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Theorem 3.2.3. If k#1i , k# 0 and P(E

k,n i,n N(Ci,n)) =0
then
-P(Ai,n+lIEk,nAi,nN(ci,n)) = piP(SO) *
N(c.)2 w(c.) N{(c,)(w(c.)-1){w-31) N(C
(1-P(" ) - = 1/ [1-p(s°)) +0,P(s%)]

e > NE(N-l)

Proof: Proceeding in the same manner as in the proof of
Thecrem 3.2.1, but accommodating in the first term after the summation

for the different reinforcement, we obtain:

e}
() ?(Ai,n+lIEk,nAi,nN(Ci,n))' pyP(s7) +
c,| {N-C,
c 1 1
Nod (C -5, ) 8y sy) \s-sy ﬂ//f I
S 20 A - e/ o, )
s=s, 8,.=1 s N 1,0 1,0
i71 s

Summing out 8, and then s , we have:

(2) .P(a

o
i,n+llE A, N(Ci,n))_--—%P(s ) +

k,nmi,n

)
c C, ¢, (c -l)(G—l)
-p ~ 1.7, e ,
(1-p(s° Ng > N2 _y ////( 1,01% o)

and the desired result is immediately obtained from (2) by substi-

tuting for P(Ai,nlci,n) . Q.E.D.
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Again we have two corollaries thse,obvious proofs are omitied.

Corollary I. If P(s°) = 0 then

P(Ai,n+l['Ek,nAi,nN(Ci,n)) Z(NE} N _N(lc\;-l)
"Corollary II.

N(c,)

lim P4, 1B A, m(C. )) = (1-0) lim =

i,ntl " kyn i,nt isn Fil)

N -0 N - o

The next theocrem is for different responses on trisls n and n+l .

Theorem 3.2.%. If x#£1i ,k#0, j#1i and

P(EksnAj’nN(Ci,n)N(Cj’n) > 0 then

n(c, )

0 .P(s®) (1-p(s°)) +0,P(s%)]
P(A w(e; (e, )= d T, = +

1,0+l EK,nAj,n
(1-p(s° )) +e; P(s”)

K(C, N(C.) N(C )N(C ) cr—l) )
1-p(s°) ) [(1-P(s P(s°)]
(1-B( 2 , N2(N-1 / (1-P( )) * e, (8

Proof: Proceeding as in the case of Theorem 3.2.2, but making
- changes for the different reinforcement, we have, corresponding to (&)

of the proof of 3.2.2,
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o ,
. P = P P / +
(1) (Ai,n+l Ei;nAjﬁncianj;n) Qj (s7) (Ai:n|ci3n)‘ P(Aj)n|cjﬁn)

(1-P( O))[CiCj Cicj(g—l)]//;(A le. )
- s - . =
¥ W(-1) Jon g

And by applying as usual 2.4.5, the desired result is easily obtained

from (1). Q.E.D.

Corollary I. If P(s®) = 0 then

' | N-o N(Ci)
P(Ai,n+l Ek,nAj,nN(Ci,n)N(cg,n)) SANL T W
Corollary II.
N(Ci)
lim P(A, E A _N(c, u(c, = (1-8) lim .
N — oo 1jn+lI k,n j,n ( i,n ( Jyn)) ( )N o N

Finally, we have the theorem for non-reinforcement on trial n .

The result, it will be noticed, is the same, whether j =1 or | # i

Theorem 3.2.5. If P(E N(c, JE(C, )) >0 then

A,
C,n J,n i, )

P(A IE

N(c, n)N(c. )} = P(&, |N(c, )) .

. A,
1,0+l 0;n j,n i, Jsn isn isn

Proof: By virtue of Theorem 2.5.6 and its obvious extension

to the present case
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o, )-

= P
i,n+3_lEi,nAi,nxn—l) ZP(Ai,n—i-llEi,nAi,nci,n) (Ai,n i,m

P(A

P(Ci,nIXn-l)//P(Ai,nan-l)

i i;[(ﬁ"&) C—i%E‘Nl]P'CQ; “le. JB(cs |x. Vo
IR (R B DR PO RS A ¥ AR A
i g
'P(Ai,nJXnFl)
-0 <. ey S I
-1 ? (Al,n‘]ci,ia) ‘P(Ci',"nlx' 1)
i
R +N-lP(Al,n ]Xn-l)]/P(Al,Ille’l-l) .
N-a 2
N—l.‘CZ‘ -(fé‘_i,nlci,n) B i,nlxn-l) 3
= 5T
P(a, lx )

Note that in the first line the conditional’ probability of E, .

