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Observed and Predicted Utility Functions for Subject 6.
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Observed and Predicted Utility Funciions for Subject 7.
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TABLE 5
FREQUENCY OF CHOICE OF LARGER OPrION

WREN DIFFERENCE IS WITHIN e

e Value of Differences

Subject 1 1~ 2~Values 1 2 32 2 2

1
·7eI = 2

1 1
err = 2 ·5

1 .8errr := 2

8r = 3 ·5 .6 ·5

2 err = 2 .8 .8

errr = 1 ·9

eI = 0

3 8rr =2 ·9 ·9

8rrr = 2 ·7 ·7

er =:: 2 .8 .8

4 err =2 ·5 .8

8rrr =:: 1 .8

,
er = 0

5
1

·7 ·7 .8err = 1'2
erlr =:: 2 .8 ·9

1 .8 ·9 ·7er = 12
6 1

·7 .8 .8err = 12
1

·7 .6 .8errr = 12

(Continuation of Table 5 at top of next page)
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CONTINUATION TABLE 5
FREQUENCY OF CHOICE OF LARGER OPTION

WHEN DIFFERENCE IS WITHIN e

e
Value of'Dif'ferences

Subject

Values 1
1 l! 2 2! 32: 2 2

e
I = l! .6 1.0 ·72

7 ell = 0

6111
:= 1 .6

6. Discussion.

1. Probably the most important conclusion to be drawn about the

experimental application of' our linear programming model is that i.t is

highly desirable first to check on the extent to which the ordinal axiom

of' transitivity is satisfied. The lack of transitivity is clearly a major

f'actor limiting the predictive power of' the model in the present experiment.

Theoretically the model is prepared to take care of' any intransitivities;

but if' the subject radically changes his mind on the simple ordering of'

outcomes then obviously no model will be able to predict his choices with

any great success. The good predictions f'or Subject 1 in Table 1 show

that the model is not disturbed by minor intransitivities.

In order to obtain an approximately constant simple ordering through-

out an experiment using this model, apparently the best procedure is to

attempt to stabilize the subject's general attitudes toward the outcomes.

~ priori we thought such stability would exist for serious students of'

music toward particular perf'ormances of' particular pieces of' music. The
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experimental evidence indicates we were wrong. In this connection some

of the informal comments and attitudes of SUbjects are enlightening.

Subject 1 was suspicious of the purpose of the experiment and was

determined to demonstrate his intelligence by the "consistency" of his

choices. In the first two sessions he claimed to have adopted a

numerical weighting system which enabled him to compute the

appropriate choice. That his "system" was none too good is shown by

his non-zero e value for both sessions. In Session III he found it

difficult to make decisions and adopted the "outside'! criterion of

choosing options which contained a record by a composer not at present

represented in his library. Considering the fact that he abandoned

his weighting system in Session III it is surprising the predictions of

his behavior achieved the level of accuracy they did.

Subject 2 was markedly intransitive during Session I alone~ which

mainly accounts for the large e
I

value: 6
1

::: 3. Yet he gave no

indication during the session that he was in any way conscious of these

intransitivities.

About half way through Session II Subject 4 remarked that she now
J

thought Bernstein1s Wonderful Town better than Grofk's Grand Canyon Suite~

and Bartok's Sonata No.1 for Violin and Piano better than Bach's

Cantata No. 70. At the beginning of the session she had ranked:

3 - Bach

4 - Bartok

5 - Grof'

6 - Bernstein

Subject 5 was very open about factors disturbing the stability of her

choices. In Session I, when confronted by works of Berlioz and Stravinsky,
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she remarked that she had not yet studied these composers in class and

did not feel certain of her attitude toward them. When confronted with

a recording of Handel f s .£ Sonatas for Violin and Cont:i.nuo she stated her

attitude was in a state of flux, for she had just heard some Handel

sonatas the previous night and she found them quite wonderful. (She

gave the Handel record first place in Session I, and separated it

from her second choice, Monteverdi's Madrigals, by an interval of 2,

as may be seen in Table 3.)

In Session III Subject 3 had difficulty with all offers in which

one of the options consisted of the most preferred and least preferred

records (Le . ., the option (a, f) ). Hi.s comment was "You keep putting

those two together and that's terrible. I!

At the completion of Session I, Subject 6 was asked to indicate

her degree of preference for the six records by giving each a relative

position on a straight line. Subject 7 was asked to do the same thing

at the end of his first session. Table 6 compares the utility intervals

computed from this spacing with the observed one recorded in Table 3. The

compared curves are normalized to have the same total length.

