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I

P(X, ) = Ry(e)Ry(a) = R (c)

P(X

2,n) =R (b)-R (e) = 1-Rn(c)

And by integrating (9) of Theorem L, we have at once

Theorem 5.

¢ b
P(X) 1) = (1-0)R(Xy ) + 0 fa fa k(x3y)f_(y)axdy
(10) .
b |
P(Xy o) = (1-0)P(X, ) +@ fc fa k(x;y)f, (v)axay .

Ll

_The recursions for Xl and Xé n may be regarded as a gereralization
A .

_ ,hn
of {8) for the finite case when a continuous smearing of the effects of
reinforcemenﬁ is postulated. By further specialization, it is possible
to get an exact analogue of (8). ILet us suppose that there are only two
points of reinforcement, one the'midpoint y, ©of the interval [a,c], and
.the-other.the.midpoint ¥ of the interval [c,h]. Suppose moreover that
the smearing densitles around these two points of reinforcement are

strictly positive only in the subintervael [a,c] or [e,v] as the case may be.

Define then

c

T n =_fa k(x3y, Jax
b

Yo =) Klmyylax,

c
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and under these suppositions (10) becomes:

P(X

i,n+l) ='(l"6)P(Xi,n) + BP(Yi,n) 4

an exact analogue of (8), (Naturally weaker-suﬁpositions will also
yield such an analogue; but the present example is illustrative of one
method Tor obtaining the finite case from the continuous one.)

The suppositions Jjust made to yield (8) ﬁay also be used to
yield the standard theory of the finite case at a deeper level, for
(8) is only a recursion in the mean probabiiities of responses and in
itself does not justify derivation of any sequential statistics like the
probabllity of two .successive Al responses.  However, these matters
will not be pursued further here.

In .connection with this comparison of models it may also be
remarked that the response density recursion {(9) of Theorem L4 is exactly
the same as that obtained in [3] for the continuous respounse linear model.
Consequently, the results in [3] for various kinds of contingent reinforce-
ment (and a fortiori noncontingent reinforcement) follow at once in the

present theory.

L. . Honcontingent Reinforcement.

For noncontingent reinforcement schedules, that is, those for which
the distribution F(y) is independent of n and the past, we first use
. the response density recursion (9) to prove some simple useful results which

do not explicitly involve the smearing distribution of the single stimulus
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element and which also hold in the linear model but were not stated in [3].
-There is, however, one necesgsary preliminary concerning derivation of the

asymptotic response distribution in the stimulus sampling theory.

Theorem 6. In the noncontingent case

b

(11) r(x) = lm r (x) =) k(x;y)f(y)ay .
n — @ a .

Proof: Because in the noncontingent case fn(y) = f(y) , we have at

once from Theorem 3

(12) glz) = 1lim gn(z) = f{z) .
n -

The theorem immediately follows from (12) and Theorem 1. .Q.E.D.

We now use (11) to establish the following recursions. .In the
statement of the theorem g(gﬁ) is the expectation of the response
randon varisble X ; uf(gn) 15 its o> raw moment ; Uz(zﬁ) is ite

variance; and X dis the random variable with density r .

Theorem 7.

(13)  r . (x) = (1-6)r (x) + or(x) ,

W) A, = (1-0) &x) + 0 £x) ,
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+

(15) (X ) = (1-0u (X)) + & (X) ,

(16) o7 (X )

—n+1

1l

(1-6)07(X ) + 60°(X) + 6(1-6)(£ (X)) - 4(x))°

Proof: Because fn(y) = f(y) in the noncontingent case, equation
(13) follows at once from (9) and (11), i.e., from Theorems 4 and 6.
Multiplying both sides of (13) by x* and integrating over the interval
[a,b], we obtain (15), of which (14) is a special case. As for (16), we
infer 1t frqm.the following:

2
o

1l

Fpar) = H(Epy) - /g(}—(n-_l-l)e

I

(1-0)uy(X ) + 6u,(X) - (1-0)% %(gn) a"29(1-9)£(§n) é(?ﬁ))

AP

I

(1) [ng(X ) = &(X)%1 + 6Luy(x) - £(0)°]

+ (8-07) £(x,)% 2(8-6°) £ (2 ) £ (%) + (6-6%)  (x)°

il

(1-0)07(x,) + 66°(X) + 6(1-8)[ £(X) - £(x)1° . - Q.E.D,

.Because (13)~(15) are first~order difference equations with constant

coefficients we have as an immediate consequence of the theorem:
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an 2 () = 2(x2) - [x(x) - x ()1 (1-0)"
(18) b)) = Ho - 16 -Gt
(19) (K =y (®) - Da(E) - ()10

Although the linear and (one-element) stimulus sampling models
both yield (13)-(19), predictions in the two models are already different
for one of the simplest sequentlal statistics, namely, the probability of
two successive responses in the same or-different.subintérvals.

