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P(A. liE. A. C. C. ) = P.p(so)P(A. Ic. ) {(A.. Ic. ) +,n+ 1. ,n J ,n 1.,n J,n J 1. ,n 1. ,nVPl J ,n J ,n

Summing now over s we obtain:

(4) P(A. liE. A. C. C. ) = P.p(so)P(A. Ic. Ic. +
1. ,n+ 1. ,n J ,n 1. ,n J ,n J 1. ,n 1. ,u / J ,n J ,n

C.C.(cr-l) ..
1 J ] /P(A. Ic. )

/ J,n J,n

Using then Theorem2.4.5 to replace

in (4), we obtain the desiredresult.

P(A. Ic. )
1. ,n 1. ,n

.Q.E.D.

and P(A. Ic. )
J ,n J ,n

We statewithout proof the two corollaries.

Corollary I. If p(so) = 0 then

P(A. +lIE. A. N(C. )N(C. )) = \NN=lC1"l,n l.,n J,n l,n J,n

Corollary II.

N(C. )
1 C1"--+-N N

lim P(A. liE. A. N(C. )N(C. ))
N . 1. ,n+ 1. ,n J ,n 1.,n J ,n.... co

N(C. )
= (1",,) lim N

1
+"

N .... co

We now considerthe two caseswhich arise when the reinforce-

ment on trial n is different from Ei



then

Theorem 3.2 -3 •
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If kf i , k f 0 and P(E
k

A. N(C. )) > 0,nJ.,n l,n

P(A. liE A. N(C. )) = P.P(so) +]. ,n+ -k,nl,n l,n l

Proof: Proceeding in the same manner as in the proof of

Theorem 3.2.1, but accommodating in the first term after the summation

for the different reinforcement, we obtain:

(1) P(A. +llE
k

A. N(C. )) = P.P(so) +
l,n ,n l,n l,n J.

. si
s

(~~) (::~~)'1'1 ' '(,11/P(A. Ic. )J l,n l,n

s

Summing out Si and then s, we have:

(2) P(A. +llE
k

A. N(C. )) =p,P(so) +
l,n ,n l,n l,n l

2 -
C. c. C.(C.-l)(CY-l)0

(l-P(sO))[~_~_ l~l ] P(A. Ic. ),
w- w- (N-l) l,n l,n

and the desired result is immediately obtained from (2) by substi-

tuting for P(A. Ie. ). Q.E.D.
l,n l.,n
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Again we have two corollaries whose obvious proofs are omitted .

.Corollary 10 If p(so) = 0 then

Corollary II,

lim P(A. llEk A. N(C. ))
N

l,n+ In .l,n l,n
~oo -

N(C. )
= (1-9) lim ~

N-->oo

The next theorem is for different responses on trials n and n + 1 .

Theorem 3.2.4. If k f i , k f 0 , j f i and

P(Ek A. N(C. )N(C. ) > 0 then,n _J,n l,n J,n

P(A. llEk A. N(C. )N(C. ))1 ,n+ _,n J ,n lyn J ,n

N(C. )N(C.)
(l_P(so))[ ~ J

Proof: Proceeding as in the case of Theorem 3.2.2, but making

changes for the different reinforcement, we have, corresponding to (4)

of the proof of 3.2.2,



(1)
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P(A. liE. A. C. C. ) = p .p(so)P(A. Ic. ) !P(A. Ic. ) +
~ ,n+ l,n J ,n l,n J ,n J l,n l,n, J,n J ,n

C.C. c.c.(O:-l)}
(1_P(so))[l2J _ ~J ] P(A. Ic. )

~ (N-l) J,n J,n

And by applying as usual 2.4.5, the desired result is easily obtained

from (I). Q.E.D.

Corollary I. If p(so) = a then

= (N -(J" ) N(Ci)
P(A. llEk A. N(C. )N(C.)) N-l N1 ,n+ . ,n J ,n l,n J,n

Corollary II.

lim P(A. llEk A. N(C. )N(C. ))
N --? COl ,n+ ,n J,n J. ,n J.'In

N(C. )
= (1-8) lim l_

N
N->c:o

Finally, we have the theorem for non-reinforcement on trial n .

