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Finally, we have 15 linear equations like (2.5.10) which arise froill

linear relationships within a given row and are independent of G .

(2.5.25) ; (1-al )ill22 ,21

a2ill21 ,20 ;

a2ill21 n = {2-al-a2)ill2122, ,

a2ill20 10 ;,

= (al +

.- (1-al )m12 ,22

(2-a3- a4)illn ,12 ; (a2 +

(2-a3- a4)mll ,lO ; (al +

(2-a3
; (2-al -a2 )illn 21,
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(1-ah,)W10 r ~ (a2 + a!+)~O ,20, ~ J.

(l-a4)wIO ,00
( . '

1#.: \l-a,,)~O 0'0
c. :J'~

(1-a3 )w02 .,01 2": a3m02 ,l2

(2 ~a3 -a4 )mOl .
o
02 i3

altmOl,ll

(2-a3 - a4)mOl ,00 :g
a3mOl ,9l1

(1-a4)mOO ,01 ~

a4mOO,10

In addition, to these 4o equations there are a large number of nonlinear

ones which arise from ratio comparisons between rows (cf. 205.11). However,

the 40 are adequate to give a reasonably good least squares fit, and

further consideration is restricted to thew. J.n making the least squares

fit, one variable is eli.minated, as in the noncontingent case, t,o guarantee

that Lmij ~,Lnij

Given the estimated m, 0 , we may then make a maximum likeLIhood
J,J

estimate of G, which surprisingly is simpler than that for the non-

contingentcasec

where

Iti8 the following:



-48-

5' =

5

A
Given g, we test the goodness of fit of asymptotic tra:Clsition probabilities

in the two-element model to the observed values. The particular transition

probabilities of interest are

denotes the reinforcing event

P (A. B. IEk A., B., ) where
CD l,n+l J ,n+l ,n J.. $In J ,n

for Player A (in the zero-sum case the

E
k,n

reinforcing event given one player uniquely determines the reinforcing event

given the other player). As was already remarked in Chapter 1, in the

zero-sum case the one-element models make far too many response predictions

with probability one, and so this extension is of particular interest.

theoretical probabilities are functions of the asymptotic probabilities

These

'IJ. O •

lJ

of the states ij in the Markov chain whose transition matrix is (2.5.19).

theoretical probabilities

Consequently, we solve (2.5.19) numerically for

to a

u .. , compute the
lJ

P (A. lB. llEk A., B., ), and proceed
co ~',9n+ JJn+ _,n l .ilu J In

goodness of fit test. The remarks made after (2.5.18) about a

similar test in the noncontingent case also apply here. These theoretical

probabilities may be arranged in a 8 x 4 matrix, but due to the length

of the expressions it is only practical to write the 32 equations

separately.
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Pm (XIE1W)
1 1

= [SUllY + J+U01W]! Pm (W)

Pm (y IE1W)
111

UOOW] ! PCD (W)= [SUllY + 2"ulOY + J+uOlw +

P (Z /E1W)
1

+ tUOlx]! PCD (W)= [SUllz00

PCD(W!E1W)
1 1 1

+ UOOX]! Pm (W)= [SUllz + 2"uloz + J+uOlx

where x = (l-G) + ~ ' y = G + ~(l-G) , W = ~G , z = ~(l-G) and

(2.5,28) P (X) 1 1
= u22 + 2"(u21 + u12 ) + Ifullm

P (y) 1 1
= u20 + 2"(u21 + U1O) + "4ullCD

P (z) 1 1
= u02 + 2"(U12 +UOl ) + Ifull00

P (w) 1 1
= uoo + 2"( ulO + uOl )+ "4ull

00

*g2.6. Generalized Conditioning Model. When we consider the goodness

of fit test discussed in§2.4, the mathematical advantages of one-element

models are partially offset by some of the unrealistic predictions they

generate. An example is the set of four zeros in the transition matrix

(1.4.5) for the zero-sum two-person game. It is virtually certain that

transitions will be observed for these cells and this expectation is

supported by data in Chapters 3 and 4. The source of the difficulty is
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the one mentioned at the end of the preceding section. Namely, in the one-

element model

(2.6.1)

That is, conditioning to the A.
l

response cannot change when that response

is reinforced. In the two-person zero-sum situation only one subject of the

pair has his actual response reinforced, and thus, by virtue of (2.6.1),

both subjects cannot change conditioning states. Consequently, the anti-

diagonal of the transition matrix must be uniformly zero. It has been

remarked that this difficulty may be avoided by assuming a multi-element

model, but it has also been noted that serious mathematical and statistical

difficulties ensue from this shift.

There is, fortunately a second alternative which we pursue in this

section. The essence of this alternati.ve i.s to generali.ze the assumptions

about condi.tioning embodi.ed in Axiom C2. For simplici.ty, thi.s more general

axiom, designated C2' , will be stated for only the two response case.