For two sublntervals [a,c] and [c,bl], ﬁe have the following
‘theorem for the stimulus sampling model. The result generalizes directly

to any finite number of subintervals.

Theorem 8. For noncontingent reinforcement

<c) = QR(c)2 +

(20)  1im Pla<X , <c,ax X <
n . — 0
c ¢ b :
(1-8) J [ | w{x;z)k(x';z)f(z)axdx'dz ;
a & a

(21) lim Pla < X g Se,e<X _.< b) = 8 R{c)(1-R(e)) +

--—n-—-

n —.oo :

¢c b b '
(1-6). [ f | k(x;z)k(x';z)f(z)dxdx'dz ,
a ¢ a
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where R(ec) = 1im R (c)

Proof: We first establish (20). To begin with,

c cC

P{as)jn_l_l:gc,aSX <ec) =

dx
£

fa fa J.n+_'l.(Xn-l—l’Xﬂ)dxn-!-l n*

Applying the axioms in the usual way to the right-hand side we obtain:

c ¢

fa fa J.n+l(Xn+]_’Xn)dxmld"xn =

Ia f :E: f f I Jn+l( n+l’ n+l’61 n’yn’ n’Zn)'

a

an+len+ldythndZn

Py Zg: 7 f f CI P S CHUN LI e L

lIl n’’n’ Il
a & a

J(ai,n)f(yﬁ)J(xn|Zn)j(Zn)dxn¥ldzn+ldyndxnd n

¢ b e b
T el 5y,)08(y, )x(x 52 g (2 ) +

a &a a a

dy dx dz

k(4157 (1-0)k(x 52, )8, (2 )]ax, | ay, ax az, .

Now 1lim gn( z) = £{z), whence at asymptote, we have by rearranging the
n -+ 20 . '
right-hand side and re-lettering variables:
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. b
lim P(a <X, Se,agk < c) =6 [fc [ k(zs;y)f(y)dxdyl-
n.— ‘ a a
¢ b - ¢ e b
[[ ] k(x';z)f(z)ax'dzl+ (1-0)f [ [ k(x;z)k(x';z)f(z)dxdx'dz ,
a a a a a

but the first term on the right is just 6R(c)2, which when substituted in
yields (20).-

The argument est&blishing (21) proceeds along éxactly the same lines
with functions of X ~ now integrated over the interval [e,b]. Q.E.D.

.For comparative purposes the corresponding results for the linear
model are derived in the Appendix.

- The theorem Just proved may be used to develop a reasonabiy good
method of estimating the learning parameter 8.  The seguence of response

random variables <:§1’£2’°°"£h"" > where

1 if response on trial n
is in interval [a,c]

2 otherwise

is a chain of infinite order. . If it were a first-order Markov chain (20)
and {21) could be used to obtain a maximum likelihood estimate of 6. .The
ectimate 6 proposed here ig formelly identical With the latter, but of
course it is not the maximum likelihood estiméte. . For purposes of a label T

call it the pseuvdo-maximum likelihood estimate.




_23_

Let 880y e a8 represent a finite sequence of values of the
response random variables ﬁl,§2,..,,§h from trial 1 +to irial =n .
Let s ©be the number of subjects. Then, granted siatistical independence

A
of the subjects, the maximum likelihood estimate of € 1is the number 6

(if it exists)} such that for all &'

A =
(22) T e 038) 2 T ey om0

(o)

' : A .
where f (al,ag,o..,an;e) is the probability of the sequence of

A
responses al,ag,...,an for subject ¢ when the learning parameter is & .

