














































































































7g0) = 7,00) v 7 (0) & v (X} + 7 {0) = 7 {x) .

When ]g{{ = U4 {(essentially this means = = 2) <+he above

Bit

result is false. TFor example, let 71(X}. 72(X) 2 -~ X . However,
it is true for r finite but larger than 2, and this is an
interesting difference between ponditioning functions and numerical
probability. For the latter, the analogue is 7E(O) < VE{X) , which
is falsge since & can be larger than 1 .
The next step is to prove that 7E(X) 5.7E{O} is independent of
E . First, let Ec B, with E, B¢ é: By Lemma 5 with Y = O

and B = E 4 F » We have

Now let also X = O . Then ;vB(o) ,vE(‘o) T

HWE{O) . Subtracting,

we have
Y { k“ ~ ¥ !'< ) oa 4 i g‘ o ¥ E
; ’{‘. .'. “ L ) T"ElQ ‘.} E:{: }

We now appeal to Lemma 2, which served in the numerical proof
at the corresponding place. Defining the relation E ~F of Lemma 2
to mean in this instance that ?E{X) - ?E(O} = 7F(X} - YAO0) 5 ve

conclude that
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[ég[ # b §%>7E(X) - 7E(O) is independent of E .

This is false for [J] =% . Let R = {1,2) , 7,(0) = 7,{(0) = O .
‘For O#X#£8, let Vl(X)Ag:XO » a constant set. In this example,
79 and 7, ©ven preserve inclusion, and in particular satisfy the

conclusion of Lemma 7.

As in the case of numerical probabilities, we now define

(1)  uE)

4

}E( 0)

i

(2) 7{X) ?E(X)' - u(E)

In view of Lemma 7 , we may write
(3 7 (1) = %)+ u(m) .

1. maps ﬂ; into g{ s while 7 msps if into itself. This proves tha$
the transformation T has the form stated in the theorem. It
remains to show that ¥ and u have the stated properties.

As a technical point, we remark that Lemmas 6 and 7 , whose sole
function was to establish that u(E) c ‘yE(X) , can be postponed to
the last stage of the proof. - Without them, we would not have (3) ,

and we would have to exercise more care to justify various manipulations
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which are obvious with {3) known.

let BF =0, &, F, B+F ¢ § . By Lemma 5 with X =Y =0,

we have

(%) w(E) /) w(F) =0 and

(5) | W(E+F) = u(B) + u(F) .

We cannot yet infer that wu 1s a homomorphism, because u(R) is

undefined. We define wu{0) to be 70(0) . Hence u{0) =0 .

As in the response ﬁrobability proof i/, it is easlly shown that
u( &) L)u(—E) is independent of E as R varies in jﬁ? . Now
define u(R) to be u(E) {J u(-E) .

It remains to prove that u(E) /) uw(-E) = 0 . Iet E ¢ l%?c
By virtue of |g] > ﬁ, either E or -E has a proper subset,

say B . Thus F/ - E . Now use (4) twice:

“sE/}F = 0 and F#E imply u(-g) /Y u(F) = ©

-E ] (E-F) = 0 and E-F £ E imply w(-E) [} w(B-F) = 0.

Hence u(E) ) u(-E) , which is the union of the two intersections

(D) in Section IV




e

sbove, 18 0 . From the symmstry of the sotelusion, we ses thit
we have covered also the cage vhere 1t 18 only =8 that has &

proper submet. This completes the proof thab

u 18 & homomorphism of @J into lj b

Kote: In thé case of numérical probabllities and finite &,
we could have w(R) > 1 . This has no enslogue for conditioning
funections.

We proceed now to the px"oper'bieé of v. Let X, Ye J,
XY =0 . Choose E and F eo thet EF = 0, E, F, EF ef@",
(In order to do this, we require |G| > k4 égaina) By Lemma S5A ,
yE(X) () 7F(Y) =0 . Now 7(X)}) and 7(Y) ere subsets, respectively,

of 7E(x) cand 7,(Y) , by definition (2) of y . Hense 7(X)/7)?{%) =20.

