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The result now follows from properties (CF2) and (CF3) satisfied

by the conditioning function TP 0

Lemma 6: Let EF ~ 0 , E, ·F" E+F E !it 0 Let X E vf 0 Then

Proof: Using Lemma 5 twice,

Hence

But o by Lemma 5A 0

Lemma 7: If

and all EE!5G 0

Imi, 4.::;, > .'

Proof:. Let E E gz, X E 0. If -E ~ F E 9:, where =denotes

proper inclusion, then the conclusion is true by Lemma 6. If no such

set F exists, then, since i~1 > 4, E is the disjoint sum of sets

G and. H of ()<;. 'I'hen 'IG(O) ~ 'IG(X) by Lemma 6. Hence, using

Lemma 5 twice,
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+ +

When 4 (essentially this means r 2) the above

result is false, For example, let 1'1(X) " 1'2(X) _ - X

it is true for r finite but larger than 2, and this is an

interesti,ng difference between condi,tioning fllilctions and numerical

probabili ty. For the latter, the analogue is I'E(O) :5 I'E( X) , which

is false since e can be larger than. 1 ,

By Lemma 5 with Y.~ 0E.

The next step is to prove that I'E(X)

First, let Ec:.B, 'with E, B E!J?:,

i 'J-. l' ,0
E'

is independent of

and B... E + F .' we have

l' (X)
'R'

we have

Subtracting,

We now appeal to Lemma 2, which served in the numerical proof

at the corresponding place. Defining the relation E ,'-'F of Lemma 2

conclude that
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This is false for 1st I ~ 4. Let R ~ (1,2), 71 (0) ~ 7 2(0) 0' 0 .

For 0 f X f S, let 71(X); Xo ' a constant set. In this example,

and even preserve inclusion, and in particular satisfy the

conclusion of Lemma 7.

As in the case of numerical probabilities, we now define

u(E) - 7E(0)

7(X) ~ 7E(X) - u(E)

In view of Lemma 7 , we may write

1'( X) + utE) .

u. maps P; into 0 ,while I' ma:ps 0 into itself. This :proves that

the transformation T has the form stated in the theorem. It

remains to show that I' and u have the stated properties.

As a technical point, we remark that Lemmas 6 and 7 , whose sole

function was to establish that u(E) ~ 7E(X) , can be postponed to

the last stage of the proof. Without them, we would not have (3) ,

and we would have to exercise more care to justify ·vari.ous mani:pulations
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which are obvious with (3) known.

Let EF;O, E, F, E+F E 3t. By Lemma 5 with X = Y = a ,

we have

(4) u(E) n u(F) = a and

(5 ) u(E+F) = u(E) + u(F) .

We cannot yet infer that u is a homomorphism, because u(R) is

undefined. We define u(O) to be 1
0
(0). Hence u(O) = 0 .

As in the response probability proof 2/, it is easily shown that

u(E) Uu( -E) is independent of E as E varies in !Z. Now

define u(R) to be u(E) U u(-E) .

It remains to prove that u(E) 11 u(-E) = O. Let E E ~.

By virtue of I~f > 4, either E or -E has a proper subset,

say E. Thus FeE Now use (4) twice:

-E n F = a and F ~ E imply u(-E) n u(F) = a

-E n (E-F) = a and E-F ~ E imply u(-E) n u(E-F) o .

Hence u(E) n u( -E) , which is the union of the two intersections

21
(D) in Section IV
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l3.bOve, is o. Froll1 the S;'{lI1lI1etry" of' the conclusion; we see the;\;

we have cover'ed also the caSe where J.t is onl:l .. Eiths.t has a

proper subset. ~his cOll1pletes the proof' that

Note: In the case of numerical probabilities and finite ~ ;

we could have u(R) > 1. This has no analogue for conditioning

fun.ctions.

We proceed now to the properties of y. Let X, Y € ~,

XY= O. Choose E and F so that EF = 0 , E, F, E+F € .$ .
(In order to do this, we require r~1 > 4 again.) By Lemma 5A ,

YE(X) (7 YF(Y) = O. Now Y(X) and y(y) are subsets, respectively,

of YE(X) and YF(Y) , by definition (2) of '1 1:lende 1(lC) 1/7(1) '" 0

Using (3) and Lemma 5, we have

y(X+Y) + u(E+F) = '7E+F(X+Y) = 7E(le) + 71"(1) "' r(x) + utE)

+ 7(Y) + u(F)

But u is additive, and therefore so is y. Hence
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Since y is a homomorphism, it also preserves

inclusion. From e~uation (3), it is seen that also YE preserves

inclusion, a much stronger property than that proved in Lemma 7.

Next we assert that y(S) n u(R) = 0 Let From

the definition (2) of y(X), we see that y(X) n utE) =·0

Letting X ~ S , we have 1'(S) n utE) ,,·0, But also y(S) nU(-E)- 0 ,

The result follows,

Finally y(S) -I- u(R) " S. For

(6) s- TP(R) TP(E) :- TP(-E) " ;>[p(E)1 -I- utE) -I- Y[P(-E)] + u(-E) .

