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Table 3
Separate Maximom Likelihood Estimates of el R 62, and Derived Quantities
Type trials on which Qua.ntity Group. I Group I1 Group III
estimates based
A
8]. .60 .38 .30
_’ég .20 o 62
s, ‘
: 8 /8 0 1 48
1/95 3. T .
F-3
8, +%, .18 .93 9
‘é”l Ao .36 48
3G
2 27 .36 A5
82 A e '
61/62 1.6 1.0 1.1
A A
6, + 5, .69 T2 LR
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Table L

€. and Derived Quantities

Joint Maximum Likelihood Estimates of 6,, 6,

Quantity Group I - Group 11 | Group IIT
’él ik .39 k0
| @2 .25 | A2 .52
'@1/62 1.8 2 T
61 + ’9‘2 | .81 -
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-rather surprisingrphenomenon,

Reference to the tebles under discussion will show thét the over-all
éffectifeness of reinforcement, Gl + 62 » increased from the easy to the
hard conditions. 'One might argue that the harder a discrimination, the more
attentive the subject will be to all events surroﬁnding him; thus, reinforce-
ments are generally more effective when & is small. Although it is true that
via equations (3) and (4) one can estimate the ratio 81/92 directly from
asymptotic data, we have preferred to make much more éfficient estimdtes of

this ratio by making strong use of the Markov properties of response subsequences.

Specifically, the ratio @i/@2 , where ®

1 and '@ are maximum likelihood

2
estimstes, yields the maximum likelihood estimate of 9./6, - Consequently,
we wigh.to emphasize that the extent of agreement bhetween observed asymptotic
behavior and the asymptoﬁes predicted using the maximum likelihood estimates
of .61 and. 62 is an empirical.question refresenting one sort of test of the
ﬁodel. The predicted asymptotic conditioﬁal response.prdbabilities have heen
included in Table 5, which also.presents'for purpoées of compafison the re-
" levant relative frequencies over the last 50 and 100 trisls for each group.
‘Alﬁhough the fit is not perfect, the observed and predicted rénk Orders'
across groups are in agreement for the predictions based on the joint.maximum
likelihood: estimates.

Observed mean learning curves on which the predicted asymptotes (of the
last line of”TaBle 5) aré indicated as dashed lines are plotted in Figure 23
In ofder to determine whether a significant amount of learning occurred, the

conditional response proportions from the first and last fifty trials of each

experiment were compared by two-tailed sign tests (Siegel, 1956)}; the
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Table 5

Observed and Predicted Asymptotic Conditional Response Probabilities

CGroup I Group IT Group III
|
P(Al!sl) P(AlISE) P(Allsl) -P(Allsz) P(Allsl) (4, 18,)
Observed: Over last
.92 .31 .83 W40 .79 .19
100 trials
Observed: Over last
el .28 .8h .39 JTH .18
50 trials
Theoretical: Based on
o'z .20 .83 A48 .79 27
Sl trial estimates
Theoretical: Based on
.88 .31 .85 Ao .85 .19
82 trial estimates
Theoretical: Based on
.89 29 .84 A2 .83 23
Jjoint MLE '
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significance levels ¢ are shown next to the appropriate curves.

The sign test, which was used here because the distribution assumptions
necessary for it are almost negligible, does not produce .acceptable significgnce‘
levels. Higher level (& < .0l) tests may be obtained if we are willing to
make the rather sfrong gssumption that the individual responées of a particularl
subject are independent Bernoulll events. However, this assumpticn is too
grossly violated to allow one to place much confidence‘in results based upon
| it.

If we draw learning curves-[gquationsﬁ(3)fand (4)]‘using the maximum like-
1ihood estimates of el and 62 ,we find that the curves rise to their
asymptotés mﬁch more rapidly than do the observed curves of Figure 2 .  We
wish %o point out -that this does not represent a fundamental problem for the
present theory although it limits the usefulness of the specifié form of the
model which we have presented. The problem arises from Ouf having assumed
that only one stimulus "element" or 'pattern” (see Estes_l959) was associated
with each stimulus event, Si . By.positing é larger number of suéh.stimulus
‘patterns and retaining the supposition that exactly one is sampled on each
trial, the theoretical learning rate may be decreased at the expense of con-
giderably more tedipus computations.

We_may‘take & compromise approach, however. If we suppose there to be N |
stimulus elements associated with each stimulus.situation, then although
most formulae become considerably complicaped, the learning curves (3) and

(%) are changed only in the last term; let 'el/82 = ¢ then we may write
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+

1 -x ll- T e
) : > 2 n-1 .
Ph(All 32) Tt (1 -8 - T M1 - (1-y) = (e 1)] .

We may estimate & directly from asymptotic data and choose 82/N to -make

a .least squares £it of the theoretical %o the empirical learnihg curves.

Conclusions

In conclusion it is our opinion that .congidersble analytic advantage
has derived from application of a quantitative theory of individual behavior
in the present context. Through its use we havé been able to make highly
gpecific remarks aboul the extent of operation of certain events which are
not directly'observable but which may reasonably be posfulated.tq-exist,_
namely secondary self reinforcement of responses well established in every-
day experience. ‘Also we have been able to compare the magnituderof the
effects éf these secondary reinforcements to that of the-more,directly con-
:trolled_social support. -As far as we can see, it would be considerably more
Cdifficult to obtainrcomparable information from,gxperimentétion.not oriented

about a quantitative theory.