Using (3) and Lemma 5, we have

7'(x+y) + u(E+e¥) = Yl FHL) = ym(x) p 7’F(Y) = %) + u(8)

4+ () + u(¥F) .

But u is additive, and therefore 80 i ¥ . -Hehes

y is & homomorphism of J 1nte Qf s
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Remark: Since ¥ 1is a homomorphism, it also preserves
inclusion. From eguation (3), it is seen that also 7E rreserves
inclusion, a much stronger property than that proved in Lemma 7.
| | o
Next we assert that 7(S)/MwR) =0 . Let Ee . From
the definition (2) of »{X)}, we see that ¥{X) /) uw(®) =0 .
Letting X = 8 , we have 7¥{(8) [} u(E) = 0. But also 7(8) Nul{-E) = 0 .

The result follows.

Finally 7{(8) + uw(R) = 8 . For
(6) 8 = TR{R) = TP{E) + TR(-E} = ¥[P(E)} + w(E) + 7[P(-E)] + u(-E) .
Now 7[P(E)] + y[P(-E)] = ¥[P(E) + P(-E)] = 7[P(R)] = »(8) , while
u(E) + ul~-E) = u(R) , and therefore the righi member of (6) is

7(8) + w{R) . Thus (S} = - u{R) s and the theorem is proved.

VIII. Applications of the Response Probability Theorem to other

Stimulus Sampling Models.

In Section VI , we mentioned the idea [12] that a stimulus
element might be comnneected not to a single response, but to a probability
distribution of responses. We develop this idea briefly now.

Ilet R and.ég be as before, and S be an arbitrary set. Let és
denote the class of all functions P(s,E) , s ¢ 8, Ee &, |

satisfying:
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For fixed s , P(s,E) is a probability measure
on {}5’, (i.e. for each fixed = , P(s,E) ¢ & )

- Let C be a combination on @ It induces a "combination" € on

D by mesas of : C P(s,E) = C P(s,E) .

Let T , a trensformstion of & into itself, satisfy (CB) .
For each s , T induces a transformation T, of @ obtained by
. holding s fixed. Each ‘I‘S satisfies (C3) . Hence, if I@’] j:{ L

the Response Probability Theorem implies

T P(s,E) = (1-6_) P(s,E) + 6, K(s,E) -

o~
where BS is a non-negative function on § , and K ¢ @ . If Q is

infinite, then Qs <1l.

It might be argued that for § infinite, it is more appropriate

J——

to consider sets X of stimuli. To this end, denote by @ the claBs

of all functions P(X,E) , X e¢¢f < 2°, E ¢ &, such that, for fixed X,
P(X,E) is a probability measure con @ As befc're, a combination £ of
Ep Induces a combination ? of 35- . Let T, a transformation of ug into

itself, satisfy (CB) . If !gf £ 4, we have
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T P(X,E) = (1~9X) P(X,E) + 6 K(X,E)

—
.

where QX is a non-negative function on Q}?, and K € é? . If .iz
ig infinite, GX < 1.
In these corollaries, 8 and_qf play no role except as the

domain of the parameter. The nature of the dependence of P(S,E)

on s can be made explicit in particular models. (See [12).)

IX. Comments on the Beta Model.

One has the fe&ling that the Tesults of ThIs report have some
“bearing upon Luce's aﬁiomatic derivation of the beta model in [10}.
The fact that his response strengths v, are all positive seems a
barrier to this. On the other hand, the derived ”al@ha model” in
[10] is subjected to the same unusuval positivity condition p, > O
as a result of vy >0 . It may be of interest to.examine the

situation with this condition wezkened to Vi >0
Denote by 7 the set of all "responss strength" vectors

v = (vl,uoo,vr) with non-negative components and Zv > 0 ,°

T
where Zv denotes § o Those members v of P which have
i=1

Lv = 1 constitute é@ , the set of probability vecteors. Note that
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Tt is pointed out in {10], in connection with the derivation of
the beta model, that the Combining of Classes condition implies the
"Independence - from - irrelevant - alternatives assumption” in the
context of probability vectors, as in [4,5] and in Sectioné I1 - IV

of this report (specialized to finite R .} This is:

(1) Let T transform & into itself. Then (T¥E), is

a function of p, alone (i.e. independent of D, for § # i)

However, for a transformetion T of 7" into itself, this implication

is not true, as the example Tv = é§~ shows. Thus the assumption {l)
must stand on its own merits, without support from the Combining
Classes Condition (Cg) .

It is interesting to see what indeed are the conseguences of {83)
in the context of response strength vectorso-'Wé state the results
wvithout proof.

First, the definition of a combination operator C 1s obvious.

As an example, if r = 3 , o= {1,2} , c = 1 , then 0¥ = (vi—%vg, 0; V4
(03) implies

(2) {Tv), 1is a function of v, sand Zv (i.e. is independent of

i

vj for J % i except as vj affects EV} .

(3) % Ty is a function of Fv .

3

i
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'(03) not only implies (2} and (3) , but is in fact equivalent to
them, i.e. (2), (3)=> (¢3) .

As a corollary of (3) , we have

(4)  Given x>0, T carries the class (v : Sv=x] into

{v: v = g{x)} , where g 1is the function in {3) .

For each x> 0, T induces a transformation TX of QD into

itself:

Hence if Zv = x , we have Tv = g{x) Ty g .
(5) For all v, ¢, x, where x > 0, Cxv = xCv.
(6) (CS) for T implies (03) for each TX . (Proof:

use (5) repeatedly. )

If r> 2 , we conclude from the Response Probability Theorem:

N . .
TP = (1- )P + 6 A, where N ed and 0<06 < ¥

Hence, if v = x ,
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e ey
Ty = % (1 GX)V + Gxx XX .
The vector w in brackets has Zw=x . If 9X = 0 for some X ,

then Ty-: 5%§) v for Ey = X . - Thus (Tv)i is s multiple ﬁivi

of v, as in the beta model, but all the P, are equal. O0On the

other hand, their common value depends upon Zv .
)

(1) Conversely, such a T satisfies (C

-(8) These results extend to infinite R , in which case v

is a measure with v(R} > 0.

X.  Further Discussion of the Combination Operator.

In this section we characterize transformastions satisfying
(Cl) and (02) s, prove two statements about combinations made in
Bection IV , and effect combinations by éhripking the set o to a
point. The discussions are given in terms of nimerical probability
measures, but can easily be adapted to conditioning functions.
We begin by describing explicitly those transformations C Of-.

ép into itself satisfying

(c1) CP g P on -o and

(ca) - Plg) = P'(0) =CP = CP* on o ..




Wil

Let C satisfy (Cl) and (C2) . Given P ; then C P is
completely determined on -~o , being equal to P there. It remains
to discuss CP on o .

First we note that CP(g) = P(¢) . It is convenient now to
define ﬂ?& as the class of sets E such that o 2 E ¢ é%ﬁ

(c2) implies that for E ¢ &

<,
a

CP(E) depends only upon E and
P{o) , and is independent of values of P "inside" o . _ Thus there

is & function Y(E,x) such that

(71) v(E,x) is defined for all Ee\_@; and 0< x < 1.
(72) For fixed =x= , V(E,x) is a measure on éa; .
(73) 7{o,%x) = x
(k) CR(E) = 7[E, P(o)]
)
If we let mx(E) - -ZLELEL for x > 0 , and m, bean
arvitrary probability measure on f?;.j then
(ML) m  is a probability measure on {3&\ for 0<x<1.

(There is no connection among the various measures. )

(M2) CP(E) = mP(O_)CE) o) .




