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this hypothesis, (a test which incidentally is free of any restriction to
g model, but which tests the general hypothesis of the Markovian character)
we use a X2 test proposed by Anderson and Goodman [1957].  The null
hypothesis is that Pijk = pjk for 1,3,k = 1,2,3,% . That is, the null
hypothesis corresponds to the theoretical statement that knowledge of
responses made before trial n -1 does not change the probability of a
given responge on trial n . For example, knowledge that a person has made
two H responses in a row instead of an L followed by an H does not
affect the likelihood that he will msake an H response on the next trial.
The results confirm the hypothesis that the responses do form a first order
Markov chain. For the first 100 +trials, the value of X? for Group T
does not approach significance (X° = 35.83, df = 36, P = ,49) and for
Grop N it is just significant at the .05 lével (X2 = 51.51) . The test
was not run for the last 100 trials because too many of the cell entries
were close to zero (see Table 1 below).

"Another demand of the specifib model we.have proposed here {which does
not hold for the multi-stimulus moael) is that the process is stationary
in the observable response pairs, i.e., that the transition probabilities
pij do not change over time. This hypothesis can also he tested inde-
pendently of the model, again using a X? test given by Anderson and
Goodman [1957]. The test can be made separately for each row of the matrix,
and in both groups, the differences in the first row (L;L) are highly
significant, while the other three rows are not. Thus there is some evidence
that the process is not stationary, although‘in our opinicn it is not serious

enough to force a rejection of the model.
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When the trensition probabilitles of a Markov'process are independent
of the trial number, the transition numbers ni3 , which summarize the
numbexr of transitions from state 1 to state J , form a set of sufficlent

statisbics for the process. Table 1 shows the transition numbers for both

Insert Table 1 about here.

experimental groups, split into the first 100 and last 100 +trials. It
is clear that with the exception of the last row in the last 100 trials,
the two groups are essentially identical. The distorbting enmtry Ny = 47
is due to the one palr of subjects mentioned above who did adopt collusive
strategies for approximately 40 trials. Applying a X? test of
homogeneity to test the null hypothesis that the two samples are drawn from
the same Markov chain (Anderson and Goodman [1957]), we find that for the
first 100 trials, the resulting X (7.5, &f = 12, P = ,90) is not
significant, and for the second block of 100 +trials the X? is also
not significant when cells with entries of less than 5 are ignored.
Because of this.relatively cloge agreement, we felt justified in combining
the two groups in much of what follows.

Turning now to more specific predictions of the theory proposed.here,

Figure 3 shows the functions ci(j) , Plotted separately for the first 100

Insert Figure 3 aboubt here.
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Table 1
Transition numbers for both groups
and for first and last 100 +trials

First 100 +trijals Last 100 trials

(,r)  (L,E) (L) (LH) | (L,L) (LA} (5L)  (HE)
456 T 67 95 10 698 ko 35 1
(LL) | us6 w 79 87 1h 708 52 S 8
80 55 10 1k 3k 34 7

(L)H) 83 53 14 12 57 23 5.
90 22 L 5 L 7 33 3
(8,1) 90 1k 40 7 50 7 18 0
. 6 14 11 11 1 1 9 b7
(}_I’H) 10 16 9 6 4 -6 1 L
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and last 100 trials. Because of the evidence presentéd above for the
homogeneity of the two grOups,.we have pogled the data from the two groups
in plotting these curves. We may note first that on a qualitative level,
the curves are completely in accord with our conceptual model. That is,
the prebability of making the same response on the next trdal is, with
the exception of unstable end points, a strigtly increasing monotonic
- function of the reinforcement given.é/ This result gives strong support
for the general learning and reinforcement framework within which we are
attempting to describe duopoly behavior. Whether or not the specific model
We propose is appealing, this finding would seem to show that the approach
to the problem via reinforcement ldeas is a valld one.

One straightforward method of estimating the parameters a, b, & and B
of (5) and (6) is by fitting straight lines to the data of Figure 3 by thé
method of least squares. The results are shown in the figure; the numerical

values of the parameters are given in Table 2. The small values of b and

Insert Table 2 about here.