The result, it will be noticed, is the same, whether j = i or j f i

Theorem 3.2.5. If P(Ea A. N(C. )N(C. )) > a then
,n J,n l,n J,n ----

Proof:

P(A. IlEa A. N(C. )N(C. )) = P(A. IN(c. ))l,n+ ,n J,n l.,n J,n l,n l,n

By virtue of Theorem 2.5.6 and its obvious extension

to the present case





P(A. liE. A. x 1)
~,n+ 2,n l,n n-
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N
= 2= P(A. liE. A. C. )P(A. Ic. )-

C.=o l,n+ l,n l,n l,n l,n l,n
~

=~
c.
~

, c-
[ (N-<Y) i <yel] (. I ")', I' )\/
,,(N-l}N-I-N_1PA. c. Pre. x -1"'1... l,n l,n l,n n

=

Note that in the first line the conditional probability of E.
~,n

cancels in the numerator and denominator on the right because of

Axioms El and E2 and the fact that the full sequence xn _
l

is given.

Proofs of the next four theorems are similar, with each relying

on the corresponding theorem and corollary of the preceding section

and so we omit most of them.
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Theorem 3.3.2. ·If p(so) = 0 , i r j and P(E. A
j

x. 1» 0l,n. ,n n-

then

N N-N(C j )

p(AIE A x )= N-(J":;:- '5> P(A. IN(C. )).
i,n+l i,n j,n n-l N-l N(~=ON(c;J=O l,n l,n

P(Aj IN(c. ))P(N(C. )N(C. ) Ix 1) /P(A. IX 1 )+=N
CT

,n J,n l,n J,n n- Y J,n I!- .

Proof: .We expand in terms of N(C. )N(C
j

)
l,n ,n

and use.Theorem 3.2.2.

N N-Ci
p(A.IE. A x ).= > ~ P(A. IE A.C. )P(A Ic.)·

l,n+l l,nj,nn-l C.=O C.=O l,n+l i,n J,n l,nj,n J,n
l J

p(C. c. Ix 1) /P(A. Ix 1)l,n J,n n- ~,j _J,n n-

P(Aj,n !xn _1 )

.= NN-I
CT ~ Z P(A. ICi )P(A. Ie .. )·

- C
i

C
j

l,n. ,nJ,n J,n

p(C. c. Ix lYP(A. IX 1 )+-N
CT

,l,n J,n n- J,n I!- .
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because

- C I
NE:~~ Njp(C. C. Ix 1) .P(A. Ix .1)

C. C. ~,n J,n n- J,n n-
~ . J

~E:Z::P(A. Ic. ).
N c. J,n J,n

J

P(Cj,nlxn_l)~P(Aj,nlxn_l)

- P(A Ix )_ cr j,n n-l

- N P(A. Ix 1)
J ,n n-

• Q.E,D.

Theorem 3.3.3. If p(so) ~ 0 , k f i , k f 0 and

P(Ek A. x 1) > 0 then
,n.~,n n-

- N
N-cr ;;:- P(A. Ic. )2p (C. Ix )
N-l N(~~O ~,n ~,n ~,n n-l _

P(A. IE A. x ) ~ ~ N-cr
~,n+l k,n ~,n n-l P(A. Ix ) +N(N-l)

l,n n-l

Theorem 3.3.4. If P(so) ~ 0 , k f i , k f 0 , j f i and

P(Ek A. xl) > 0 then,n J ,nn-

N
N-N(C.)

- J
P(A. IE A. x )~ N-cr;;:- ::> P(A. IN(C. ))P(A. IN(C. ).

J.,n+l k,n J,n n-l N-l N(~~O N(c:J~O ~,n ~,n J,n J,n
~ J

p(l\l(C. )N(C. ) Ix l)/P(A. Ix 1)l,n .. J ,n n- . J :tn n-
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Corresponding to Theorem 3.2.5, we now need two theorems

depending on whether j= i or j f i .

Theorem 3.3.5. and P(Ea A. x 1) > a then,ll l,n n-

N
P(A.. ilEa A. x 1) = ::> peA. Ic. )2p (C. Ix 1) /P(A. Ix 1)

l,n+ . ,nl,n n-N(O=O l,n l,n 1,D n- '/ J l,n n-
J.

Theorem 3.3.6. and P(Ea A. x 1) > a
,n J,n n-

then

P(A· 1 IEa Aj x 1)l,n+ ,n ,n n-

N N-N(Ci )

= > > peA. Ic. )P(A. Ic. ).
N(O=a N(~=a J.,n J.,n J,n J.,n

J. J

P(N(C.)N(C.)jx 1) /P(A. Ix 1)J. J n- '/' J,n n-

As the form of the six theorems just stated suggests, the next

step is to prove that as N --> CD

(1)

and

N 2 2-:> peA. IN(C. ») P(N(C. ) Ix 1) = peA. Ix 1)
N(O=O .l,n l,n lJn n-l,n il-

J.

