




sets, whereas (Sl, W4, W3) is not. Notice that the full structure of

the original tree may be recovered from the collection of all its node

sets, so that no information is lost in passing from the original tree

structure to this set of sets.

Any binary tree on n items will then lead to a collection of n-Z

subsets, where without loss of information one ignores both the trivial

node set consisting of all items and the singleton sets formed by taking

each item alone (i.e., the highest and lowest levels of hierarchical

clustering) •

Then one may define as follows a distance S(T
1

,TZ) between any two

bare trees:

Definition (=Definition 1.1 in Boorman and Olivier [1973:Z9]).

n-Z
S(T1,TZ) = min::S I w.tlXf (.) I , where

f i=l ~ ~

formed from T1 , {xJ:=~ is the analogous collection formed from TZ'

and f is a permutation of the first n-Z integers. Here t; represents the

operation of forming the symmetric difference between two sets (i.e., the

set of elements contained in one or the other, but not in both), and I I
denotes the size of a set.

The distance S may be shown to have various desirable properties,

and in particular is a metric. The definition of S represents a

special case of a very general principle which may be employed to define

structural distances in many situations (Boorman, 1970). In general,

the ,computation of S(T
1

, TZ) reduces to an optimal assignment problem

(Ford and Fulkerson, 196Z) , but in simple cases the optimal assignment

may be readily computed without recourse to a linear programming algorithm.
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We now apply the metric S(Tl,TZ) to the present problem. Figures

Al and AZ show respectively the node sets obtained through each of the

three methods (CONCOR, diameter, connectedness) on the Bank Wiring data

and the Sampson data respectively. Both figures are presented in such

a way that identical clusters fallon the same line.

To compute S(T
l

, T
Z

) between any pair of methods in Figs. Al-AZ.

it is only necessary to find an optimum correspondence between clusters

not produced by both methods. Figures A3-A4 show calculation of the

optimum correspondences for the two data sets. Given the correspondence,

calculation of S(Tl,TZ) is then immediate; the results are also

reported in Figs. A3-A4.

The result of these calculations shows that there is no simple

relation among the three methods. In the Bank Wiring case, CONCOR is

more similar to both HICLUS methods than either of these methods is to

the other. Of the two methods, CONCOR is more similar to the connected­

ness method. Taken alone, this result is evidence for placing CONCOR

in an intermediate position on a diameter-connectedness continuum, hence

following the classificatory strategy of Jardine and Sibson (1971) and

paralleling the intermediate position on such a continuum of various

other clustering methods (e.g., Sokal end Michener [1958]; Hubert [197Z]).

On the other hand, this situation is reversed in the case of the Sampson

data. Here the two HICLUS methods are actually closer to one another

than CONCOR is to the connectedness method. In this second case,

therefore, the relevancy of the diameter-connectedness continuum

proposed by Jardine and Sibson quite clearly breaks down. Also, this

result helps to alleviate suspicions that CONCOR may in general behave
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Fig. AI. Clusters produced by three algorithms (CQNCOR, diameter method,

connectedness method) on the Bank Wiring data. Trivial

clusters (consisting of single individuals or the entire

population) are not recorded; since these clusters are

produced by all methods, they do not affect computation of

S(TI,TZ)' Identical clusters are placed on the same line.

CONCOR Diameter method Connectedness method

Cl: (Wl,W3) Dl: (Wl,W3) Kl: (WI,W3)

C2 : (Sl,W4) D2 : (Sl,W4) KZ: (Sl,W4)

C3: (Sl,W4, Il)

C4: (Wl,W3,Sl,W4,Il) K3: (WI,W3, Sl,W4, 11)

C5: (W2,W5) D3: (W2, W5) K4: (WZ ,W5)

C6: (WZ,W5, 13) K5: (WZ,W5,I3)

C7: (Wl,W3,Sl,W4, n,
W2,W5,I3)

CS: (W6, S2)

C9: (WS,W9) D4: (WS ,W9) K6: (WS,W9)

CIO: (W7,WS,W9) D5: (W7,WS,W9) K7: (W7,WS,W9)

Cll: (W7,WS,W9,S4) K8: (W7, WS,W9, S4)