C2'. If ~ stimulus element is sampled on ~ trial, and if response

Ai is made and then followed by reinforcement Ej , there i.s ~ probabi.Uty

cij that the sti.mulus is conditioned to Al •

In the one-element model the state of conditioning may be identi.fi.ed

with the response to which the single stimulus is conditioned. Consequently,

for every trial n :



1
Cij ~

1 - c .. ~
lJ
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P(AI liE, A, ),n+ Jjn J.,n

P(A2 liE. A. ),n+ J,n l,n

The g formulation of Axiom C2 may be expressed as the following special

case of C2':

cII .- 1

cl2 -- (I-g)
(2.6.3)

c21
~ g

c22
~ 0

Before we examine the formal conse~uences of this generalized axiom,

it is pertinent to consider what psychological arguments ca.n be proposed to

support its introduction. In the first place, the experimenter~defined

events Ek are not necessarily events which reinforce the possible

responses for the subject in the maD-ner intended by the experimenter.

The notation introduced in Estes and Suppes [1959a], [1959b] makes this

point explicit. A distinction is drawn between the observable experimenter-

defined outcomes and the unobservable subjective reinforcing events Ek

(A similar differentiation was made earlier by Bush and Mosteller [1955]

but not actually much used in their formal developments.) If it be granted

that the detailed nature of cond.itioning is not yet well understood, then

there are advantages to a model which permits direct estimation of the

coefficients without the major constraints imposed by (2.6.3). There



noncontingent case may be rewritten in terms of the coefficients

is, for instance, the possibility that conditioning of the stimulus is
/

more affected by the occurrence on the preceding trial of the responsy

or reinforcement which has on the average occurred more often. In

succeeding chapters we scrutinize the data for precisely this effect.

The ability of the generalized conditioning model to analyze such an

effect has the virtue of incorporating into a one-stage Markov chain

what is very possibly an important time-dependent "historical"

phenomenon which accumulates over trials.

We turn now to formal development of the generalized conditioning

model. In order to set forth. the central ideas without encumbering

details, we begin, as was done in Chapter 1, with the noncontingent case.

It is to be emphasized that in the discussion of this case (&~d all

others for the generalized conditioning model) we always assume for

simplicity that each subject has only one stimulus element available

for sampling.

It is obvious that the 2 x 2 transition matrix (1.3.7) for the

c ..
lJ

However, it is more to the point to use the generalized conditioning

axiom to analyze the modifications in (2.6.1), that is, the probability

that an Al response will occur on trial n + 1 given an El

reinforcement and an Al response on trial n. It has already been

remarked that the prediction of this probability does not follow from

the Markov chain which consists of the sequence of response random

variables, and this fact suggests that the reinforcement random variables
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be included in the chain. With this inclusion the states of the chain

are the ordered pairs AiE
j

representing possible response and

reinforcement combinations on a given trial. For all the one-element

models considered in this book, it may be shown (see Estes and Suppes

L1959b]) that the inclusion of the reinforcing events in the states of

the chain does not disturb its Markovian character. A typical tree for

the noncontingent case is the following:

A1El

cll
' Al

1-

(2.6.4) A1El

A
1

E
2

l-cll rc
A

2
E

l

A2

1-
A2E2

The three other trees are similar in form, together they yield the

following transition matrix:
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A1El
A

1
E

2
A

2
E

l

A1El cllrc cn (l-n) (l-Cn)rc

A1E2 c12rc C12 (1->f) (1-c
12

),-,:

(2.6.5)

A
2

E
l c21rc c21 (1-rc) (l-c21 )"

A2E2 c22 rc c22 (1-rc) (1-c22 ) "

The rows indicate the response and reinforcing event on trial n, and the

columns the response and reinforcing event on trial n + 1

The maximum likelihood estimates of the coefficients of conditioning

cij assume a particularly simple form, for the partial derivative with

respect to any c ..
J.J

of the likelihood function

corresponding to L(G) of (2.2.3), is a function only of cij For

example,

(2.6.6)

From the three other equations like (2.6.6) we conclude that the maximum

likelihood estimates of the c .. 's are as follows:
J.J
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where j = 1, ... ,4. Moreover, an important observation about these

estimates is that in tabulating the transition numbers n
ij

, it is actually

unnecessary to record the reinf"orcing event which is part of the state j

Thus, it is sufficient to tabulate the data in a 4 x 2 matrix which has

the simple theoretical form:

Al

AIEl cn

A
l

E
2

c
12

(2.6.8)

A
2

E
1

c
2l

A
2

E
2

c
22

'"The maximum likelihood estimates c
ij

are then just the estimated

conditional probabiUties p(A1IE ;A.) which are constant wer tr.ials.
J :J.
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Moreover, the tabulations indicated for (2.6.8) are sufficient for

X2

ll(nol + n.,.,) = nnl lL

(2.6·9)

1l(ni3 + ni 4) = n
i3

,

for i = 1, .•• ,4. The assumption of these equalities implies that the

maximum likelihood estimate of the probability of reinforcement is 11.