-45-

Conversely, any family m - of.pfobaﬁility measurss as'in (Ml)
defines a transformation of fp.into-itseif by means of .(Cl) and
(M2) , and this transformatiénféatisfiés (ce) , and of course (c1).

As & special case, if each m is_tﬁo-valued, then the measure
m  is determined by tﬁe ultréfilter [2,?]_df_supersets of sets E
for Which. mX(E) = 1 . BSpecializing further, if the m. &are all
egual, there is a single ultrafiitern ‘Finally, if o 1is Tinite,
each ultrafilter consists of the class of sets which contain a
particular point c¢ , and we are back to the original definition of
combination.

In the light of the above charééterization; we recall the remark
of Bush and Mosteller‘[h] that the distribution of P within o is
irrelevant, only P(o) being important. To this we cen nov add
that the distribution of CP_'Witﬁin g 1is irrelevant; 1t must, of
course, be independent of P , except that CP(c) = B(g) . For
example, with r =4 , o= (3,2}, P= (-pl',”..pg, Dy py) 5 the
transformstion | |

P tPy Py +Pp

=l » 77 - Pph

will sgerve as well as the older

CP = '(.Pl'l"p_'e ;_0)7_1?3: Pvli_ ) o
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Next we prove two statements about combinations made in

Section IV , using only properties (Cl)

and (C2) .
(1) Let Cl and C2 be combinations, and
o, 0y = 0 . Then Cl 02 = -02 Cl .
Proof: Repeated use of (Cl) vields Cl 02 P = 02 Cl P on
R-o0 -c,. From C, P(Gi) = P(Gl) and (C2) we conclude
Cl 02 P = Cl P on oy - But C, P

i

1 = 02 C, P on o .
Tpus 01_02 P = 02 Cl P on o, , and a similar proof works

Tor Ty e The result follows by additivity.

(2) Let T satisfy (03) . Let 01'62 =0 .
Then T satisfies 603) for €= C; Cp -
Proof: CTP = cl(c2 ™) = cl(cé TCQP) =
= 2 ¢ = & 12
cg[cl T(bgP)] Cg[bl Tcl(cgp)j
= CTCP

o

We remark that (Cl) and (C2) are independent of each other ,
even in the presence of their consequence {C3) , as easily constructed

examples show. Also (C1) and {C3) imply that C is a projection,
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i.e. € =C. (c2) and (C3) do not .

We turn now to consideration of the following idea sketched
in [5]. We effect the idea of a combination by replacing the set ¢
with a single new point o .
.x. ' A .
Denote by R ‘the set -o {J/{d} . The PBorel field\£@ induces
@ *

in an cobvious fashion a Borel field 52* cf subsets of R .« Denote

¥ e
by ép the class of all probability measures on é&f . Given

‘ "
P e E;), we define a corresponding SP ¢ ép thus:
(1) SP(E) = PlE-a) + Ea) Plo) .

. - N
Clearly SP ¢ éP . Moreover 8 1is a mapping cof é@ onto \QZF 5, L.e.
*
each member of LgD is 8P for at least one P ¢ (ﬂaa
Now let T be a transformation of é@ into itself. It is natural
to inguire whether T induces a transformation T of (' into
itself. Exactly how should T be defined T ITet P ¢ 4 . There

isa Pe D such that

(2) SP = P .

: N
Now transform P , and then return to {P via B . More

* _# :
precisely, we are led %o the definition T P = 5 TP . 3Bukb

L
T P is uniquely defined if and only if S5 T P is independent of the
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%
choice of P satisfying (2) for our fixed P , i.e. if and only if

(3) SP = SP'=» STP = 5TP' .

Now for any P, P’ e é@ , We observe that

SP = SP'@> P = P' on

Hence (3) will be satisfied if and only if

(4} | [P = P on =~c]l [ TP =z TP

on -~gj

But (4) is exactly what we called I(-o) in Section IV , and it

in turn ig equivalent to the Combining of Classes Condition (03) o

Thus we are led again to (CB) as the expression of invariance under

combining classes.
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