C12: (W6,S2,W7,W8,W9,S4)

D6: (W2 ,W5 , Il)

D7: (Wl,W3,Sl,W4)

DS: (Wl,W3,Sl,W4,W2,W5,Il)

D9: (S2,13)

DI0: (W6,S4)

DII: (W7,WS,W9,W6,S4)

DIZ: (In,W8 ,W9, W6 ,S4 ,S2, 13)
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K9: (WI,W3,SI,W4)

KID: (W7,WS,W9,S4,W6)

Kll: (W2,W5,13,S2)

K12: (Il.Wl,W3,Sl,W4,

SZ,I3,W2,W5)



Fig, J!,2, As Fig, AI, for the Sampson monastery data,

CONCOR Diameter method Connectedness method

C1: (1,7)
C2 : (2,15) D1: (2,15) K1: (2,15)
C3: (1,7,2,15) D2 : (1,7,2,15)
C4: (12,14) D3: (12,14)
C5: (12,14,16) D4: (12,14,16)
C6 : (1,7,2,15,12,14,16) D5 : (1,7,2,15,12,14,16) K2: (1,7,2,15,12,

14,16)
C7: (17,18) D6 : (17 ,18) K3: (17,18)
C8: (3,17,18) D7: (3,17,18) K4: (3,17 ,18)
C9 : (1,7,2,15,12,14,16,

3,17,18)
CI0: (4,6)
Cll: (4,6,8)
C12: (10,11)
c13: (4,6,8,10,11)
C14: (5,9) D8: (5,9)
C15: (5,9,13)
C16 : (4,6,8,10,11,5,9,13)

D9 : (6,8)
DIO: (10,6,8)
Dll: (4,11) K5: (4,11)
DIZ: (5,9,4,11)
D13: (5,9,4,11,10,6,8) K6: (5,9,4,11,10,6,8)
D14: (7,2,15)
fi15: (13,3,17,18) K7: (13,3,17,18)
D16: (1,7,2,15,16,12, K8: (1,7,2,15,16,12,

14,13,3,17,18) 14,13,3,17,18)
K9: (9,4,11)

K10: (10,9,4,11)
Kll: (6,10,9,4,11)
K12: (8,6,10,9,4,11)
K13: (2,15,16)
K14: (2,14,15,16)
K15: (1,2,14,15,16)
K16: (7,1,2,14,15,16)
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Fig. AJ. Computation of optimal assignment between distinct clusters
produced by the different methods on the Bank Wiring data.
Clusters referred to in notation of Fig. AI. An optimal
assignment (not necessarily unique) pairs corresponding columns
and rows. e.g. (in tal) C3 to D9, c4 to D7, etc. S(T1,TZ) is
hence given by the t:cace T = ~ a o 0 for each of the interger­
valued matrices shown. i :l.J.

CONCOR­
diameter
method

(a) D9

C3 5

C4 7

C6 3

C7 8

C8 2

ell 6

el2 6

S(CONCOR. diameter)

D7

3

l.

1

4

6

8

10

= 13

D6

4

6

2

5

5

7

9

D8

4

2

6

1

9

11

13

D10

5

7

5

10

2

4

4

Dll D12

8 10

10 12

8 8

13 13

5 5

1 3

1 1

KIO

8

13

5

1

lQ,1K12

6

1

9

13

3

4

6

K9

C3

C7

C12 10

C8

7

6

4

8

S(CONCOR, connectedness) = 9

CONCOR­
connectedness
method

(b)

S(diameter, connectedness)

Kl2 Kll K3(c) Diameter
me thod­
connectedness
method

D6

D8

D9

DIO

D12

K5

2

6

3

5

8

6

2

7

11

12

3

7

2

6

7

= 16

6

2

7

7

12

K8

7

11

6

4
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Fig, A4, As Fi.g, A3. for the Sampson monastery data, Notation for
clusters follows Fig, AZ,

D14 D16 Dll D9 D12 DID D15 D13
(a) CON COR-

C1 3 8 4 4 6 5 6 9diameter
C9 7 2 12 12 14 13 8 17

method
CI0 5 12 2 2 4 3 6 5
Cll 6 13 3 1 5 2 7 4
C12 5 12 2 4 4 3 6 5
C13 8 15 3 3 5 2 9 2
C15 6 11 5 5 3 6 5 6
C16 11 16 6 6 4 5 10 1

