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of empirical science. .To agree with this thesis it is not necessary to rule
out or to deplore variant uses or variant concepts of model now abroad .in the
empirical sciences. As has been indicated; X am myself prepared to .admit the
éignificance and practical importance of the notion of physical model current
in much discusgsion in physics and engineering. -What I have tried to claim is
that in the exact statement of the theory or in the exact analysis of data
the notion of model in the sense of logicians provides the appropriste

intellectual tool for making the analysis both precise and clear.

‘2. Uses.

The uses of models in pure mathematics are too well-~known ¢ call for
feview here. The search in eﬁery branch of mathematics for representation
theorems 1s most happily characterized.in terms of models. To establish a
representation theorem for a theory is to prove that there is class of models
of the theory such that every model of the theory ig iscmorphic to some
member of this class. Examples now classical of such representation theorems
are Cayley's theorem thét every grour is lsomorphic to a group of trans-
formations and Stone's theorem that every Boolean algebra is lsomorvhic to a
field of sets. Many important probvlems in mathematicsl logic are formulated
in terms of classes of models. .For a statement of many interesting results
and problems readers are referred to Tarski [1954].

When a branch of emplrical scilence 1s ghated in exact form,that is,
when the theory is axdiometized within . a standsrd set-theoretical framework,
the familiar guestions railsed about models of the theory in pure mathematics

may also be raised for models of the precisely formulated empirical theory°




-"l % -

.

On occasion such applications have philosophical signifiéancea .Many of
‘the.&iscussions'of“reductionism.in the philoscphy of écience-may best.be'
formulated as a series of problems'using_the notion of a repregentation
theorém, For 6xam§le, the thesis that biology may be reduced to physics
would be In many people’s minds appropriately established if one could show
that for any model of a biclogical theory it was possible to construct

aﬁ isomcrphic model within physical theory. The diffuse-character of much
biological theory makes any present attempt to realize such a,prograﬁ rather
hopeless. An éxact result of this character can be established for one
‘branch of physics in relation to another. An instance of this is Adams'
_ [1959},result that for a suitable_characterization_of rigid body mechanics .
every model of rigld body mechanics ié igpomorrvhic to a model defined within
simple particle mechanics. Buﬁ I:do-not want to glve the impression that
the application of models in the empirical sciences is mainly restricted

to problems which interest philosophers bf science. The sbtempt to
characterize exactly modeis 6f an empirical theory almost‘inevitably yields
& mofe-precise aﬁd clearer uhderstagding of the exact character of the
feory. The emptiness and shallowness of many classical theories in the
social sciences is well hrought out by the atiempt to formulate in any
exact fashion what constitutes a model of the theory. The kind of theory
which mainiy consiéts of insightful remarks and heuristic slogans will not
be amenable fo this trestment. The sffort to-makerit exact will at the
-seme time reveal the weakness of.the theory.

An important use of,models'in the empirical sclences ig in the

construction of Gedanken experiments. A Gedanken experiment. i1s given
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precision and clarity by characterizing a model of the theory which realizes
it. A standard and important method for arguing against the general
‘plausibility of a theory consists of extending It tc & new domain by
constructing a model of the theory in that domain. This aspect of the use
of models need not however be restricted tc Gedanken experiments. A large
number of experiments in psycholegy are designed with precisely this purpose
in mind, that is, with the extension of some theory to a new domain, and the
experimenter's expectation is that the results in this domain will not be
those predicted By the theory.

It is my own opinion that a hore exact use of the theory of models in
theldiscussion of Gedanken experiments would often be of value in various
branches of empirical science. A typical exampie would be the many discussions
centering around Mach's proposed definition of the mass of bodies in terms
of their mutually induced accelerations. 3Because of its pfesumed simplicity
and beauty this definition is frequently cited. Yet from a mathematical
standpoint and- any exact theory of models of the theory of mechanics 1t is
noct a proper definition at a2ll. For a very,ﬁide clase of axiomatizations of
classical particle mechanics it may be proved by Padoa'’s principle that a
proper definition of mass is nct possible. Morecver, if the number of
interacting bodies is greater than seven a knowledge of the mutually induced
acceleration of the particles is not sufficient for unique determination of
the ratios of the masses of the particles. The fundsmental weakness cf Mach's
proposal is that he did not seem to realize a definition in the theory cannot
‘be given for a single model, but must be approﬁriate for every model of the

theory in order to be accepizsble in the standard sense.