B are to be expected. This is evident from Figure 3. The abscissa runs
from O to 36 whereas the ordinate runs from O to 1 . Meaningful
results will thus necessarily be lines with relatively flat slopes. The data
- for 'EL(O) were not used on the last 100 trials because the estimsted
probability is based on only 13 observations and is decidedly out of line

with the other estimated probabilities ?%}j) for the last 100 trials.
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Table 2

‘Estinmated parameters for first
and last 100 +trials

i

Firset Last

100 100

trials trials
a .690 .856
b .008 .00k
a .280 27h
B L011 .021
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It 1s interesting to note that B > b for both the first and last 100
trials, which we take to indilecate that when subjects sget the rather risky
high price they are more sensitive to the exact amount of reward than in
the case of setting the congervative low price.

© Of the four linear fits the one for the high price on the last 100
trials is clearly the worst. The evident departure from linearity warrants
further study in other experimental situations, for it is to be emphasized
that the exact character of the goodnegg-of-fit results discussed below
depend heavily upon the assumption that the conditioning parameters ci(j)
are linear in thé amount of reward. It is apparent from inspection of
Figure 3 that the linearity assumption is not a bad one in three of the
four cases.

It is to be remarked that the assumption of linearity at this point
is not equivalent to the assumpbtion bf a utility function which is linear
in meoney. The conditioning parameters ci(j) mainly describe the changes
in conditioning frem trial to trial, given the reinforcement and response.
‘The new response occurs on an all or none basis of conditioning and is
not due to an estimation of expected utility. Iven if a utility interpre~
tgtion were given to the response probabilities (see Suppes [1959]), the
conditioning parameters would essentially describe, not utilities, but
changes in utilities.

Having estimated the parameters a, b, & and B we may obtain the
Predicted transition matrix shown in Table 3. The observed tramnsition

probabilities ‘Eij s based on the data from both groups, are also shown
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Insert Tabhle 3 aboub here.

for comparison. The asgreement bebtween observed and predicted values seens
reasonably good for both the first and last 100 +trials. We may use & X2
test again; in this case the null hypothesis is that the data (the cbserved
transition probabilities) fit the model (the predicted probabilities).

The X? distribution under the null hypothesis has 12 degrees of Tfreedom
but 4 parameters have been estimated, and thus the significance level
should be interpreted in terms of 8 df . For both biocks of trials the
results are highly significant (P < .001l) . In interpreting these results
it is important to realize that this test is extremely sensitive when the
number of observations is large--here 2000 for each block. Few of the
learning experiments reported in the pgychological literature are inter-
preted in terms of models that dc not yield highly significant resulfs on
overall goodness~of;fit tests. (For extensive discussion of such tests,

see Suppes and Atkinson [19601.)

The theoretical matrix may be used to predici the mean asympiotic

probability of response. In Figure 4%, the learning curves in 20 trial

[

- blocks,; with the data pocled from both groups, are shown for the probabllities

Insert Figure 4 about here.
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Predicted and observed transition probabilities

Firgt 100 +trials

{observed values in parentheses)

Last 100 +trials

(,L)  (L,F) (8,1L) (8,E) | (L,L) (L,E) (B,L) (&,E)
.67' L5 15 .03 .83 .08 .08 .01
(.72) (.12) (.1%) (.o2) (.88) (.06) (.05) (.01)
.55 34 .07 Ok .51 A3 .03 .03
(.51)  (.3%)  (.o7)  (.08) | (.54)  (.3%)  (.07T)  (.05)
.55 07 .3k Lol .51 .03 43 .03
(.58) (.11)  (.27) (.0%) | (.58) (.09) (.31)  (.02)
.26 .26 26 .22- .10 .25 .25 40
(.19)  (.36)  (.2%)  (.er) | (.o1) (.09) (k) (.70)
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P(L), P(L,L), P(L,H) and P(H) , where P(L,H) is the probability of
either (L,H) or (H,L) . The predicted asymptotes are shown as horizontal
lines on the right. In discussing Figure.2 it was remarked that the learning
curves seem not yet to have reached asymptote. This is reflected in the
discrepancy between the predicted asymptotes and the curves for the last
two or three blocks of trials. This same discrepanéy is found vwhen we
c0mpﬁte the asymptoﬁic mean probabilities on the basls of the observed
transition matrix for the last 100 trials given in Table 3. Toward the
end bf the experiment the subjects were tending more and more to set the
competitive low price, with the 6né exception already noted. It would be
desirable to determine if this tendency.would be sustained over a much
larger number of trials. If so, in_order to maintain the present theory
1t would be necessary to postulate systematic changes in the conditioning
parameters Ci(j) over trials. (This seems necessary for other learning
experiments as well) see Suppes and Atkinson [1960, Chep.10].)