S(CONCOR. diameter) ~ 20

K15 K16 K14K13 K8 K5 Kll KI0 Kl2 K9 K7 K6
(b) CONCOR-

Cl 5 4 6 5 9 4 7 6 8 5 6 9
connectedness

C3 3 2 4 3 7 6 9 8 10 7 8 11
method C4 5 6 4 5 9 4 7 6 8 5 6 9

C5 4 5 3 4 8 5 8 7 9 6 7 10
C9 5 4 6 7 1 12 15 14 16 13 8 17
CIO 7 8 6 5 13 2 3 4 4 3 6 5
Cll 8 9 7 6 14 3 4 5 3 4 7 4
C12 7 8 6 5 13 2 3 2 4 3 6 5
C13 10 11 9 8 16 3 2 3 1 4 9 2
CI4 7 8 6 5 13 4 5 4 6 3 6 5
C15 8 9 7 6 12 5 6 5 7 4 5 6
CI6 13 14 12 11 17 6 3 4 2 5 10 1

S(CONCOR. connectedness) = 34

K16 K14 K15 K9 K12 K11 K10 K13
(c) Diameter

D2 2 4 3 7 10 9 8 3method-
D3 6 4 5 5 8 7 6 5connectedness
D4 5 3 4 6 9 8 7 4

method
D8 8 6 7 3 6 5 4 5
D9 8 6 7 5 4 5 6 5
DID 9 7 8 6 3 4 5 6
D12 10 8 9 1 4 3 2 7
D14 3 3 4 6 9 8 7 2

S(diameter. connectedness) = 25
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quite similarly to the connectedness method, and in particular that

CONCOR may be prone to similar difficulties of a "chaining" type· (see

also above, pp, 45-46),

Of course, all results based on ~ priori metrics do not take accourit

of substantive features of particular data sets, and hence have

limitations for this reason. Also, there is as yet no developed

distribution theory for the values of tree metrics, which would enable

statements about levels of significance to be made, Ling (1971) presents

results which constitute a start in this direction, Prior to development

of such a theory, only ordinal comparisons among distances between

clusterings may be made with any rigor,
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FOOTNOTES TO TEXT

1
The algorithm was initially suggested by the empirical discovery of

convergence of iterated correlations (see below,p. 12) on network data

reporting contacts among research scientists in an emerging biomedical

specialty area (described in Griffith, Maier, and Miller [1973]).

Subsequently, Dr. Tragg of the University of Surrey pointed out that

work constituted an independent rediscovery of the "iterative,

intercolumnar correlation analysis" proposed by Mcquitty and his co-workers

(Mcquitty, 1968; Mcquitty and Clark, 1968; Clark and Mcquitty, 1970).

See text for further discussion.

2A closely related view is expressed by Needham (1965:117):

The moral of this is that we should not look for an

"internal" definition of a cluster, that is, one depending

on the resemblance of the members to each other, but rather

for an "external" definition, that is, one depending on the

non-resemblance of members and non-members,

Translating "resemblance" into "presence of network tiee," it is

clear that the idea here is very similar to the present conception.

n

i=l'

n

i=l' J; = (Yi)
x y

0 y'
~ ;.J

- n - 1 I
where~' = (xi-x) i=l' x = ;:: Exi , etc,. and • and 1\ \ denote the

Euclidean inner product and norm, respectively. If x· or y' = 0 then
"""' f-' ,v

r(x,y) is fOl<Dally undefined, which gives rise to certain exceptions'" ~
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Ed., =
j J
row-

to the basic convergence fact (2-BLOCK),

4Mcquitty and Clark (1968) attempt te> give a fe>nnal proof ef the

convergence, but their argument does not appear to be rigerous and gives

little information on the mathematical behavior of the algorithm.

5The knife-edge character of the exceptions was pointed eut and

investigated by Joseph Schwartz, Clark and Mcquitty (1970) report

certain exceptions to the convergence; additional classes of exceptions

have also been communicated to us by Ingram Olkin of the Stanford

Pepartment of Statistics (personal communication).