N N-N(Ci )

::> >.P(A. IN(c. )P(A. IN(c. »)P(N(C. )N(C. )Ix 1)
N(O=a N(~=a J.,n J.,n J,n J,n J.,n J,n n-

J. J

= peA. Ix l)P(A. Ix 1)l,n n-J,n n-
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for i f j . For this purpose it is convenient to define certain

variances and covariances e

2 N
a. (N,n) = 7 [(P(A. IN(C. )x 1)
~x N(Q=O ~,n ~,n n-

~

_ P(A. Ix )]2.
l)n n-l

(4)
N N-N(C)

a.. (N,n) = s:- ~ [P(A. IN(c. )x l)-P(A. Ix 1)]'
~Jx N(Q=O .N(c:!=O ~,n ~,n n- ~,n n-

~ J

[P(A. IN(C. )x l)-P(A. Ix l)]P(N(C. )N(C. )Ix 1)'
J,n· J,n n- J,n n- l,n J"n n-

It is easy to show that

2 N 2
(5) a. (N,n) = 7 P(A. IN(c. )) P(N(C. ) Ix 1)

lX N(Q=OJ. ,n l,n 3.,n n-
~

and

- P(A. Ix 1)2 ,l,n n-

(6)

N N-N(C i )

a .. (N,n) =;;- ::> P(A. IN(c. )P(A.. IN(C. )).
~Jx N(Q=O N(c:!=O ~ ,n ~ ,n J ,n J ,n

~ J

P(N(C. )N(C. ) Ix 1) - P(A. Ix l)P(A. Ix 1)l,n J,nn-, l,n' n- J,ll n-
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From (5) and (6) it is clear that if

(7) 2lim 0". (N,n) ~ 0
N --> CD

lX

and

(8) lim O"ij)N,n) ~ 0 ,
N-->CD

then (1) and (2) will be established, provided the limits exist of

the individual terms on the right-hand sides of (5) ~nd (6). And

this existence does follow from our other results. Before we

proceed to establish (7) and (8), we review our limit assumptions

as N --> CD

For a fixed experimenter's schedule, which since the presen-

tation set is constant is just a fixed reinforcement schedule,

and for fixed probabilities of reinforcement E
k,n

given

O. and A. , we select a sequence < X(1),X(2), ... ,X(N), .•. >
JJn J.,n

of stimulus sampling models with the thN member of the sequence

having N stimulus elements and satisfying the following three

conditions.

I. For each N there are numbers (N) > 0 with z:: (N)
~ 1----- ----- )'i )'i

such that for any conditioning function· C(N) on trial 11 ----



unless
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, and there are numbers with

2: "I. = 1
l

such that

II. Let a(N) be ~ expected sample size (on every trial)

for X(N) lim
N-->oo

exists, and ~ define as this limit.

III. As N --> CD the variance of the distribution.of N(s)
N

approaches ~, that is,

lim
N --> OJ

Because these three stipulations place restrictions only on the

conditioning functions on trial 1 of the models and on the sampling

distributions, which are independent of n, it is clear that it is

possible to select such a sequence for any numbers "I. > 0 with
l - .

2: "Ii = 1 ,and 9, with 0 < 9 < 1. The intuitive content of

(II) and .(111) seems transparent, but (I) is somewhat surprising.

To represent a given linear model as the limit of a sequence of

stimulus sampling models, it is necessary to fix the limiting

proportion of stimuli connected to each response on trial 1. In

making this last statement we have in mind the characterization of

linear models given by us in [5]. We shall return to this point
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later. It.should be clear that (I) may be weakened in several

unessential ways.

It is necessary to establish (7) and (8) together, for we

proceed by induction and for certain cases the argument for n + 1

for either (7) or (8) depends on being able to assume the other

holds for n. The desired representation theorem is an immediate

consequence of this theorem.

(i)

and

(ii)

Theorem 3.3.7. If p(x) > 0 then
n

lim ~~ (N,n) = 0
N --> CD lX

lim ~ijx(N,n) = 0
N-->oo

Proof: As already mentioned, we proceed by induction on both

parts of the theorem simultaneously.