-15-

Another significant use of models, perhaps peculiar to the empirical
scienceg, 18 in the analysis of the relation between theory and experimental
data. The importaﬁce of models in mathematical statistics has already been
mentioned. The homogeneity of the concept of model used in that discipline
with thet adopted by logicians has been remarked upon. The striking thing
about the statistical analysis of data 18 that it is shot through and through
with the kind of comparison of models that does not ordinarily arise in pure
maﬁhematicsq Generally spesking, in some particular branch of pure mathematics
the comparison of models involves comparison of two models of the same logical
type. The representation theorems mentioned earlier provide good examples.
Even in the case of embedding theorems, which establish that models of one
sort may be extended in a definite manner to models of another sort, the
logical type of the two models is very similar. The situetion is often
radically different in the comparison of theory and experiment. On the one
hand, We may have a rather elaborate set-theoreticsl model of the theory which
contains.continuous functions or infinite sequences, and, on the other hand,
-we .have highly finitistic set-theoretical models of the data. It is perhaps

T

necessary to explain what I mean by "models of the-datao' The maddeningly
'diversé and complex experience vhich constibtutes an experiment is not the
entity which is directly compasred with a model of a theory. Drastic assump-
tions of all sorts are made in reducing the experimental experience, as I

shall ferm it, to a simple entity ready for comparison with a model of the

theory.
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Perhaps it would be well to conclude with an example illustrating these
general remarks about models of the data. I shall consider the theory of
linear response models .set forth in Estes and Suppes [1959]. For simplicity,
let us assume that on every trial the organism can msake exactly one of two
‘responses, A or A, , and after each response it recelves a reinforcement,

1 2

'El or -Eb ;» of one of the two possible responses. A learning parameter @ ,
.which is a real number such that 0 < @8 E_i , describes the rafe of learning,
in a manner to be made definite in & moment. A possible realization of the
theory is an cordered triple TC = < ¥,P,6 > of the following sort. X is the
set of all sequences of ordered pa;rs guch that the first member of each pair
is an element of some set A and the second member an element of some set B,
where A and B each have two elements. Intuitively, the set A represents
the two possible responses and the set B  the two possible reinforcements.

P is a probability measure on the Borel field of cylinder sets of X ;, and €
is a real number as ‘already described. (Actually there is a certain
arbitrariness in the characterization of possible realizations of theories
whose models have a rather complicated set-theoretical structure, but this

is a technical matter into which we shall not enter here.) To define the

models of the theory, we need a certain amount of notation. Let Ai n be the
2

o 2

event of respons§ Ai on trial n , Ei n the event of reinforcement Ej on
trial n , where 1i,j = 1,2 , and for = in X let X, be the equivalence
class of all sequences in X which are identical with x through trial n .
A possible realization of the linear response theory is then a model of the

theory if the following two axioms are satisfled in the realization:
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Axfom 1. If (Ei,nAi‘jn n-1

P{A =

Hioml p L= (Q=0)P(A g )v0 .

, AL, X% X -
IsnitynT o=l n=1

Axiom 2. If P(Ej,nAi*,nxn-l) >0 and 1 #J then

P(A

i,n+l Ej,nAi',nxn-l) = (l"@)P(Ai,n[X

n—l) :

As is clear from the two axioms, this linear response theory is intuitively
very simple. The first axiom Just says that when a response is reinforced
- the probebility of making that response on the next trial is increased by a

simple linear transformetion. And the second exiom says that if some other

response is reinforced, the probability of making the response is decreased
by a second linear transformstion. In spite of the simplicity of this theory
it'gives a reasonably good account of a number of experiments, and from a
mathematical standpoint it is by no means trivial to characterize asymptotic
. properties of its models.