6A second formal class of exceptions which should also be noted occurs

~when MO is taken to be of the form MO(i,j) = ~ ; where E c. =
, N i ~

:N (i.e., where M
O

corresponds to the standard null hype thesis of

:c<llumn independence in a centingency table). Then forming correlatiens

either between rows or between cGlunms, one obtains ~ (i,j) = 1 for all

i and j and it is clear that statement (2) fails.

7In principle, the semigreup (w~ite, 1969) and categery-functer (Lorrain

and White, 1971) approaches to the algebraic analysis of sedal netwerks

alse give an important place to simultaneous treatment of multiple types

of tie; , 'However, existing computational methods do net easily extend te

handle more than two distinct relations simultaneously, As a result,

for many applications it is necessary to aggregate quite substantially

before applying the algebra,

8White (1974b) also reports a more refined five-bleck medel ef the same

data, White and Breiger (1974) develop a three-block medel which is a
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refinement of the two-block model in the text, viz. (13,9,17,1,.8,6,4),

(7,11,12,2), (14,3,10,16,5,15). This three-block model is obtained by

using the Reil enumeration algorithm (see p. 52 below) rather than

CONCOR, and hence provides an interesting check on the CONCOR solution.

9Letter notation for 2 x 2 blockmodels follows conventions adopted by

White (1974b, Table 1).

10 .White (1974b) actually presents two blockmodels for the Romans data.

We discuss only his model which closely resembles our own. See White

(in press) for a discussion of the substantive differences between his

two models of the Bank Wiring group data.

l~e "Trading Jobs" matrix is also not symmetric (in fact, it is

asymmetric) but the tie density is very low (number of entries = 7;

see Romans [1950:67J) and hence this relation is little help in

clarifying status relations among groups.

12The two methods are also referred to in the literature by a wide variety

of other terms. The diameter method is also referred to as the

compactness or minimum method (Johnson, 1967), the furthest-neighbor

method (Lance and Williams, 1967a), and the complete-link method

(Jardine and Sibson, 1971), Similarly, the connectedness method is

also referred to as the minimum method (Johnson, 1967), nearest-neighbor

method (Lance and Williams, 1967a), and single-link method (Jardine and

Sibson, 1971). The terminological jungle is a nuisance.

l3There are some slight variants in procedure. For example, Katz (1947)

proposes to leave out any mutual choices between two individuals i and

j when correlating their positions in data given by a standard
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positive-choice sociometric prClcedure. Obviously, this modification

will make little effective difference if the group is of any size.

14It is noteworthy that the configuration (in Fig. 17) corresponding to

the lowest stress value of .126 was by no means the first obtained in

the series of 20 different initial configurations. (In fact, Fig. 17

was the thirteenth obtained solution; the twelfth solution had yielded

a stress of .321.) The value of .126 for a two-dimensional solution

with 14 stimuli is, of course, quite respectable according to Klahr's

(1969) Monte Carlo study. However, arguments have been advanced

elsewhere (Arabie, 1973) as to why the values in that Monte Carlo study

(which, along with that Illf Stenson and Knlllll [1969] gives the most

useful data currently available) are inflated, owing to unfortunate

properties of Kruekal's L-configuration.

15It is worth noting, however, that MDSCAL (as also INDSCAL) is an

expensive technique by virtually any measure, especially in the light

of the initial configuration problems discussed in the preceding

footnote. One major practical side of CONCOR(shared, Illf course, with

many other hierarchical clustering methods) is that it is cheap and

extremely easy to implement.

l6Note , however, that in introducing blockmodels one is explicitly

declllupling structural equivalence from the idea of complllunding or

clllncatenating social relationships (contrast White, 1963; Lorrain and

White, 1971; also White, 1970; Boyd, 1969). This is the major

substantive break between blockmllldels and the earlier algebraic

approaches to social network analysis represented by work of White,
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Lorrain, Boyd, and other investigators,

l7For a derivation of the relation between Euclidean distance models

(e,go, the MDSCAL solutions presented here) and hierarchical

representations such as Johnson's methods, see Holman (1972),

71




