering 0 • What I have tried to claim is

that in the exact statement of the theory or in the exact analysis of data

the notion of model in the sense of logicians provides the appropriate

intellectual tool for making the analysis both precise and clearo

2. Useso

The uses of models in pure mathematics are too well-known to call for

review here 0 The search in every branch of mathematics for representation

theorems is most happily characterized in terms of models 0 To establish.a

representation theorem fm' a theory is to prove that there is class of models

of the theory such that every model of the theory is isomorphic to some

member of this class 0 Examples now classical of such representation theorems

are Cayley's theorem that every group is isomorphic to a group of trans­

formations and Stone's theorem that every Boolean algebra is isomorphic to a

field of sets 0 Many important problems in mathematical logic are formulated

in terms of classes of modelso Fora statement of many interesting results

and problems readers are referred to Tarski [1954]0

When a branch of empirical science is stated in exact for~,that is,

when the theory is axiomatized within a standard set-theoreti.cal framework,

the familiar questions raised about models of the theory in pure mathematics

may also be raised for models of the precisely formulated empirical theoryo
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On occa;sion such a.pplications have philosophical significance. Many oJ:

the discussions of reductionism in the philosophy oJ: science may best be

formulated as a series oJ: problems using the notion OJ: a representation

theorem. For example, the thesis that biology may be reduced to physics

would be in many people I s m:l.nds appropriately estab11shed 1f one could show

that for any model of a biological theory it was possible to construct

an isomorphic model w1thin physical theory. The diffuse character Qf much

biological theory makes any present attempt to realize such a.program rather

hopeless. An exact result of this character can be established for one

branch of physics in relation to another. An instance of this is Adams f

(1959] result that for a suitable characterization of r1g1d body mechan1cs

every model of rigid body mechan1cs 1s isomorph1c to a model defined within

simple particle mechanics. But r do not want to g1ye the 1mpress10n that

the application of models 1n the empirical sciences is mainly restricted

to problems which interest phl10scphers of science. The attempt to

characterize.exactly models of an empirical theory almost inevitably yields

a more precise and clearer understanding of the exact character of trte

iheory. The emptiness and shallowness of many Classical theor1es in the

social sciences 1s well brought out by the attempt to formulate 1n any

exactfa.shionwhat constitutes a mod.el of the theory. The kind of theory

which mainly consists of insightful remarks and heuristlc slogans will not

be amenableto-this-treatment. The effort to make it exact will at the

same time reyeal the weakness of the theory.

An important use of models in the empirical sciences is in the

Constructlon of Gedanken experimellts. A Gedanken experi.ment is glven
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precision and clarity by chara.cterizing a model of the theory which reali.zes

it. A standard and important method for argui.ng against the general

plausibility of a theory consists of extending it to a new domain by

constructing a model of the theory in that domain. This aspect of the use

of models need not however be restricted to Gedanken experiments. A large

number of experiments in psychology are designed with precisely this pu.rpose

in mind, that is, wi.th the extension of some theory to a new domain, and the

experimenter's expectation i.s that the results in this domain will not be

those predicted by the theory.

It is my own opinion that a more exact use of the theory of models in

the discussion of Gedanken experiments would often be of va.lue in various

branches of empirical science. A typical example would be the many discussions

centering around Mach's proposed definition of the mass of bodies in terms

of their mutually induced accelerations. Because of its preslnned simplicity

and beauty this definition is fre'luently cited. Yet from a mathematical

standpoint and· any exact theory of models of the theory of mechanics it is

not a proper definition at all. For a very wide class of axiomat izat ions of

classical particle mechanics it may be proved by Padoa's principle that a

proper definition of mass is not possible. Moreover, if the number of

interacting bodies is greater th~~ seven a knoWledge of the mutually induced

acceleration of the particles is not su~ficient for uni'lue determination of

the ratios of the masses of the particles. The fundamental weakness of Mach's

proposal is that he did not seem to realize a definiti.on in the theory cannot

be given for a single model, but must be appropriate for every model of the

theory in order to be acceptable in the standard sense.
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Another signi~icant use o~ models, perhaps peculiar to the empirical

sciences, is in the analysis o~ the relation between theory and experimental

data. The importance o~ models in mathematical statistics has already been

mentioned. The homogeneity o~ the concept o~ model used in that discipline

with that adopted by logicians has been remarked upon. The striking thing

about the statistical analysis o~ data is that it is shot through and through

with the kind o~ comparison of models that does not ordinarily arise in pure

mathematics. Generally speaking, in some particular branch o~ pure mathematics

the comparison o~ models involves comparison o~ two models o~ the same logical

type. The representation theorems mentioned earlier provide good examples.

Even in the caSe o~ embedding theorems, which establish that models o~ one

sort maybe extended in a de~inite manner to models o~ another sort, the

logical type o~ the two mOdels is very similar. The situation is o~ten

radically di~~erent in the compari.son o~ theory and experi.ment. On the one

hand, we may have a rather elaborate set-theoreti.cal mOdel o~ the theory which

contains continuous ~unctions orin~inite se'l.uences, and, on the other hand,

·we have highly ~initistic set-theoretical models o~ the data. It is perhaps

necessary to explain what I mean by "models o~ the data." The maddeningly

diverse and complex experience which consti.tutesan experi.ment is not the

entity which is directly compared with a model o~ a theory. Drastic assump­

tions o~ all sorts are made in reducing the experimental experience, as I

shall term it, to a simple entity ready ~or comparison with a model of the

theory.
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Perhaps it would be well to conclude with an example illustrating these

general remarks about models of the data. I shall consider the theory of

linear response .models set forth in Estes and Suppes [1959]. For simplicity,

let us assume that on every trial the organism can make exactly one of two

responses, Al or A2 ' and after each response it receives a reinforcement,

El or E2 , of one of the two possible responses. A learning parameter 8,

which is a real' number such that 0 < 8 :::. 1 , describes the rate of learning,

in a manner to be made definite in a moment. A possible realization of the

theory is an ordered triple % = < X,P,8 > of the following sort. X is the

set of all sequences of ordered pairs such that the first member of each pair

is an element of some set A and the second member an element of some set B,

·where A and B each have two elements. Intuitively, the set A represents

the two possible responses and the set B the two possible reinforcements.