5

cancels in the numerator and dencminator on the right vecause of

Axioms E1 and E2 and the fact that the full sequence x “is given.

n-1
Proofs of the next four theorems are similar, with each'relying

on the correqunding-thébrem'dnd dorbllary Ofﬁthe preceding section

and so we omit most of them.
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: : ©y = 3.
Theorem 3.3.2. If P(s”) =0, 1 # j and P(Ei,ngj,n;;nﬂl) >0
then
e X N-N(Cj) |
'P(ﬁ_‘i ,n+1'|Ei,_nA3,an-1) = F1 "P(A.i,n lm(ci,n))'

N(C})=0 N(C )=0
g

Pa, N, PGy ey Dk )/ P kg )+

Proof: .We expand in terms of ].‘\T(Ci rl_)N(Cj n) .and use Theorem 3.2.2.
. 2 »

N ¥
. _ . 3. J
"P(Ai ,nt+l IEi;nA.j ,n).{n*l) o 4—6 é P(Ai s+l ]Ei :I]-Aj )nci )n)P(AJ »n ICJ ,Il) ‘
P(CJ_,n J,nl n-—l) P(Aj,nlxn l)

H
IZ
1j1
~la
=M
™M
]
o
(™
i_l-
=]
a
s
A"y
gj\—/
Fea
L)
5
Q
L
w\-/
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because

=gl

°3 .0
Cz CE: N 'P(Cl n J,nlxn—l)/P(_Aj,n]Xn--l) TN

173

Theorem 3.3.3. If P(s%) =0, k#41 ,kXx#0 and

>
P(Ek nAl X l) 0 then
- N
N-o 2 ;
, N-1 - P 1,11[ :|.,n) F i,n[ n-—l)
N(ci =0 R =
F ' =
(Ai,n+l Ek,nAi,an-l) B( lx ) TRE-D)
i,n"n-1
Theorem 3.3.%. If P(s°) =0 ,k#i,k#0,5#1i and
P(E >
(E - J,n X, l) 0 then
| i & N-x(e,)
P('Ai,n-%l IEk,nAj ,nxn—l) ~ N-1 N( =0 I\](; i yn))P(AJ pnIN(CJ;n) )

CE(N(e, n(e, l// P(A; L%, 1)
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Corresponding to Theorem 3.2.5, we now need two theorems

depending on whether J =1 or j#1

o] : .
Theorem 3.3.5. If P(s ) =0 and P(EO’nAi,nxn‘l) > 0 then

N.
> ///
= P
P(Ai,n+llEO,nAi,nxn—l)' N(EES;OP(Ai,n[Ci,n) (Ci,nlxn—l) P(Ai,n[xn-l)

i

8] . .
Theorem 3.3.6. If P(s ) =0, j#1 and P(EO v J,nxn_l) >0

then

X N-N(Ci)

P(A, E. A, x = P(Aa, lc. p{a, . )¢
( 1J,n+_ll O,nm J,n n—l) N(ggg;O.N(C -0 ( 1,nl 1,n) ( J,nl 1,n)
i J

B(n(c N(e) |x, ) /P(a 3,1 lx, 1) -

‘Ag the form of the six theorems Just stated suggests, the next

step is to prove that as N —-

= pa, | 2 lx. )
(l) u (Ai,n N(Ci,n)) P(N(Ci,n)lxn-l) = P(Ai,n Xn-l)
and
X N-N(C, )
P A P N(C X
(2) N;ON(;_ (a; LIvcey Dpa, In(ey )pice; (e, Dlx, )
= P( i, ]Xn_l)P( J,l’ll Il;_)
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for i % d .. For this purpose it 1s convenient to define certain

variances and covariances.

2 N 2
(3) o (W,m) = N(gég;ol<P<Ai,n‘N<Ci,n>xn-l> - Py b 1

B(N(C,

) lXIl-l) p)

Fyst

N N~N(Ci)

(&) o, (W,n) = > [p(a, In(c. J)x . )-P(a, Ix )1
() Uigx( ) N(%i;éo.N(C, =0 1,nl i,n""n- ( i,n n-1

[P(Aj’nlN(cg,n)xn_l)-_P(.Aj)nIxn_l)}P(N(ci,_n)N(cj)n)Ixn_l)n
It is easy to show that

= 2 2
() o mm) = %g P, oIy )TR(N(e; Dle ) - Ry ke )7
and

_ y  F-N(C.)