Now Y[P(E)] + Y[P(-E)] = Y[P(E) -I- PI-E)] ~ y[P(R)] =, y(S) , while

utE) -I- u( -E) u(R) , and therefore the right member of (6) is

Y(S) -I- u(E). Thus y(S) - u(R) , and the theorem is proved.

In Section VI , we mentioned the idea [12] that a stimulus

element might be connected not to a single response, but to a probability

distribution of responses. We d.evelop this idea briefly now.

Let R and -$ be as before, and S be an arbitrary set. Let P
denote the class of all functions p( 8, E) , ,3 E S , E E %,

satisfying:
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For fixeQ s, P(s,E) is a probability measure

on §(, (i. e. for each fixed s, p( s, E) E !P .)

Let C be a combination on !fJ. It induces a "combination" C on

ffi by means of C P(s,E) ~ C P(s,E)

Let T, a transformation of ~ into itself, satisfy (C3 ) .

For each s T induces a transformation Ts of iP obtained by

holding s fixed. Each Ts satisfies (C3). Hence, if ljJi f 4 ,

the Response Probability Theorem implies

T P(s,E) - (1-8s ) P(s,E) + 8s K(s,E)

where 8 is a non-negative function on 8, and K E ,§J .
S

-J

If 5J is

infinite, then 8 < 1 .s-

It might be argned that for 8 infinite, it is more appropriate

to consider sets X of stimuli. To this end, denote by ~- the class

of all functions P(X,E), X E cf <;;; . 2
8

, E E $, such that, for fixed X,

P(X,E) is a probability measure on ~. As before, a combination C of

g; induces a combination C Of.§5. Let T, a transformation of .ffS into

itself, satisfy (C3). If I~I i 4 , we have
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1- e K(X,E)x

where ex is a non-negative function on cf, and K E -9 < If 9Z
is infi,nite, e < 1.

x

In these corollaries, Sand J play no role except as the

domain of the parameter. The nature of the dependence of P(s,E)

on s can be made explicit in particular models. (See [12].)

IX" Comments on the Beta ModeL

One has the feellflg~h1ft~tne resULts O±~.lS reportnave some

bearing upon Luce's axiomatic derivation of the beta model in [lOj.

The fact that his response strengths V.
1

are ~~1 positive seems a

situation ·with this condition weakened to

where Ev

barrier to this. On the other hand, the derived "alpha model" in

[lOj is subjected to the same unusual positivity condition Pi> 0

as a result of Vi > O. It may be of interest to examine the

v. > 0 •
l .-

Denote by Y the set of all "respome !strength" vectors

v ~ (v
l
"'" v) with non-negative components and LV > 0 ,

. r
r

denotes L vi' Those members v of 7 which have
i~l

Ev ~ I constitute.{p, the set of probability vectors. Note that



It is pointed out in [10L in connection with the derivation of

the beta model, that the Combining of Classes condi ti.on i.mplies the

"Independence - from - irrelevant - alternatives assumption" in the

context of probability vectors, as in [4,5J and in Sections II .- IV

of this report (specializ.ed to finite R,) This. is:

, )
\1, Let T transform rp into itself'. Then ('J'P)i is

a function of alone (i. e. independent of p j for

However, for a transformation 'E of r into itself, this implication

Thus the assumption (1)is not true, as the example v
Tv ~ :tv shows.

must stand on its mm merits., without support from the Combining

Classes Condition (C3).

It is interesting to see what indeed~ the consequences of (c3 )

in the contex.t of response strength vectors. We statce the results

without proof.

First, the definition of a combination operator C is obvious.

As an example, if r,~ 3 , CY ~ (1, 2) , c ,~ 1 ,then Cv ... ( VI .;. V2' 0, v3 ).

(C3 ) implies

(Tv) ,
1

is a function of and Ev (i.e. is independent of

for j f i ex.cept as v,
J

affects Ev) 0

(3) E Tv i.8 a function of Ey
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(c3) not only implies (2) and (3), but is in fact e~uivalent to

them, Le. (2), (3) ~ (C3)

As a corollary of (3) , we have

(4) Given x> 0, T carries the class (v: 2:v= x) into

(v: 2:v = g(x)} ,where g is the function in (3) .

For each x > 0, T induces a transformation Tx of ~ into

itself:

T Px

Hence if 2:v - x , we have

1
= g{X} TxP "

Tv = g(x) T v
x x

( 5) For all v, c, x, where x > 0, Cxv -, x C v "

(6) (C3) for T implies (C3) for each Tx

use (5) repeatedly.)

(Proof:

If r > 2 , we conclude from the Response Probability Theorem:

Hence, if 2:v = x,



The vector w in brackets has Ew ~ x If e = 0 for some x,x

then Tv~~ v for Ev = x . Thus (Tv\ is a multiple ~\Vix

of v. as in the beta model, but all the l3i are equal. On the
l

other hand, their common value depends upon Zv.