Obviously, for properly selected reinforcement sequences this assumption

can be violated only by a small experimental error. To clarify this

point concerning the goodness of fit test we need consider only the

computation for the first two cells of the 4 x 4 matrix, i.e., for

contribution

the and n12 transition numbers. Following (2.4.5), the

of these two cells to the value of X
2

is:

(2.6.10) 11 =

[
n12 ] 2n --- - c (1-11)

1 n
l

11
,

and using (2.6.9), we have:
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(2,6.11)

nl [ nll + n12 2 nll + n '"
- cll )2J~ - n( - c

ll
) + (l-n)( . le.

cll nl ill

n Cnll + n12 )
- cllr1 n

l
~ ,c

ll

which is just the expression for computing the contribution to a test

of the first cell of (2.6.8), This line of argument directly establishes

that the x2 goodness of fit (2.4.5) for the 4 x 4 transition matrix

(2.6.5) may be replaced by a similar test for the 4 x 2 matrix (2.6,8).

However by now the reader may have realized that this particular goodness

of fit test is vacuous, for the four estimated parameters cij guarantee

that the fit is exact, each row being exactly fitted by one estimated cij

The upshot of this is that without the imposition of constraints which

specify relations between the c
ij

, a test of the goodness of fit of the

generalized conditioning model for the noncontingent case is not provided

by the y2 test (2.4.5).

This same situation does not obtain in the two-person situations, to

which we now turn. As in the case of Chapter 1 we shall restrict ourselves

here to the zero-sum case. In analogy with the transition matrix (2.6.5)
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for the noncontingent case, the chain for the two-person situation which

includes the reinforcing events in its states has 16 states. However,

in the zero-sum case this number may be reduced to 8, for on a given

trial the responses of both subjects and the reinforcing event given one

subject uniquely determine the rein£orcing event given the other subject;

that is, as remarked earlier, exactly one of the two subjects has his

actual response reinforced. Also, the arguments just given to justify

a rectangular 4 x 2 matrix for the noncontingent case apply here

mutatis mutandis. So we need consider only an 8 x 4 matrix. The tree

for the first rOW is given below; El designates the rein£orcement given

subject A , c ..
lJ

and are the conditioning parameters for subjects

A and B, respectively.

(2.6.12)
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The 8 x 4 matrix has the following form:

AIBI AI B2 A2Bl
A2B2

AIEIBI "nd12 "n(l-d12 ) (1-"n)d12 (l-"n) (1-d12 )

AI EIB2 "nd21 "n(1-d21 ) (1-"n)d21 (l-"n)(l-d2l )

A
I

E2B
1 "12dn "12(l-dn ) (1-"12 )dn (1-"12)(1-dn )

AI E2B
2 "12d22 "12 (1-d22 ) (1-"12 )d22 (1-"12)(1-d22 )

(2.6.13)

~~Bl "21dn "2l (l-dn ) (l-"2l)dn (1-"21)(1-dn )

A2EI B
2 "2ld22 "2l(1-d22 ) (1-"21)d22 (1-"21) (1-d22 )

A2E2B
l "22d12 "22 (1-d12 ) (1-"22)d12 (1-"22) (1-d12 )

A
2

E
2
B

2 "22d21 "22 (l-d2l ) (1-"22)d21 (1-"22)(1-d2l )

Let the transition numbers n.. be for this 8 x 4 matrix, and let
lJ

L("11""'~2) be the likelihood fun"tion "orresponding to (2.2.5). Then

n13 + n14 + n23 + n24

l-"n

Similar expressions obtain for the other "onditioning parameters. Thus,

we have for the maximum likelihood estimates the following:
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A llll + ll12 + ll21 + n22
Cll ~

III + ll2

"'- ll31 + ll32 + ll41 + n42
c12 =

ll3 + n4

ll51 + ll52 + ll61 + n62/'-

c21 =
n5 + ll6

/" ll71 + ll72 + ll81 + n82c22 =
ll7 + ll8

(206015)

/" = n31 + ll33 + n
51

+ n
53dll n

3
+ ll5

/'- nll + ll13 + ll71 + n'73
d12 =

III + ll7

A n21 + ll23 + ll81 + n
83d21 =

ll2 + ll8

"- ll41 + n43 + ll61 + ll63
d22 '" ,

n4 -+ n6

n =.Eni .
i j J

Given these eight estimated parameters, the x2 goodness of fit test

(2.405) applied to the matrix (2.6.13) has 8· 3 - 8 = 16 degrees of

freedom and obviously the test for this two-person situation provides a
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real check on the empirical ade~uacy of the model. In subse~uent chapters

we shall compare the fit of the model with these eight conditioning

parameters to the fit when it is assumed that cij ~ dij .

assumption, the maximum likelihood estimates of the

On this latter

are, of'

course, different from those given above; these new estimates are presented

below:

/'
nn + n12 + n21 + n22 + n31 + ll33 + ll51 + n53

cll ~

nl + n2 +n
3

+ll5

~
nn + n13+ n31 +n32 +n41 +n42+ n 71 +n73c12 =

nl + n
3

+ n4 + n
7

(2.6.16)

~
n21 + n23 + n51 + n 52 + n61 + n62 + llSl + nS3c21 =

n2 + n5 + n6 + llS

/' n41 + n43 + n61+ n63 + ll71 + ll72 + nSl + llS2
c22 =

n4 +n6 +J:l7 + llS
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