TABLE 6

COMPARISON OF OBSERVED UrILITY &

SUBJECTIVE SPACING

SESSION I

Intervals
Subject

a f3 () 5 C

observed 1.5 1.0 1.0 1.0 2.0
6 subj. spacing 0.4 1.3 0·5 1.9 2.4

observed 1.5 1.0 1.0 LO 3.0
7 subj. spacing 0·5 0·9 0.1 0.1 4.6
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That the relatively much greater consistency of Subject 6 has signi­

ficance is strongly supported by the evidence in Table 2: with e = °
predictions were very good for Subject 6 and poor for Subject 7.

2. The unrealistic simplicity of values in Table 3 suggests that

the model be complicated by the introduction of some stochastic

parameters along the lines customary in the method of paired comparisons.

However, we have not yet been successful in constructing a model which

is both theoretically reasonable and experimentally testable. For some

suggestions in this direction; see [3].

3. Our linear programming model was specifically constructed to

investigaty the cardinal utility of non-monetary outcomes. However, it

is natural to consider extending its use to situations involving

monetary rewards. Theoretically this seems perfectly straightforward,

but a simple difficulty arises from the linear properties of the model.

Suppose we apply the model and obtain the following values (where ~

is the subject's utility function):

~(50~ ) = 50

~(45~ ) = 46

~( -48¢-) = -58

~( -501) = -60

e = 7

Then since

~(451') +~(-504-) +7 >~(50¢-) +~(-48F-),

the model predicts (Postulate P2) that occasionally (i.e., with

probability greater than zero) the subject will choose Column 2 when
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the options are:

1

-48 f

2

-50 f-

but such behavior is highly unlikely. A non-linear model which does not

have this defect has been constructed by one of the authors in

collaboration with Herman Rubin.

7. Summary.

We have reported an experiment designed to measure cardinal utility

of non-monetary outcomes by use of a linear programming model. The

subjects were seven students majoring in music. They were asked to

choose between options having long-playing records as outcomes. On the

basis of their choices individual cardinal utility functions were

constructed by linear programming methods. The resulting utility

functions were then used to predict choices among options involving new

combinations of the records.

On the basis of the experimental evidence the following conclusions

seem justified.

1. In making predictions the linear programming model is superior

to the obvious ordinal model., and both of these models are superior

to a random guessing model.

2. If the linear programming model is modified by ignoring thresholds

in order to obtain a larger number of predictions) the accuracy of the

predictions made is still very much better than would be obtained on the

basis of chance alone.

3. Two stochastic postulates on choices within a computed threshold

were highly confirmed.
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Footnotes

1. This research was supported by the Of'fice of Naval Research under

Contract NR 171-034, Group Psychology Branch. Mrs. Yvonne Brackbill

assisted us in the experimental work, Miss Karol Valpreda in the

computational work, and Mrs. Muriel Winet in the initial phases of

the computational work.
,

2. We wish to thank Professor Leonard G. Ratner of the Stanford Music

Department for his kind cooperation.

3. Because of the character of the model it was not essential to obtain

a simple ordering of the outcomes in Phase 1. In point of fact,

however, a simple ordering was obtained in each case before going

on to the next phase. In five out of the total of 21 times Phase 1

was run the subject made the paired comparisons twice before his

ranking was accepted.

4. Subject 1 was dissatisf'ied with his responses in Session III, and

was permitted to repeat the session. The predictions for him are

based on his second set of responses, which immediately followed the

first set. This repetition may partly account for the better

prediction results in his case.

5. The standard deviation of the ratio .67 was estimated to be .06.

Thus the proportion of correct predictions with e = 0 is more than

two standard deviations from what would be expected from chance.

6. It should he clear from the discussion in Section 2 that the

differences considered here are twice the differences in expected utility

values of the options.

7. Cases are counted as follows. On the basis of' indistinguishability,

we assume that if e =0, the relative frequency is .5. Thus, in the
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case of Subject 4, the three single entries for Io = 2 all confirm

monotonicity: f(O) = .5 ~ ·7



STANFORD UNIVERSITY
Technical Reports Distribution List

Contract Nonr 225(17)
(NR 171..,034)

Office of Naval Research
Mathematics Division, Code 430
Department of· the Navy
Washington 25, Do c. 1

ASTIA Documents Service Center
Knott Building
Dayton 2, Ohio 5

Commanding Officer
Office of Naval Research

Branch Office
Navy #100, Fleet Post Office
New York, New York 35

Office of Naval Research
Logistics Branch, Code 436
Department of the Navy
Washington 25, D. Co 1

Director, Naval Research
Laboratory

Attn: Technical Information
Officer

Washington 25, D. C. 6

Office of Naval Research
Group Psychology Branch
Code 452
Department of the Navy
Washington 25, D. C. 5

Office of Naval Research
Branch Office

346 Broadway
New York 13, New York 1

Office of Naval Research
Branch Office

1000 Geary Street
San Francisco 9, California 1

Office of Naval Research
Branch Office

1030 Green Street
Pasadena 1, California 1

Office of Naval Research
Branch Office

Tenth Floor
The John Crerar Library Building
86 East Randolph Street
Chicago 1, Illinois 1