Conversely, such a T satisfies (C3).

(8) These results extend to infinite R, in which case v

is a measure with v(R) > O.

X. Further Discussion of thc'Combination Operator.

In this section we characterize transformations satisfying

(Cl) and (C2) , prove two statements about combinations made in

Section IV , and effect combinations by shrinking the set ~ to a

point. The discussions are given in terms of numerical probability

measures, but can easily be adapted to conditioning functions.

We begin by describing explicitly those transformations C of

!fJ into itself satisfying

(Cl) C p p on and

(C2) CP' on
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Let C satisfy (Cl) and (C2). Given P, then C P is

completely determined on -If, being equal to P there, It remains

to discuss CP on If,

First we note that CP(~) ~ p(~) It is convenient now to

defl' ne & .. 1 f t~ as "he c ass 0 se s
.~

E such that

(C2) implies that for E E ,C;; , CP(E)
~

depends only upon E and

p(~) , and is independent of values of P "inside" ~.

is a function l(E,x) such that

Thus there

(n) l(E,x) is defined for all E ES/?/ and 0 < x < 1 0

~

( ;2) For fixed x, l(E,x) is a measure on ~~

(;4) CP(E) Y(E, p(~)i

If we let m (E) ;(E,x) for x > 0 and mo be an.- ,x x

arbitrary probability measur'e on CiJ .' then
'-'~

(Ml) ill
X

is a probability measure on Or for
~

0< x < 1

(There is no connection among the various measures. )

(M2) CP(E) m, )(E) p(~) ,
p\~
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Conversely, any family mx of probability measures as in (Ml)

defines a transformation of ~ into itself by means of (Cl) and

(M2) , and this transformation satisfies (C2), and of course (Cl).

As a special case, if each mx is two-valued, then the measure

mx is determined by the ultrafilter [2,9J of supersets of sets E

for which m (E) = 1x Specializing further, if the ~ are all

eQual, there is a single ultrafilter. Finally, if ~ is finite,

each ultrafilter consists of the class of sets which contain a

particular point c, and we are back to the original definition of

combination.

In the light of the above characterization, we recall the remark

of Bush and Mosteller [4J that the distribution of P within ~ is

irrelevant, only p(~) being important. To this we can now add

that the distribution of CP within ~ is irrelevant; it must, of

course, be independent of P, except that CP(~) = p(~) For

example, with r = 4 , ~ = (1,2), P = (Pl' P2' :P3' P4) , the

transformation

CP (Pl +P2 Pl +P2
P3' )= 2

, 2 P4

will serve as well as the older
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Next we prove two statements about combinations made in

Section IV , using only properties (Cl) and (C2) •

( 1) Let Cl and C2 be combinations, and

o .

Proof: Repeated use of (Cl) yields Cl C2 P ~ C2 Cl P on

Cl C2 P - C1 P on 0"1 But C1 P - C2 C1 P on 0"1

Thus C1 C2 P = C2 C1 P on 0"1 , and a similar proof works

for 0"2 The result follows by additivity.

( 2) Let T satisfy (C3 ) . Let 0"1 0"2 ~ 0

Then T satisfies (C3 ) for C ~ C1 C2

Proof: CTP C (C TC p) cc1 2 2 .-

C T C P

We remark that (Cl) and (C2) are independent of each other,

even in the presence of their conse~uence (C3) , as easily constructed

examples show. Also (e1) and (C3) imply that C is a projection,
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(C2) and (C3) do not.

We turn now to consideration of the following idea sketched

in [5]. We effect the idea of a combination by replacing the set ~

with a single new point a.

Denote by R* ·the set -u LJ{a}. The Borel field~ induces

in an obvious fashion a Borel field. 5t *of subsets of R Denote

by (Jl the class of all probability measures on §(*

P E @, we d.efine a corresponding SP E -Iff thus:

Given

(1) SP(E) p(E-a) + E(a) p( u)

Clearly SP E .g:t . Moreover S is a mapping of tp O'lto §f , i. e.

each member of &J* is SP for at least one P E @.

Now let m be a transformation of ~ into itself. It is natural

to inquire whether T indu;,es a transformation T
X

of &... into

itself. Exactly how should *T be defined? Let
.l\'

P
cp x.

E CJ There

is aPE gJ such that

·w·
SP 'c' P

Now transform P, and then return to (j)X. vi.a S. More

* 'N
precisely, we are led to the definition T P -S T P. But

.;It. -~

T P is uniquely defined if and. only if S T P is independent of the
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satisfying (2) for our fixed if and only if

SP = SP' 3> S T P = S T P'

Now for any P J P' E 8 J we observe that

Hence (3) will be satisfied if and only if

on -0-

(4) [p _ P' on - 0-] 'l> [ TP ; TP' on - 0-1 .

But (4) is exactly what we called 1(-0-) in Section IV J and it

in turn is eQuivalent to the Combining of Classes Condition (C3) .

Thus we are led again to (C3 ) as the expression of invariance under

combining classes.
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