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Similarly, we may define the number of alternations of successes and

failures as

(37)

~he expectation of A
n

is

A = x l(l-X) + (l-x +1) xn n+ n n n

(38)

And the average of the sum of A
n

over trials is

(39)
00

E[L A]
n=l n

= [e 2(1-e)]
ul + N

IV. Errors during various parts of learning.

In this section we derive the distribution of the number of

errors before the first and before the second success and the distribution

of the trial number on which the last error occurs. We define F as a

random variable representing the number of errors before the first

success. The possible values of Fare 0, 1, 2, •.•• The probability

that F = ° is just the likelihood of guessing correctly on the first

trial, which is liN. For F to be k > 0, we require an error on the

first trial, with probability 1 - liN, k-l successive failures without

conditioning occurring, with probability (1 _ l/N)k-l (l_e)k-l, and

following the k
th

error, a success with probability e + ~ (l-e).
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Thus, the distribution of F is given by

(40)

1
if k ; 0if

Pr(F ; k) ;

1 (1-0:) k-l(1 - -) a if k> 1
N

1where a; (1 - if) (I-e) as before. The mean and variance of the number

of errors before the first success are given by

(41) E(F) ; 1 - liN
1 - a Var(F) ; E(F) [1 + (1-2e) E(F))

Now define S as the number of errors before the second success.

The probability that S; 0 is the likelihood of a correct guess on

trial 1 and a correct response in trial 2, which is :h. [e (I-e))
N + N .

For general k > 0, the event of k errors before the second success

can happen in three ways: (a) all errors through the first k trials

with no conditioning, then the item becomes conditioned on the kth trial

and the second success occurs on trial k+2--the probability of this

event being (1 - ilk (l_e)k-le ; (b) the item becomes conditioned at the

end of trial k+l after having one success some place during the first

k+l trials--the probability of this event is

or (c) the second success occurs by guessing on trial k+2 and the first

success occurred somewhere during the first k+l trials, no conditioning

occurring during these first k+l trials--the probability of this event,

1 2 1 k k+l
is (N) (k+l) (1 - N) (I-e). Putting together these considerations and

simplifying, we arrive at the distribution of the number of errors before

the second success:
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o

(42) PreS = k} =
=

1-0:
N
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for k = 0

The expected value of S is

for k > 1

E(S) = 1 - liN +
1 - a

_a=--=- = E(F) + _.::.a--,,­
N(l-o:)2 N(l-o:)2

Thus, we see that the average errors before the second success can be

expressed as the number of errors before the first success, E(F), plus

a term giving the expected number of errors intervening between the first

and second success. It should be noted that the average trial number

on which the first success occurs is E(F) + 1 and the trial number of

the second success is E(S) + 2. The variance terms would be the same.

The variance of S, the number of errors before the second success, may

be obtained directly from the distribution in (42). After simplification,

the result is

(44) Var(S)
1= -- +

1-0:
1

Let us now consider the total number of errors following the

first success. If the first correct response came about through

conditioning on the preceding trial, then we expect no further errors

on that item; if, however, the first correct response came about by

guessing, then we expect a few more errors. Let e represent the

average number of subsequent errors following first successes which
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came about by guessing. The value of e may be derived to be

00

e = e . 0 + (l-e) ~
n=l

(1 _ !.) (l-B)n-l =
N

If we let g represent the proportion of first correct responses which

occur by guessing, then the mean number of errors following the first

correct response (call it w) will be

(46) w g • e + (l-g) . 0 = g • e

That is, a proportion l-g of the first correct responses occurred

because of conditioning on the preceding trial and for these items we

expect no subsequent errors. To complete our derivation we need to

know g, the probability that the first correct response comes about

by guessing. This result is easily derived as

1
N(l-a)

Combining this result With (45) we obtain for mean errors following the

first correct response,

(48) w = g • e
(l-B) ul

= N(l-a)
0:

= Ne(l-a)
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This result may be checked by subtracting the average errors to the first

success from the average total errors, since we should get the same answer

for w, viz.)

w = u - E(F )
- 1 1 u ­

1

1
(1 - N)

1 - ex = Ne(l.ex)

The values of g and e derived above cannot be compared with the

data because we can't tell whether a given first correct response has come about

by conditioning or by guessing. One might think that l-g could be

estimated by the proportion of first correct responses which were

followed by all correct on further trials. Although it is true that

this "no more errors" property will hold for items whose first correct

response occurred via prior conditioning, it is also true that some

items whose first correct response occurred by guessing will also exhibit

no further errors. In fact, it is possible to derive an expression for

the proportion of sequences exhibiting this property of no errors

following the first correct response. Let b represent the probability

that an item will exhibit no further errors after its first correct

response came about by guessing. We may derive the relation

he (1_e)2
2

(50) b = e + (l-e) -I- (h) e + ...
N N

00

[ (l-e) re L e
= N = l-e

j=o 1 - N
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That is, with probability e the item was conditioned on the trial on

which the first correct guess occurred; with probability l-e conditioning

did not occur on that trial, the & guessed correctly on the next trial

with probability liN and the item became conditioned then with

probability e, and so on.