(6) oy, (W,n) = N(%=O N(C—;OP(Am|N(Ci,n)P(Aj,n‘N(%,n))°

pO(C, (e, Dl ) - By b R bk )
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From (5) and (6) it is clear that if

. 2
(7) lim GiX(N’n) =0
N - o
and,
(8) Nli?60 Gin{N,n) =0 ,

then (1) and (2) will be established, provided the limits exist of
tﬁe individual terms on the right-hand sides of (5) and (6). And
this existepce does follow from our other results. Before we
‘proceed to establish (7) and (8), we review our limit assumptions
as N-0o .

For a fixed experimenter's schedule, which since the presen-
~tation set is constant is just a Tfixed reinforcement schedule,

ard for fixed probabilities c, . of reinforcement E . given
ik k,n

0, and Ai L 2 Ve select a sequence < X(1),X(2),...,X(N),... >
2

doil

of stimulus sampling models with the Nth member of the sequence
having N stimulus elements and satisfying the following three

conditions.

() (@) _

I. For esch N there are numbers Y5 >0 with 2y =

()
1

on trial 1

such that for any conditioning function C

PN(CEN?) = 0

€
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el ()
unless 5 = 7i s and there are numbers 71 > 0 with
z 7 = 1 such that
1im ygN) =7,
i i
N—>w

IT. Let E(N) be the expected sample gize (o_n every trial)

for X(N) , then 1lim a(l) exists, and we define 6 as this limit.

N - co N
III. As N - o the variance of the distribution of Ngqs)
approaches zero, that 153
i
lim = (N(s)-0FR(s) =0 .

N-w N2N(s =0

Because these three stipulations place restrictions only on the
conditioning functions on trial 1 of the models and on the sampling
distributions, which are independent of = , it is clear that it is
possible to select such a sequence for any numbers 7i > 0 with
Ty, =1,and 6 ,with 0<89 < 1 . .The intuitive content of
(II) and (III) seems transparent? but (I) is somewhat surprising.
To.represent a given linesr model as the 1limit of a sequence of
.stimulus sampling models, it 1s necessary to fix the limiting
proportion of stimuli connected to each yesponse on trial 1. . In
making this last statement we have in mind the characterization of

linear models given by us in [5]. We shall return to this point
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later. It.should be clear that (I) may be weakened in several
unessential ways.

Tt is necessary to establish (7) and (8) together, for we
- proceed by induction and for certain cases the argument for n+1i
for either (7) or {8) depends on being able to assume the other
hélds for n . The desired representation theorem is én immediate

consequence of this theorem.

Theorem 303.?, If P(Xn) > O then

i) lim o (N,n) =0
11X
N -
and.
ii lim o.. (N,n) =0 .
(11) a0y (n)

Frcof: As already mentioned, we proceed by irnduction on both
parts of the theorem simultanecusly.

For n = 1 the results are immediate from Selection Rule (I).

N{c, .) :
. 1,17 (N) =
For example, if 5 —mzi s then P(N(Ci,n)) =1 and
. 2 2
P P = P(A
(Ai,llm(ci,l)) ((c; 1)) = B4, )

- Assuming now that the theorem holds for n , we must consider

several cases.
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Case 1. 'Xn = Ek,ngi,nxn—l .

For this case, the argument for (i) does not depend on (ii), but

this will not be true for Case 2. We first establish (i).

2,
(1) %Z (Al n+1lci,n+l) 1 n-i-llX ) =
i
|'
. 1 °
z it Sé SEOP(Al 21 %4 ner? P(ci,n+l]Ek,nAi,nSi,nSnci,n)

i i3
t
P(Ai,nlsi,nsn)P(Si,nIsnci,n)P(Sn)P(Ci,nIXn-lL/é(Ai,nIXn—l) ’

Now from results in Chapter 2 we know that the conditional probsbility

of C, is zero unless C, = (C! - s, , whence we make this
i,n+l i,n+l i i

simplification,; eliminating the summation over C:.L s and substitute
familiay expressions for the other terms on the right-hand side of

(1) to obtain:

2
P(Ai,n+l ci,n+l) P(C,

(2) Ix ) =

i,n+l

SR

C,~-s, 2 8, | .
TS SZ ( 11\1 NE) —Si P(sijn|sn0i,nl)P(sn)P(.Cj'_’n]xn_lVP-(Ai,nlxn_l) :

i i
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S c —

liow as N — o , 2%'%'ﬁ£ and. %%-—99 s and the wvariance of the

*
sampling distributicn goes to zero.—/Thus in the limit (2) reduces to:.