As should be clear from preceding remarks, the pseudo-maximum

. ¥
likelihood egtimate of 6 1is the number @ such that for =211 @'

(23) T 2 (e la, 560050360 2
;%; 7%/f(c)(am|am_1;9')f(g)(alge‘) .
o=1 m=2 ‘

o simplify notgtion, let pij(e)‘ be the probab;lity of going frﬁm state i
to state j, for 1,J ='1,2 , with parameter &, let 913 be the number of
actual transitions from state 1 to state_ J, summed over trials and sub-
jeets {the n 4 are tabulated from experimental data), let pi(e) be the
probability of being in state 1 on trial 1, and let hi be the number of
subjeects in state 1 .on trial 1. We then want to find the 6 which

maximizes




ol

n, nij
T v, (6)p, 50)
Lyd

It is usually easier to work with the log of this expression, so_ﬁe seek

1o maximize

(2k) L(e) = ZE: [2; log p,(8) + 25: n, 5 log pij(e)]
i , 3 :

* *
In most cases L (6} has a local maximum, so we can find @ as an

appropriate scolution .of

* .0 {(8) n, .p!,(8)
ar (e) _ S n, Py { S 15513 _
(25) de - i [ .pi( ej + J le(ej ]-'-‘ 0 3

where p' is the derivative with respect to € of p . Now.on the

basis of {20) and (21), at asymptote

1-6) ¢ ¢ b . :
,QB(C) + OB I T [ ®k(x;z)k(x';z)f(z)dxdx'dz

(26)  p,(6)

and

b b :

e
BR(c) + l%ﬁeg I T ] ®(x;z)k(x';z)f(z)dxdx'dz

3

(27) By (0)

and pi(B) is. independent of 6. Also, of course, plg(e) =‘l—pll(6) s

and p22(9) =1 g) . Moreover,
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(28) p'11(8) = R(e) - xray

and
(29) - p'p (6) = R(e) - 75y »
where
o 2
(30) a= [ Kle;z)™f(z)dz ,
gince
b c ¢ b .
i) ‘K(c;z)ef(z)dzl= [ | x(x;z)k(x';z)f(z)dxdx'dz ,
a a a a
and
¢ b b '
(31) =1/ [ [ x(x;z)k(x';z)f(z)axdx'dz
a ¢ a
b
= [ K(e3z)(1-K(c;z))f{(z)dz = R(e)-a .
a

Applying (26)-(31) to (25) and using the fact that pi(e) .is independent

of 8, we cbtain:
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arie) B gyl riplpley - RE)]

(32) =
.98 OR(c) + i%%%%z bl e - L%%g%z

ng; [R(e) - 1-§(c5] n22[l—§fcj - R(e}] _

oR(c) + %%ﬁ%%% 1 - oR(c) - %%%%%%

+

.Solving (32), we have

Theorem 9. If r

l(x) = r(x) for all x in [a,b], then the

estimate 9* 1is & solution of the guadratic eguation
2
N6~ + [(N-nll)A + (nll + 322)3 + (N-n22)0]9

+.-(r;22AB + (nl2 +ngl)AC+ nllBC)_ = 0,

where

A =a/(R(c)? - )
B = -(R(c) - a)/(R(c)” - @)
C=(1+a-2R(c))/(R(c)® - a) .

Moreover, if R{c) = % , then
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A 4+ (n;,+n..)B

x  (ngptngy i1t o
i

Note'that the hypothesis of the theorem zimply requires that we stard
counting trials at asymptote. The statistical properties of the estimator
.9* need investigation; it can be shown that it is consistent.

| I conclude tkhe itreatment of noncontingent reinforcement with two
expreséions dealing with important sequential properties of stimulus
sampling models. The first gives the probability of a response in the
interval [al,ae] given that on the previous trial the reinforcing event

occurred in the interval [bl,bg]'.

- Theorem 10.
e ———

(33) Pley < X5 < 8plby £ ) < By) = (1-0)[R (ay) - R ()]
o @ Do
* $(5,)-F(5; fa fb k(x;y)£(y)dxdy .
' ' 171
Proof: By the usual expansion
a b

~ 1
Play < X7 < 8ylpy < X < be)‘Fb2 ~F(b; Ia 220 1

Jn+l(X az dyndzn. .

n+l’zn+l’ai,n’yh’zn)dxn+l n+1
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And the right-hand side is

1 2 2 b
om0 T T x(xsz)e (2)f(y)axdydz +
2 1 a, b a
1 71
% Py oy
o[ [ [ xxy)E(y)e,(z)dxdyaz | .
81 bl a
.Now in the Tirst term we can integrate
Py |
J o f(y)ay = F(by)-F(by) ,
'b .
L
b
‘and in the second term [ gn(z)dz =1 . Using these two results, we obtain
a,

the theorem at once. Q.E.D.
The second expression to which we now turn gives the probability of a
response in the interval [al ,az] given that on the previous trial the

reinforecing event occurred in the interval [bl,b

2] and the response in the

interval [aB’ah]"

Theorem 11.