Using this result, we can now write an expression for the

proportion, p, of items whose first correct response is followed by

all correct responses. This includes a proportion l-g whose first

correct response came about because of prior conditioning, and a

proportion g·b whose first c~rrect response occurred by guessing but no

further errors occurred.

p = 1 - g + gb

() (l-e) (N-l)
= 1 - g l-b = 1 - [1 + (N-l)e] Te + N _ 1]

This proportion, p, of sequences characterized by no errors following

the first success can be remarkably large. For example, if e = .20

and N = 8, we predict that 67.5% of the sequences will have no errors

following the first correct response. The probability that no errors

occur with a particular item is

(52) b e
= oj = N= e + N _ 1
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That is, with probability liN the first guess is correct and with

probability b no further errors are made. Thus, with e = .20, we

expect the proportion of items displaying no errors to be about 9%

when N = 3 and about 3% when N = 8.

Another interesting and exacting test of the Markov model

arises when we ask the question: given that an error occurred on

trial n, what is the expected number of errors that will follow before

perfect learning? The rather surprising answer to this question

according to the model is that the expected number of errors following

an error is a constant independent of the trial number on which the

leading error occurred. That is, if we observe an error on trial 1,

the expected number of subsequent errors is predicted to be the same

as that following an error that occurs on, say, trial 25. This result

is counter to intuition but nonetheless follows strictly from the

Markov model. The point of the matter is that if we observe an error

on trial n, then we know the item was not conditioned prior to that

trial; hence, we can assume our Markov process "starts" in state ° on trial

n and the expected number of subsequent errors is (l-e) u
l

' as was

derived for e in Equation 45. When an error occurs we may, so to

speak, set the clock back to trial 1 as far as the model is concerned

in predicting future behavior. Thus, the expected number of errors

following an error on trial n is a constant independent of n. It should

be noted that this prediction is markedly different from that delivered

by the linear model which would predict that errors following an error on

trial n is a monotone decreasing function of n.
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As a preliminary test of these predictions, data from one group

of 14 Ss learning a list of 10 paired associates were analyzed. For

these purposes trials 2, 3, 4 and 5 were selected, and the average number

of subsequent errors was determined for those item-subjects showing

an error on trial 2, on trial 3, etc. The results, in terms of average

subsequent errors, are 2.08 following an error occurring on the second

trial, 2.03 following an error occurring on the third trial, and 2.05

following an error at the fourth or fifth trial (these were pooled to

get a larger sample). Pooling the data for errors on trial 2 and trial 3,

the mean is 2.05 which is identical with the average errors following

errors that occur on the fourth or fifth trials. Thus, these limited

results give rather striking confirmation to the "constancy" prediction

from the one-element Markov model. However, more data analysis is

required before we can make a confident decision in favor of the Markov

model and reject the linear model.

The results obtained so far are useful in helping us to derive

the distribution of the trial number on which the last error occurs in

an infinite sequence of trials. For these purposes, let us define a

random variable, n', which represents the trial number on which the last

error occurs. Also we allow n' to be zero in case no errors occur at

all. The probability distribution. of n' is given by



1 -

where

Pr{n' ;= k} ;=

- 25 -

b
N

8b ;= -....-r;~r­
(1-8)

N

for

for

k ;= 0

k > 1

The first value for k;= 0 has already been derived in (52).

To obtain an error on trial k, it must be that conditioning has failed to

occur on the preceding k-l trials and the subject guesses incorrectly

on trial k, and then makes no more errors with probability b. The

mean and variance of n' are

E(n') ;= m =

Var(n' ) 2
= m[ e - 1 - m]

We may use (54) to derive numerous relations between mean errors at

different parts of learning. One example is the average number of trials

between the first success and last failure; this is

E(n') ~E(F+l)
b

;:;: - U -
8 1

(1 - ~)
1 - ex - 1
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Similarly, the average number of trials between the second success and

the last error is

(56) E(n') - E(S + 2) (1 - liN)
1 - a

What we have accomplished in this section is a rather precise

partitioning of the response sequence around three nodes--the first

success, the second success, and the last failure. To illustrate this

partitioning, Table 1 shows the various error quantities for the

illustrative values of N = 3 and e = .10.

TABLE 1

Expected Error Quantities For the Values N

1. Total errors

2. Errors before first success

3. Errors between first and second success

4. Errors before second success

5. Error following 1st success

6. Errors following 2nd success

7. Trial of last error

8. Trials from first success to last error

9. Trials from second success to last error

10. Proportion of items with zero errors

11. Proportion of items with no errors following
first success

3, e = .10.

6.67
1.67
1.25
2·92

5·00

3·75
9·53
6.86
4.61
4·76%
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v. Statistics across items within a particular trial.

The preceding analysis has been carried out for single items

across trials. In applying this model to paired-associate learning,

experimental conditions can be arranged so that we may assume that each

of the K items in the list has the same learning rate constant, 8.