. .C_ 3
m 2 - 1in S (1-0)2(=x) -
(3) Nlimoo £ P& 1105 a ) BCy %) = 1in £ (1-0)" ()
@ Gy i

P(Ci,nlxn—l;/%(Ai,nIxnwl)

i

1im (1-@)272 p(a, o, )3

c i1,n "i,n
i
P{Ci,nIXn—l)//g(Ai,n Xn-l)'

'~ We now make use of our inductive hypothesis. We first note that

the right-hand side of (3) is expressed in terms of the third raﬁ

moment (,, on trial n of P(A, IC, ) , which may be expressed in
: 3 S i,n i.n ‘ 3
terms of the third central moment u3 ; the second raw moment Ob

and the mean p by:.

3° u3+3062u—2u P

It may be noted that at this point we make crucial use of the
agsumption that the sampling variance 1 2 (N(s)-E)EP(S)

. _ _ N(s)=0
approaches zero as a limit, for if this limit were other than
zero it would be necegsary to calculate explicitly in the limit
various raw moments of the hypergeometric distribution of 8

and also of the sampling distribution of s .
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but by our inductive hypothesis all the central moments are zero,

thus @, =0 , and Q. = u2 , whence

3 o
(&) - a = WS = lim P(Ai?nlxh_l)s s
and combining (3) and {4}, we have:
(5)  lim > P(A, lc. )2p(c, Ix ) = (1-6)%1im P(a, |x )P
o i,ntl "i,n+l i,ntl " m i,n"n-1
5 .

We now apply the fact that by virtue of our inductive hypothesis
'Oé =  to Theorem 3.3.3 as N = oo and obtain:

(6) lim P(&,

k) = (1-0)1im P(A; e )

S0+l

Equation (i) follows for Case 1 immediately from (5) and (6).
‘We now turn to (ii), and use the same arguments which took us

from (1) to .(2).

. =S T . .
(7) (i, j,x,n+1) 6— & P(Ai s+l Ci ,n+l)P(Aj ,n+l[Cj,h+l)
i
P .
(Ci,n+lcj,n+llxn)
. e (Ci~ Si}(C.— s.) s
=> Z s r Iy . N ! = Pls; o5 nlsnp'nc'rli
C, C. s s, s, S n
i J- i d
s )
B(s )e(0; C e )2y e o)




Sj "Cj o
3 "S-——-)"ﬁ— and — — 6 , and

=N =

S,
1
s

=0

Now again as N - o

EE i; S—E)EP(S)-% 0 , whence in the limit (7) reduces to:
s

H

(8) lim a(i,j,x,n+l)

» ¢, 2 C,
0 1in ¥ S (=) (=2
(1-6) Lin g: () (5 )P(ci,ncj,n[xn_l;//

i3

P(Ai,nlxn-l)

p(a, fo. )Fe(a. o, )-

Jell o Lk

2
P(Qi,ncj,nlxh-lz///(Ai,nlxn-l)

We now use our inductive hypothesis to compute the raw cross-moment

(1~ @) lim E:
C

cf°P4
H
=
o
B

on trial n , which is denoted by the expression on the right-hand

side of (8), Thus, dropping notaticn for x and n , let

(9) oi?,3) = T 5 B, o, Pe(a; los e, oo Ik ),
C. C.

i,n Jsn’ Jj,n in j,n n-1
i J‘
2, ~ < Ly 12 ) .
e P ~ - .
(lO) Ll(l }J) 6__ é— [ (A l’llci,n) P-(l)] [P(Aj,nici,n) U-(J)}
i)

P(C

i,an,ann—l)

~where u(i) is the mean of P(A, _|C. )} , and similarly for
, i,n" "i;n
w(i) . And the definition of a(i,j) should be cbvious. Now by

explicit computation
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.2 2, .2 . .. . N2 .
(11) w(i,3) = a(i®,3) - a(i%)u(3) - 2a(i,i)u(i) + 2u(i)"n(l)
A2 g, N2 .
+ p(i)7u(3) - u(d) uly)
Now it easily follows from our induction that the central cross-

moment u(iggé) =0 . Also by our inductive hypothesis

u(1%) = c? = 0 , whence

a(i®) = u(1)?
And also
w(i,g) = oy, = ali,3) - w(@2u(d)

but again by our inductive hypothesis Uij = 0 , whence

(12) | o(1,3) = u(1)u(3)

Substituting these results into (11), we conclude

(13) a(i®,3) = u()Pu(3)
Applying (13) to (8) we obtain at once that

(k) lim.a(i,j,x,ﬁ+l) = (1~e)2 lim P(Ai n]xn_l)P(A

E

j,nlxn—l)
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Now as in the argument for (i) by our inductive hypothesis

a(i) = Ll(i)2 and (6) holds. Moreover, by virtue of (12) and

Theorem 3.3.4 for Xn =-Ek,nAi,nxn-l

(15) lim P(Aj,n+l|xn) = (1-0)P(A Ixn_i)

d,n
Equation (ii) follows for Case 1 immediately from (6), (14) and (15).