For n = 1

For example, if

the results are immediate from Selection Rule (I).
N(C. 1) (N)

l, = y. ,then P(N(C. )) = 1 and
N l l,n

2
= P(A. 1)

l,

Assuming now that the theorem holds for

several cases.

n , we must consider



-131-

Case 1. x = Ek A. x 1
n ,n .~,nn-

For this case, the argument for (i) does not depend on (ii), but

this will not be true for Case 2. We first establish (i).

C!
~ 2:2:: P(A. llc. 1) p(c. llE

k
A. s. s C! ).

s.=oJ.,n+ l,n+ l,n+ ,n l,n J.,n n l,n
~

P(A. Is. s )p(s. Is c. )p(s )p(C! Ix l)ft(A. Ix 1).J.,n l,n n l,n n l,n n l,n n- l,n n-

Now from results in Chapter 2 we know that the conditional probability

of is zero unless Ci,n+l = Ci - si ' whence we make this

simplification, eliminating the summation over C. , and substitute
~

familiar expressions for the other terms on the right-hand side of

(1) to obtain:



Now as N -7 00 ,

sampling distribution goes

-132-

(J"
and N -> G , and the variance of the

to zero.:lThus in the limit (2) reduces to:

lim
N->oc

2 c. 3
(l-G) (~) .

N

= lim (1_G)2 L: P(A. Ic. )3.
c1,n lJn

i

P(Ci,n IXn_l~(Ai,n xn _l )·

We now make use of our inductive hypothesis. We first note that

the right-hand side of (3) is expressed in terms of the third raw

moment on trial n of P(A. Ic. ), which may be expressed in
1 In l,n

terms of the third central moment

and the mean fl by:

fl
3

' the second raw moment CX2

~t may be noted that at this point we

assumption that the sampling variance

make crucial use of the

1 N 2
.2 ~ (N(s)-~) p(s)
N- N('S"!=O

approaches zero as a limit, for if this limit were other than

zero it would be necessary to calculate explicitly in the limit

various raw moments of the hypergeometric distribution of

and also of the sampling distribution of s •

s.
l
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but by our inductive hypothesis all the central moments are zero,

thus

(4)

2
[13 = 0 , and O2 = [1 ,whence

0
3

= [13 = lim peA. Ix 1)3 ,
l,n n-

and combining (3) and (4), we have:

lim 2: peA. +llc. 1)2p(C. llx)c. l,n l,n+ l,n+n
1 '

We now apply the fact that by virtue of our inductive hypothesis

2o = [1
2

(6 )

to Theorem 3.3.3 as N -> CX! and obtain:

lim peA. llx) = (l-G)lim peA. Ix 1)l,n+ n l,n n-

Equation (i) follows for Case 1 immediately from (5) and (6).

We now turn to (ii), and use the same arguments which took us

from (1) to (2) •

(7) O(i,j,x,n+l) = ~ \"" peA Ic, )P(A Ic ).
L-- -'- i n+l i n+l J' n+l J' n+lC C ' , , ,

i j

p(c. c. Ix )
1 n+l J n+l n, ,

=>./>2.->-
c. C. s s. SJ'

1 J 1

(C i - si) (C j - Sj)

N N

s.
~ p( s. s. Is c. C. ).
S l,n J,n nl,n J,n

pes )p(c. c. Ix l)/P(A. Ix 1)'
n l,n J,n n- " l,n n-



Now again as N -. co ,
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s. c.
-'!.-.-'!.
s N

~ ~ (s_~)2p(s) -.0 , whence in the limit (7) reduces to:

(8) lim a(i,j,x,n+l) lim.L L
c. c.

l J

c. 2 C.
(N

l
) (NJ)P(C. C. Ix lVl,n J,n n-

lim 2::: ~ P(A. Ic. )2p (A. Ic. ).c C l,n l,n J,n J,n
i j

P(c.. C. Ix 1) /P(A. Ix 1)l,n J,n n- j/ ~ l,n n-

We now use our inductive hypothesis to compute the raw· cross-moment

on trial n, which is denoted by the expression on the right-hand

side of (8). Thus, dropping notation for x and n, let

p(c. C. Ix 1)
l,n J,n n-

~(i) is the mean ofwhere

And the definition

P(A. Ic. ), and similarly for
l;n l,n

of a(i,j) should be obvious. Now by

explicit computation
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Now it easily follows from our induction that the central cross­

moment ~(i2,j) = 0 • Also by our inductive hypothesis

~(i2) = rJ~ = 0 , whence
1

And also

= rJ.. = O:(i,j) - ~(i)~(j) ,
lJ

but again by our inductive hypothesis rJ .. = 0 , whence
lJ

(12 )