That is, the stimulus items may be so chosen that all K items may be

considered as homogeneous in difficulty. To the extent that these

homogeneous conditions are satisfied, we may consider a run through the

list (a trial) as providing a sample of size K from a binomial

population. To make this notion explicit, let us arbitrarily denote

the response to the first item in the list on trial n by a random

variable Xl ,the response to the second item of the list by x
2

' ••. ,,n ,n

the response to the K
th

and last item by
~,n·

Because we usually

randomize the order of the items between trials, the first item on

trial n+l will not usually be the same as the first item on trial n.

Nonetheless, X would still be defined as the response randoml,n+l

variable for the first item on trial n+l, whatever that item may be.

The reasoning here is that if we consider the response to each item

as being one sample from the same binomial population, then it makes

no difference in which order the samples are drawn or labelled.
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The response random variable for the i th item in the list

is defined as

x =i,n

l

o

th
if error on i item on trial n

thif correct on i item on trial n

and the parameter of the distribution is

(58) Pr(X = l) = q = (l _ ~)(l_e)n-l
i,n n N

We define the total number of errors on trial n, T , as
n

the sum of Xi over the list of K items:
,n

K
T = LX

n i=l i,n

It is clear that T has the binomial distribution given by
n

(60)

with mean and variance

(6l) E(T ) = Kg ,n n Var(T ) = K q (l-g )
n n n
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Using (60) and E~uation 58 for q we can calculate the probability
n

that, say, exactly half the items are correct on trial n (for Keven,

of course). This probability is

K
CTp

n

If N is large, say 8, then this probability begins at a low value,

increases to a maximum with trials, then drops eventually to zero as n

becomes large. As n becomes large, all items become learned and the

probability of getting exactly half the items correctly decreases to zero.

One can also use (60) and the E~uation 58 for ~ to calculate
n

other statistics of interest such as the probability of getting at

least j correct out of the K items. Such probabilites are obviously

related to "criterion of learning" scores. Consider the criterion of

all items correct: What is the probability of getting all K items

correct on trial n? This probability is



- 30 -

This probability can be used to compute the distribution of the number

of trials before a criterion of K correct is met. Let C be the

number of trials before meeting the criterion of one correct run

through the list. Then the distribution of C is

K
Fr(C = I} = p

1

Pr(C =2} = (1 - p~) p~

(64)

where

Pr(e
n~l

= n} = pK IT
n j=l

K
(1 - Po)

J

( 1) ( )j-lP j = 1- 1 - N 1 - e

The mean trials to criterion would then be the expectation of the

random variable defined by (64). Unfortunately, no analtyic solution

to the problem is available because of the product term on the right

side of (64). However, for reasonable values of e, E(C) could be

approximated numerically from the first ten or so terms of the first

moment sum.

A final issue to be considered concerns run statistics within

a trial. Analogous to our definition of U o

J
in (23) for a single item

sequence} we may define

K-(j-l)
YJo}n = L xi n

i=l }
x ~ G. x
i+l,n i+j-l,n
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th
count j-tuples of errors on the n trial. Because we have

assumed that the x and x. are independent samples from the
i,n J,n

binomial population, we may write the expectation of y. as
J,n

(66)
= K-$j-l)

i=l
q • q •.• q

n n <l

j times

=(K + 1 - j) qj
n

Using the Yj,n we may define runs of j-errors within trial n--call

it m. --analogously to (24);
J,n

The expectation of is then

(68) E(m. )
J, n

Since qn is a decreasing function of n, the limit of E(m. )
J,n

as

n increases is zero. The total number of runs of errors on trial n

is

1\
R = Y Yn 1, n - 2, n

1\
The m. and R so calculated are for a single trial. To get a

J,n n

larger sample we may sum these terms over trials of an infinite

sequence. There is no problem here with convergence of these sums

because eventually all items are answered correctly and runs of errors
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would cease occurring. We may thus define m. as the sum over all
J

trials of m. • The expectation of m
J
" is seen to be

J}n

00 00

(K+l-j) [1- ~] j

l-(l-e)j

Also, we may derive the total within-trial runs of errors to be

...,
E(R)

Discussion.

ul [1 + K(l-e) + K-l]2-e N

The previous sections have illustrated some of the large

number of theorems derivable from the one-element model. These theorems

are stated in a form equating some property of the data (e.g.) number of

error runs) to a derived expression which, once N has been fixed by

the experimenter, is only a function e. One of these equations would

be used to estimate e and the remainder may be used to obtain

numerical predictions about various measures of the data. The

statistic to be used in estimating e is arbitrary; the writer has

usually used average errors per item since this statistic uses most of

the data and is probably a minimum variance estimator.
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As mentioned earlier, the one-element model developed here

has proved quite adequate in accounting for the data from several

experll~nts on paired-associate learning. It is indeed a pleasant

coincidence in mathematical learning theory when we find a model

that comes close to the data and for which many important predictions

are derivable in closed form. With the mathematical analysis of the

one-element model now in reasonably complete form, the machinery is

available for making detailed comparisons of the linear model and the

one-element model in their predictions of experimental results.
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