P is a probability measure on the Borel field of cylinder sets of ·X ,and 9

is a real number as 'already described. (Actually there is a certain

arbitrariness in the characterization of possible realizations of theories

whose models have a rather complicated set-theoretical structure, but this

is a technical matter into which we shall not enter here.) To define the

models of the theory, we need a certain amount of notation. Let A. be the
l,n

event of response A.
l

on trial n , E.
J,ll

the event of reinforcement on

trial n , where i,j = 1,2 , and, for x in X let x be the equivalence
n

class of all sequences in X which are identical with x through trial n

A possible realization of the linear response theory is then a model of the

theory if the following two axioms are satisfied in the realization:
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If' P(E. Ail Xl) > 0 thenl.,n _ ,nn-

I:f P(Ej A., x 1) > 0 and i r j then,n J. ,n n-

P(A. liE. A., x 1) = (1-9)P(A. Ix 1)l,n+ J,nl ,n n- . l,n n-

As is clear :from the two axioms, this linear response theory is intuitively

very simple. The :first axiom just says that when a response is reinforced

the probability o:f making that response on the next trial is increased by a

simple linear transf'ormation. And the second axiom says that if' some other

response is reinf'orced, the probability of mak:J.ng the response is decreased

by a .second linear transformation. In spite of' the simplicity of' this theory

it gives a reasonably good account of' a number of experiments, and from a

mathematical standpoint it is by no means triVial to characterize asymptotic

properties of' its models.

The point of' concern here, how-ever, is to relate models of this theory

to models of' the data. Again f'or simplicity, let, us consider the case of'

simple noncontingent reinf'orcement. On every trial the probability of' an

El reinforcement, independent of' any preceding events, is :IT. The

experimenter decides on an experiment of', say, 400 trials f'or each subject,

and he uses a table of random numbers to construct f'or each subject a:finite

reinforcement sequence o:f 400 trials. The experimental apparatus might

be described as f'ollows.
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The subject sat at a table of standard height. Mounted. vertically

on the table top was a 125 em. wide by 75 em. high black panel

placed 50 em. from the end of the table. The experimenter sat

behind the panel, out of view of the subject. The apparatus, as

viewed by the subject, consisted of two silent operating keys mounted

20 em. apart on the table top and 30 em. from the end of the table;

upon the panel, three milk-glass panel lights were mounted. One of

these lights, which served as the signal for the subject to respond,

was centered between the keys at a height of 42 em. from the table

top. Each of the two remaining lights, the reinforcing signals, was

at a height of 28 em. directly above one of the keys. On all trials

the signal light was lighted for 3.5 sec.; the time between

successive signal exposures was 10 sec. The reinforcing light

followed the cessation of the signal light by 1.5 sec. and remained

on for 2 sec.

The model of the data incorporates very little of this description. On each

trial the experimenter records the response made and the reinforcement given.

Expressions on the subject's face, the movement of his limbs, and in the

present experiment even how long he takes to make the choice of which key

to punch are ignored and not recorded. Even though it is clear exactly what

the experimenter records, the notion of a possible realization of the data

is not unambiguously clear. As part of the realization it is clear we must

have a finite set D consisting of all possible n.nite sequences of length

400 where, as previously, the terms of the sequences are ordered couples,
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the first member of each couple being dra"cn from some pair set A and the

second member from some pair set B. If a possible realization consisted

of' just such a set D , then any realization would also be a model of the

data. But it seems natural to include in the realization a probability

measure P on the set of all subsets of D, for by this means we may

impose upon models of the data the experimental schedule of reinforcement.

In these terms, a possible real.ization of the data is an ordered couple

oC1 = < D,P > and, for the case of noncontingent reinforcement a realization

is a model if and only if the probability measure P has the property of

being a Bernoulli distribution with parameter rt on the second members of

the terms of the finite seq.uences in D, i.e., if and only if for every n

from 1. to 400, P(E, Ix 1) = :1t when P(xn ) > 0 •...I..,n n- _

Unfortunately, there are several respects in which this characterization

of models of the data may be regarded as ullsatisfactory. The main point is

that the models are still too far removed even from a highly schematized

version of the experiment. No account has been taken of the standard

practice of randomization of response ~ as the left key for one subject

and tbe right key for another. Secondly, a model of the data, as defined

4·00above, contains 2 possible response se~u.ences 0 An exper.iment that uses

30 or 40 subjects yields but a small sample of these possibilities. A

formal description of this sample is easily given, and it is easily argued

that the "true" model of the data is this actual. sample, not the much larger

model just defined. Involved here is the formal relation between the three

entities labeled by statisticians the V1 sampl e ,ll the Ilpopulation,11 and. the

"sample space." A thi.rd. difficulty is connected with the probability measure
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that I have included as part of' the model of' the data. It is certainly

correct to point out that a model of' the data is hardly appropriately

experimental if' there is no indication given of how the probability

distribution on reinforcements is produced.

It is not possible in this paper to enter into a discussion of these

criticisms or the possible formai modifications in models of the data

which might be made to meet them. My own conviction is that the set­

theoretical concept of model is a useful tool for bringing formal order

into the theory of experimental design and analysis of data. The central

point for me is the much greater possibility than is ordinarily realized

of developing an ad~~uately detailed formal theory of these matters.
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