We shall not consider all the other cases in detail, but we shall
sketch the main argument for several more. The interest of Case 2
is that it makes clear why the induction must be simultaneous on

2
both ¢, and o, .
- i 1j

Case 2., xn = Ek,nAj,an-l

As before, we first consider (i). By the methods used for

Case 1 but accommodated to J # 1 , we have:

lc )°B(C

e

i,ntl

.2 o~
(16) o(i,n+1) = é-___P(A §

i,n+l

. s,
>SN o ) - P(Sisj!SnCi,nGj,n)P(Sn)P(Ci,ncj,n,Xn—l)

P(A IXn—l) .

J,n
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Thus as N — o

[®]

. 2

L]

: 2 1 a2 e — iy g /
(17) lim @(i®,n+1) = (1-8) 11m%CZ () 5 P(Ci,,ncj,nlxn—l)
i3
P(Aj,nlxn—l)
2 ., =
= (1-8 lim > = P(A, P(A -
(1-e) - &= (1,11] ) ( ’nl J)n)
178

P
P(Ci,ncj,nlxn—l;// (Aj,nlxn-l)

Now the expression on the right of (17) is the same as that on the
right of (8) and we apply exactly the same methods, using in the

procesg the inductive nypothesig on gij , to obtain:

)2

. .2 2 .,
(18) lim (i ,n+l) = (l—@? 1im P(Aisnlxn_2

and equation (i) is easily obtained as before from (18) and

Theorem 3.3.k4.
Turning now to (ii), we have by the usual methods:

_ (c.-e ) (C.-8.) s,
(19) ali,imtl) = > > > 5 e —dd A p(s, s, [0, € )
]

N N i;m jnnrin gn

(]
V]
2]
Lo

i

(s, )P( ke VP, ke )

1 n J,n n-1 i,n
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but.the right-hand side of (19) is just like the right-hand side

of (7) with i and 3 interchanged, and the argument proceeds in

identical fashion.

Case 3. X = Ek,nAj',an—l

The proof of (i) is the same as for Case 2 with J' replacing

The situation is different with respect to the proof of (ii), for
a new kind of raw cross moment must be considered, namely

a(i,j,j') which however may pe treated in the same fashion as

.2,
Cﬁ(l :J) .

(Ci-asi) (Cj ~5.)

. - S.,
(20) oi,gm1) =3 T 55 TS i et o
‘ C, C, s s, 8, 8,,
R | i d J
P(s, _s. s., s C. C, C., Ye(s)P(c ¢, C,
1,0 g, J ;0 N 1,I 3,0 J ,N0

P(Aj',nlxn—l) .

Thus as R’~aso

(21) 1lim o(i,j,n+l) = (1—@)2 lim a(i,j,j‘,n)/u(j'_,n) .

_Now the central cross-moment {on trial n )

(22) w(i,3,3') = a(i,§,3") ~a(i,3)u(3) -a(isj’)u(a')—G(J;Jl’)u(i)

- 2u(L)nldimG) .

in gmJhn

1§h;ﬁ//
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By our inductive hypothesis u(i,j,j') =0 , and a(i,j) = w(i)ul(j) ,

etc., whence

(23) | (1,537 = w3

as would be expected from earlier results. From (21) and (23) we have
(2)4') Lim Od(lyr] :ﬂ“l"l) = (1'9) iim IJ.(l,Il)H(J;Il) P)

and the remainder of the argument moves along standard lines.
The other six cases are proved in a similar way and consequently
will be omitted. It should be clear that the argument always hinges

on establisghing a result like (12), (13) or (23). Q.E.D.
We now have as a consequence of the theorems in this section the

following representation theorem for linear models.

Theorem 3.3.8. (Representation Theoyxem). Given any single

Parameter linear model X =< r,X,P,0 > there exists a seguence

< X(1),...,%(N),... > of stimulus sampling models such that for

every x and n

P(xn) = lim PN(KH) 5
-

where P .is the probability measure of x(N) .
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Proof: We use selection rules (I}, {II) and(III), the
—preceding theecrems of this section and proceed by induction on--n .
For n = 1 , we use selection rule (I). Assuming the theorem
holde for n , we then use the fact that in the limit the axioms
-of X hold for the sequence of stimulus sampling models. The
remainder of the simple inductive proof is exactiy analogous to
that_of'TheQrem,hol in our paper [5] on linear models and will

not be repeated here.
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