Substituting these results into (11), we conclude

(13 )

Applying (13) to (8) we obtain at once that

(14) lim O:(i,j,x,n+l) = (1_8)2 lim P(A. Ix l)P(A. Ix 1)
l,n n- J,n n-
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Now as in the argument for (i) by our inductive hypothesis

a(i) = fl(i)2 and (6) holds. Moreover, by virtue of (12) and

Theorem 3.3.4 for

(15)

x =E A x
n k,n i,n n-l

lim P(A. llx)
J ,n+ n

= (1-9)P(A. Ix 1)J,n n-

Equation (ii) follows for Case 1 immediately from (6), (14) and (15).

We shall not consider all the other cases in detail, but we shall

sketch the main argument for several more. The interest of Case 2

is that it makes clear why the induction must be simultaneous on

both 2
"i and

Case 2. x = Ek A. x 1
n ,n J,n n-

As before, we first consider (i). By the methods used for

Case 1 but accommodated to j r i , we have:

C. - s. 2
(l l)

N
Sjp(s.s.lsc. c. )p(s )p(C. c. Ix 1)1
Sl J n l,n J ,n n l,U J ,n n- I

P(A. Ix 1)J,n n-
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(17)
C. 2 C. V

limL:E(N
l

) NJp(C. C. Ix 1)
c. C. l,n J,n n-

1 J

lim?:;:- P(A. Ic. )2p(A. Ic. ).
~ ~ 2,n l,nJ,n J,n

1 J

p(c. c. Ix lYP(A. Ix 1)l,n J,n n- J,n n-

Now the expression on the right of (17) is the same as that on the

right of (8) and we apply exactly the same methods, using in the

process the inductive hypothesis on O"ij , to obtain:

(18) lim a(i2 ,n+l)

and equation (i) is easily obtained as before from (18) and

Theorem 3.3.4.

Turning now to (ii), we have by the usual methods:

a(i,j ,n+1)
(c.-s.)

1 l

N

(c.- s.)
J J

N

s.

f P(si,nSj,n Isnci,ncj,n)'

/

p( S )p( C.C . Ix l)/P(A. Ix 1)n l,n J,n n-l,n n-
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but the right-hand side of (19) is just like the right-hand side

of (7) with i and j interchanged, and the argument proceeds in

identical fashion.

x=EkA.,x
n ,n J ,n n-l

The proof of (i) is the same as for Case 2 with j' replacing j

The situation is different with respect to the proof of (ii), for

a new kind of raw cross moment must be considered, namely

a(i,j,j') which however may be treated in the same fashion as

a(i2 ,j)

(20) a(i,j,n+l)
(C.-s.)s.,

J .J -.1..
N s

Thus as N --> m

p(s. s. s., Is c. c. C., )p(s)p(C. C. C., Ix ,y
l,n J,n J ,n n l,n J ,n J ,n l,n J,n J ,n n-.L

P(A., Ix 1)
J ,n n-

(21) lim a(i,j,n+l) = (1_g)2 lim a(i,j,j' ,nVf.l(j' ,n)

Now the central cross-moment (on trial n )



-139-

By our inductive hypothesis ~(i,j,j') = 0 , and a(i,j) = ~(i)~(j) ,

etc., whence

(23)

as would be expected from earlier results. From (21) and (23) we have

(24 ) lim a(i,j,n+l) = (1_8)2 lim ~(i,n)~(j,n) ,

and the remainder of the argument moves along standard lines.

The other six cases are proved in a similar way and consequently

will be omitted. It should be clear that the argument always hinges

on establishing a result like (12), (13) or (23). Q.E.D.

We now have as a consequence of the theorems in this section the

following representation theorem for linear models.

Theorem 3.3.8. (Representation Theorem). Given any single

parameter linear model X =< r,X,P,8 > there exists ~ seguence

< X(l),,".,X(N), ... > of stimulus samplIng models such that for

every x and n

p(x ) =
n

lim PN(xn),
N-.co

where PN is the probability measure of X(N)
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Proof: We use selection rules (I), (II) and(III), the

preceding theorems of this section and proceed by induction on n •

For n = 1 , we use selection rule (I). Assuming the theorem

holds for n, we then use the fact that in the limit the axioms

of X hold for the sequence of stimulus sampling models. The

remainder of the simple inductive proof is exactly analogous to

that of Theorem 4.1 in our paper [5] on linear models and will

not be repeated here.
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