The point of concern here, however, iz to relate models of this theory
to models of the data. Again for simplicity, let us consider the case of
.simple noncontingent reinforcement. On every trial the probability of an
‘El reinforcement, independent 6f any preceding events, is % .. The
experimenter decides on an experiment of, say, hoo +trials for each subject,
and he uses a table of random numbers o construct for each subject a finite
reinforcement sequence of 400 trials. The experimental apparatus might

‘be degcribed as follows.
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The subject sat at a table of standard height. Mounted vertically
on the taﬁlé top was a 125 om. wide by 75 cm. high black panel
‘Placed 50 cm. from the end of the table. The experimenter sat
behind the panel, cut of view of the subject. The apparatus, as
viewed by the subject; consisted of two silent operating keys mounted
20 c¢m. apart on the table tep and 30 cm. from the end of the table
upon the panel, three milk-glass panel lights were wounted. One of
‘these lights, which served as the signal for the subject to respond,
was centered between the keys at a height of 42 cm. from the table
top. Each of the two remaining lighits, the reinforcing_éignals, was
at a height of 28 cm. directly above cone of the keys. On all trials
the signal light was lighted for 3.5 sec.}; the time between
_successive signal exposures was 10 sec. .The reinforcing light
. followed the cessation of the signal light by 1.5 sec. and remained

on for 2 sec.

~.The model of the data incorporates very little of this description. Oun each
__ﬁrial the expegimenter records the response made and the reinforcement given.
Expressions on the subject's face, the mcveﬁent of his limbs, and in the
ﬁresent'experiment even how long he takes to make the choicé of which key

to punch are ignored and not recorded. Even though 1t is clear exactly what
‘the experimenter records, the notion of a possible realization of the data
is not unambiguously clear. As part of the realization it is clear we must
have a finite set D consisting of all possible finite sequences of lengbh

400 where, as previously, the terms of the sequences are ordered couples,
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the first member of each couple being drawn from some palr set A and the
.gecond member from some pair sett B . If a possible realization consisted

of just such a set D , then any realization weuld also be a model of the

data. But it seems nstural to include in the realigation a probability
meagure P on the set of all subsets of D , for by this means we may
impose upon models of the data the experimental schedule of reinforcement.

In these terms; a possible yealization of the data is an ordered couple
aij’= < D,P > and; for the case of noncontingent reinfcrcement a realization
isg a model if and only if the probability measure F has the property cf

being a Bernoulli distribution with parameter = on the second members of

the termg of the finite sequences in D ; 1l.e.; if and only if for every =n

from 1 to 400 , P(E ) = @ when P{Xr) >0 .

l,nlxn—l

Unfortunately, there are several respects in which this characterization
of models of the data may be regarded az unsgatisfactory. The main point is
that the models are still tooc far removed even from a highly schematized

version of the experiment. No aczecount has been htakern of the shandard

practice of randomization of response Al ag the left key for one subject

and the right key for another. Secondly, a model of the data, as defined
above, contalne 2&00 rossible response seguences. An experiment that uses
30 or 40 subjects vields but a small sample of these posaibilities. A
formal description of thie sample is easily given, and it is easily argued
that the "true" model of the data is this actual sample, not the much larger
model just defined. Involved kiere is the formal relation between the three

¥

entities labeled by statisticians the "sample,” the "population,” and the

"semple space.” A third difficuliy is connected with the probability measure
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that I have iﬁcluded as part of the model of the data. It is certainly
correct to point out that a model of the data iz hardly appropriately
experimental if there is no indication given of how the probaﬂility
distribution on reinforcements is produced.

It is not possible in this paper to enter into a discussion of these
criticisms or the possible formal modifications in models of the data
which might be made to meet them. My own conviction is that the sek-
theoretical concept of model is a useful tool for bringing formal order
into the theory of experimental design and analysis of data. The central
point for me is thé much greater possibility then is ordinarily realized

of developing an adequately detailed formal theory of these matters.
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