(34) Plag <X 4 <aylb) <Y <b,, 8, <X <a)) =

1. 3 == —

(1-8) . Vo Ve (2)dxdx'de
Rn(al;)“Rn(%)-f I k(xsz)k(x'; }gn( )axdx'dz +




20

Proof: Tt is first useful to observe that for noncontingent

reinforcement
P(pls Eﬂf bgﬁ 3'35 .-}Sg_’ls alp) '
=B £ %, < plag < X < g)P(ag < X < gy

Pby < ¥ < bg)P(a3 < X < 8)

IF(vy)-F(v)) (R (2K (a)] -

. Applying the usual expansion to the left-hand quantity in. (34), we have

it .is

%y by 8y g

. |
S WA T, L3

Jn+l(Xh+l’zn+l’ai,n’yn’Xn’Zn)dxn+ldzn+ldyndxﬁdzn ’

which, using pafticularly Axioms C2 and €5, yields:

2y by 8y

2 .
-6y [ I I
al bl %3 a

- 1
{F(bg)”F(bl)][Rn(au)'Rn(ag)]
k(x;z)k(x‘;z)gn(z)f(y)dxdx‘dydﬁ

+ 6 fb FoT e(xs9)e(y)k(xsz)g (z)dxax'dydz | .
-a a a
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Now in the first term of this last expression we may intégrate out . the
function f(y) to obtain F(b2)—F(bl), which cancels the corresponding
quantity in the denominator. Similarly in the second term we may integrate

out k(x';z)gn(z) to obtain Rn(aﬁ)_Rn(a ) , which for this term cancels

3
the corresponding quantity in the denominator. Putting these results
together, we have exactly the theocrem. Q.E.D.

Tt may be noticed that by applying the Corollary of Theorem 7, more

explicit results are easily obtained from both Theorems 10 and 11.

5. -8imple Discrimination.

I% may be of some interest to sketch how the present theory may be
applied to simple discrimination situations where on.each trial exactly
one stimulus s is presented, and associated with each 5, is & reinforce-
ment distribution fi . (Readers who do not like the idea of exactly one
stimulus being presented may think of each si's being a particular pattern

of stimuli.) Let the probability of presentation of Si on any trial be

iy :
w; with E w, = 1, Wy #0 for i=.1,...,0, and Wy independent .of
i=1

trial number and any behavior on preceding trials.
.The tree of the Markov process in the states (21,22) for N.=:2

and  w; = 1/2 is given in Figure 1 .
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Figure.l .

Corresponding to Theorem 1, we have by the same sort of proof

for arbitrary N

‘ i) b . o
i i, 1
(35) r(x) =>_of k (xz)g,  (27)dz
i=1 a i i,n
Corresponding to Theorem 3 we have
i i iy
(36) gy (2 ) = (1-0)g (2|5, = s,) + o£'(2") ,

end by virtue of Axiom Cl for i #J end 8 = 5
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- N . s
(37) g1z ) = 8.(2) ,
whence it easily Tollows that

(38) 1im g (27) = £i(21) .
l’l.—)CO o

We then have also that

8 p

. i
(39) lin  Play < X < ayls, =s,) =7 [ Xk (uye(yay .

n.— o e, a i

. 1

The results (35)-(39) and some other related ones which are easily

obtained, although simple in character, permit application of the theory
developed in this papér to simple discrimination experiments with a
continuum of responses. On the other hand, it is obvious that the
present theory must be modified and extended .in fundamental ways to deal

with diserimination experiments which have a continuum of stimuli as well

as responses.



[2]

_33_

-REFERENCES

Atkinson, R. and P. Suppes. "An analysis of two-persbn game

situations in terms of statistical learning theory,“‘gaExp,

Psychol., 55(1958), 369-378.

_Estes, W.K. "Toward a statistical theory of learning,” Psychol.

Rev., 57(1950), 94-107.

. Suppes, .P. "A linear learning model for a continuum of responses,"
2up ) ’

Chapter 19 in Studies in Mathematical Learning Theory, edited by

R.R.. Bush and W.K..Estes., Stanford, California:.Stanford

University Press, 1959.

Suppes, P. and R. Atkinson. Markov Learning Models for Multiperson

Situations, I. The Theory. Technical Report No. 21, Contract

Nonr 225(17), Applied Mathematics and Statistics Laboratory, .