Office of Technical Services
Department of Commerce
Washington 25, DoC. 1

Operations Research Office
7100 Connecticut Avenue
Chevy Chase, Maryland
Attn: The Library 1

The Rand Corporation
1900 Main Street
Santa Monica, California
Attn ~ Dr. J om Kennedy 1

The Logistics Research Project
The George Washington Univ•
707 = 22nd Street, N. Wo
Washington 7, Do Co 1

Dr. R. Flo Bales
Department of Social Relations
Harvard University
Cambridge, Massachusetts 1

Dr. Alex Bavelas
Massachusetts Institute of

Technology
Cambridge, Massachusetts 1

Dr 0 Donald Campbell
Department of Psychology
Northwestern University
Evanston, Illinois 1

Dro Clyde H. Coombs
Bureau of Psychological Services
University of Michigan
1027 Eo Huron Street
Ann Arbor, Michigan 1



- ii -

Dr. William Eo Kappauf
Department of Psychology
University of Illinois
Urbana, Illinois 1

Dro Harry Helson
Department of Psychology
University of Texas
Austin, Texas I

Dro Leo A. Goodman
Statistical Research Center
University of Chicago
Chicago 37, Illinois I

Dr. Leo Katz
Department of W~thematics

Michigan State College
East Lansing, Michigan I

1

1

1

Dr. Dewey Be Stuit
108 Schaeffer Hall
State University of Iowa
Iowa City, Iowa 1

Dr. F. Fo Stephan
Box 337
Princeton University
Princeton, New Jersey 1

Dro Herbert Solomon
Teachers College
Columbia Un~versity

New York, New York 1

Dr. Marvin Shaw
The JohnsHopkins University
Mergenthaler Hall
Baltimore, Maryland I

Dr. George Saslow
Department of Neuropsychiatry
Washington University
640 South Kingshighway
St. Louis, Missouri 1

Dro Helen Peak
Department of Psychology
University of NJichigan
Ann Arbor, Michigan

Dr. Co p. Seitz
Special Devices Center
Office of Naval Research
Sands Point .
Port Washington
Long Island, New York 1

Dro Theodore M. Newcomb
Department of Psychology
University of Michigan
Ann Arbor, Wlichigan

Dr. O. K. Moore
Department of Sociology
Box 1965
Yale Station
New Haven, Conn.

1

I

I

I

School
1

Dro Mort Deutsch
Graduate School of Arts

& Sciences
New York University
Washington Square
New York 3, New York

Dr. Leon Festinger
Department of Psychology
Stanford University

Dr. Francis J. DiVesta
Department of Psychology
Syracuse University
123 College Place
Syracuse, New York

Dr. Murray Gerstenhaber
University of Pennsylvania
Philadelphia, Pennsylvania

Dr. Duncan Luce
Bureau of Applied Social Research
Columbia University
New York 27, New York I

Dr. Nathan Wlaccoby
Boston University Graduate
Boston 15, Massachusetts



- iii -

Dr. Robert L. Thorndike
Teachers College
Columbia University
New York, New York 1

Professor Alan J. Rowe
Management Sciences Hesearch

Project
University of California
Los Angeles 24, California 1

Additional copies for project
leader and assistants and re~

serve for future requirements 25

Professor J. Wolfowitz
Department of Mathematics
Cornell University
Ithaca, New York 1

Professor A. W. Tucker
Department of ~~thematics

Princeton University, Fine Hall
Princeton, New Jersey 1

Professor Herbert Simon
Carnegie Institute of Technology
Schenley Park
Pittsburgh, Pennsylvania 1

Professor Ro Mo Thrall
University of Michigan
Engineering Research Institute
Ann Arbor, llfJichigan 1

1

Professor Lo J. Savage
Committee on Statistics
University of Chicago
Chicago~ Illinois

Dr. E. Paul Torrance
Survival Research Field Unit
Crew Research Laborator,v
AFP&TRC
Stead Air Force Base
Reno, Nevada 1

Professor Jacob Marschak
BehavIoral Science Center
Stanford University
Stanford, California 1

Professor K. J. Arrow
Department of Economics
Stanford University
Stanford, California 1

Professor M. Flood
Department of Industrial

Engineering
Columbia University
New York 27, New York 1

Professor Oskar Morgenstern
Department of Economics &

Social Institutions
Princeton University
Princeton, New Jersey 1

Dr. John T. Wilson
National Science Foundation
1520 H Street, N. W.
Washington 25, Do C. 1

Professor Nicholos Rashevsky
University of Chicago
Chicago 37, Illinois 1

Professor David Rosenblatt
American University
Washington 6, D. Co 1

P.cofessor Tsunehiko Watanabe
Ec onomi cs Dei)artment
Stanford Dniver sit:/"
Stanford, California. 1