On the other hand, it should be noticed that consideration of more
than 200 trials is not realistic from an economic standpoint. When each
trial is interpreted as a quarterly decision, 200 trials already cover
Tifty years. The external enviromment of no duopcly would be reasonably
constant for any longer pericd of time, and most likely not this long.

Several other remarks may be made sbout the experiment. It may he
argued that the data were collected in such a highly structured and overw
simplified situation that tﬁey have 1ittle relevance to economic behavior.

This 15 possibly true, and it would of course be desirable to collect
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similar data in the field. But then one runs into the problem of lack
of control of many variables which are obviously relevant; but which are
not as yet incorporated into the theory. It was primarily for this reason
that we chose to do the experiment in the laboratory, where it was possible
"to control many more of these vafiableso This i8, of course,; common
practice in psychology but economists have not generally adopted this view.
It is also true that we were using naive subjects. It is likely that
two sophisticated economists or businessmen would have reachted differently
in this setting, perhaps settling on the advantageous monopoly price.
Although this statement should be verified before it is accepted, it is &
not unreasonable hypothesis, since the situation is extremely simple, and
the results of any behavior can be easily computed withoub performing the
behavior. However, in a more complicated market, the businessman cannot
80 easily compube the regult of any given behavior. He would seem rather
to be in the position ¢f our subjects who must perform the behavior, recelve
the reinforcement and react accordingly. Thus, we would expect the
businessmsn to behave in a manner descfibable by the kind of reinforcement
and conditioning ldeas we have tried to isolate (and we would be willing
to discount most of his verbal raticnalizations derived from his knowledge
of economic theory). |
Finally, it is certainly true that the theory is at present far too
simple to describe much actual econcmic behavior. The direction of
generalization seems clear, although problems; both experimental and

mathematical, are present. For example, one cbvious need is the continuous
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analogue of the theory, where the possible prices the firm can set form a
continuum. The mathematical problems involved are subshtantial, although
not insuperablé. A more direct generalization of interest is to the case
of oligopoly with more than two firms and with more than two possible
rricés. There is in fact no conceptual obstacle to applying the theory

to perfectly competitive markets by considering a large number of firms.
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Footnotes

This research was supported by the Rockefeller Foundation and the Group

Psychology Branch of the Office of Nayal Research. Discussions with

Kenneth J. Arrow, Leo Hurwicz, Paul Samuelson, and Hirofumi Uzawa have

been most helpful. The paper will appear in the reprint serles of the

-Stanford Instituke for Mathemstical Studies in the Sceial Sciences.

The description of the market given subjects, which is described in the

next section, differs on this point, but not in such =z way as to affect

_the actual market transactions.

For mathematical simplicity, we permitted each firm the possibility of
selling 8 wunits when both set the low price. However, this event
occurs with low probability and no subject noted the discrepancy between

this and the production gquota of 6 wunits. The implications of a

different market are worked out in Suppes and Atkinson [1960, Sec. 12.3].

Certainly it is plausible to azsume that the coefficients are

monotonically inereasing in the gross profit J , and a linearity

postulate yields the mathemstically simplest function having this
property. Fmpirical support for this assumption is given in the final
gsection.

It is, of course, possible in most (but not all) cases to determine
the opponent's price on the previous trial from the total sales.
Howeﬁer, only one subject in Group N gave any indication of doing this.
The instebility of the endpoints is due to the small number of cbserva-
tions available to estimate cL(Q) . No subjects received gross

income j'= 36 , and thus this point does not occur on the abscissa.
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