-Btanford University, 1959;




-3h-
APPENDIXE/

Our purpcose is to derive for the linear model of [3]-the analogues
~of (20) and (21). A brief description of the linear model will make the
present discussion nearly self-contained. An experiment may be represented
by a sequence (§l,zl,§2,zé,gnv,zi,zn,,,a) of response and reinforcement
random variables. "The theory is forﬁulated for the probability of a
response on trial n +1 given the entire preceding sequence of fesponses
and reinforcements. -TFor this sequeﬁce we use the notation 8. (not to be
confused with the notation for the value of the sampling random variable

in the main body of the paper). Aside from continuity and piecewise

differentiability assumptions, the single axiom of the linear model is:
(ko) I (xlyox s, 1) = (1-6)3 (xfs ;) + 6K(x;¥,) ,

where Jn is the joint distribution and K i1s the smearing distribution.

. We first need to define the cross-moments

a ah

(81)  W(a,ap,mgm,n) = [ [ g (xls )3 (x"]s, y)i(s,_)axdx'ds , ,

where the subscript 5.1 .on the third integration sign indicates integratiocn

over the 2(n-l)-Cartesian product of the interval [a,b] for the sequence

The cross-moments defined by (41) generalize the moments W2

Sn-1° 81,8550

of [3].

,2/ I am indebted to Raymond W.Frankmann for useful comments on the subject
of this Appendix.
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Aséuming henceforth noncontingent reinforcement, it follows by

simple extension of some results in [3] that

(42) 1lim P(al <X Sags 2y <X < ah) =(1-8) 1lim W(al,ag,a3,ah,n)

n—aow ‘n =
+ 0[R(s,)-R(a, ) [R(=)-R(=y)]
To obtain an explicit answer we must compute . the limit on the right, which

we now proceed to do.

By virtue of the definition of s the right-hand side of (41) may

n-i’

be rewritten and we have:
(43) W(al:a2:a3’a)_|_;n) = f f f f f jn(x'lyn—l’xn—l’sn—Q)

. ' . 1
Jn(x Iyﬁ-l’xn—l’sn-E)J(yh-l’xn~l’sn—2)dXdX ayn-ldxn—ldsﬂ-2

Applying the axiom (L0) to the right-hand side of (43) and simplifying, we

obtain:
, 2 .
-— j 3 f
(W) Wlay,an,ag,e,n) =:(1-0)" [ [ [ G (xlsy L)a, g (x s p)
a, a 8
1 3 n-2 :
j(sn_g)dxdx’dsn_2
o % p |
+28(1-0) [ [ [ [ o 3, q(xle) 5)als o)k(x'sy,_)f(y, ) -
a8 a a S .
1 3 n=2
, 2 %k op ,
dxdx'dy, qds, , + € Ia fa fa k(v g Je(xtyy )8y, Jaxdxtdy, , -

1 3




~36-

‘Now the flrst-term -on the right .of {44) is simply {1~9)2W(gl,a2,a3,ah,

the second term is 26(1-6){Bn—l(a2)_Rn-l(al)][R(ah)'R(a3)]’ and the

n-1) ,

integral of the third term is a direct generalization of B as defined by

(31); moreover it is independent of n and we may define for ease of

notation:

8y 8y g

- {15) r(ay,8,,85,8,) = f FoJ -k(xsy)k(X‘;y)f(y)dde'dy :

In these terms, (44) becomes:

_ | . _
- (b6) W(al)a2;a3sahyn) = (1-6) W(al:a2;33;ah:n'l} *
26(1-9)[R_y(ay)-R,_, (&)1 [R(ay)-R(a;)]
6 (2y58,,8_,8)
LAY p3B3s8y/ -
It then easily follows from (46) that

(4¥7)  1lim W(315327333a4;n)'= W(al)agja33ak)
n —.o0

2(1-9)[R(a2)-R(al)][B(au)—R(a3)] +-97(31J32133:ah)
- 5.0

Combining (42) énd.(h7), we then have the following theorem.
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Theorem. In the linear model

(48) n;imcoP(al <X Sag, 8y < X S-a’lﬁ) = ,Q[R(ag)-R(a:l)]{B(au)-R(a:%)]

[ 2(1-6) [R(a,)-R(ay ) 1R(ay,)-R(ay) 1+ 87(ay,8,85,8,) }

+{1-8) 55

To obtain the direct analogue of (20),(48) specializes to:

1lim P(a S X _<- c, aS.)_{.nS C) = QR(C)2 +'(l-9

y 2(1-8)R(c)%+ 905]
e-anaa

where ¢ is defined by (30). The analogue of (21) may be obtained in like

fashion.
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