We wish to emphasize again that the central ideas behind the present anal-
ys8is are ones of considerable generality;Wsimilér“techniqueS“of analysis
can be applied to many social psycthOgical situations hy a falrly straight-

forward extension of the ideas presented here.
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Appendix ‘1

The model (Model I)'originally proposed for the experimental situation
studied in the body of this paper differed in its reinforcement mechanisms
from the one (Model II) actually discussed there. Bince rather extensive
work was done on it and since we consider some of its failings to be in-
structive, we present here some detailed comments on Model I.

Let usg call those trials on which.the subscriﬁts of Ei and Sj do

-not agree "conflict trials.” Rather than introducing secondary reinforcers

Ql and &, we assume that the reinforcing event E is effective with prob-

2 k
ability &, on non-conflict trials and with probability QB_<.QA on con-

A
fliet trials. While we make no explicit psychological assumptions regarding
the reasons for attenuating the learning parameter on confliect trials, the
intuitive reasons are clear. |
Markov process state identifications are exactly the same as in Model II,

and we here present those results for Model I which correspond to those indi-

cated for Model II in the body of the paper. On S, +trials the transition

1
matrix is
9 1=y ’
and on S2 trials it is §
6 | 1o |
( ) 1 ggeA ﬂé@A

(1-ﬁ2)eB 1- (l-ng)eB .
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The learning curves are

. . i

1 . . 1 ; - . n-1
(7) : Pn(AllS}_) = SB ( ) + (& - - eB ( ) {l—y[SB(l-xl),+ BAT[]_]} P
qT, + — (l-7 o+ =— (l-m
178, 1 178, 1
1l - m 1 -
2 2
(8) B (4 ls,) = 5 o + [(1-8) - A | .
== g, + {(L-x 5 %, + (Ll-x
QB 2 2 . SB 2 pa
{1 - (l-y)[eB(l—ﬂé),+ eAné]]-n‘l .

And the graphs of the ssymptotes as a function of EA/BB s which are presented
in Figure 3, should be compared with the corresponding omnes for Model iI,
Several methode of learning parameter estimation were used for this
‘model ,and each led to the same rather disquieting result: for all methods
the estimates of GA were greater than one. Before considering the reascn
for this anomaly, let .us consider the various methods of estimation from
which we obtained estimates of GA and GB .
Method 1. This method is precisely the same in primciple as the First
-method presented in the body of the paper for ;91 and 92-, It is a true

maximum likelihood .estimate on each of the two response subsequences. As

in Model II the method is for a fairly large number of counted transitions
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Pm(AlI sl); n o= LT

Fig. 3. Asymptotic behavior of P(Al] 8,) and

in Model I,

P(All 85) as a functionm of the ratio ©,/6,
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per subject . equivalent to setting the observed transition matrices equal to
the theoretical ones and solving. -A comparison of the transition matrices

A -~
for the two models shows that using this estimation procedure © =-GB .

2

Method 2. The Joint maximum likelihood estimate here,which is consider-
-ably simpler thar in Model II; may be obtained explicitly by solving a second
degree equation.

Method 3. The next procedure, which 1s rather complicated in the pre-
sent experiments, we consider especially interesting, because it seems to
yield many of the advantages of maximum likelihood estimation in situations
where true maximum likelihood estimation is unfeasible.

Consider the full sequence of responses (S, and 82 type trials in

1
the same sequence now) for a particulsr subject. It is rossgible to compute

for large n

Ny = P (AJ on rial n | A, on trisl n-1)
independently of the trial number, n .. Thus, while it is true that .the
sequence of responses for a subjeet is aichain of infinite drder, we may
as a first approximation treat it zs a stationary-MarkoV chain with
transition probabilities, %ij ; and compute under this assumption the
maximum likelihood estimate of the parameter pair (GA, QB) 3 such a pro-

cedure is an example of pseudo maximum likelihood estimation. The pseudo

1ikelihood function is




~20=

n, n n
_ _ 7 i o1 2
L(0,,05) = l’t Ny Py (4,) 2.7 (A
2

0 2)
where Pm(Ai) is taken asymptotically, n, is the number of occurrences of

regponse Ai on the first trial of the sequence over which the pseudo maximum
likelihood estimate is being taken, and nig is the cobserved number of trans-

itions from. response Ai Lo 'Aé over the -sequence in guestion.

Method 4. .One simple estimate of GA/GB wag used in order to provide
LY N
a .check op the abovg procedures. .Let Pm(All Sl) and Pw(All 82) be the
_ estimasted (over the last Tifty trials) asymptotic conditional probabilities

of response. Then the value of GA/QB vhich minimizes

| -
.(a 1) - ;;L |+ 1Bals,) - 5 2
T+ §Z~ (l—nl) 6; T, + (l-né)

is a rather natural estimate ol SA/GB ~although it uses very little. of the
information in the data..

The various estimates of "BA and 6B are given in Table 6.

The cccurrence of learning parameter estimates greater than one makes
interpretation of Model I.very tenuous. It will be instructive to consider
‘the problem in more detsil. It will be seen from {5) and (6) on whiéh our
estimation procedures sre primarily based, that @A and GB appear in no
equations which would restrict their values to the unit interval. It is only

in interpretation and in the derivation of transition matrices that we have

made use of the learning parameters' roles as probabilities.
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Table 6

Maximum Likelihood Estimates of

8,, 8,, and eA/ 8

B

Estimation Quantity Group
method I il IIT
QA on Sl trials 1.0 1.1 1.0
6, on Sl trials 20 . St 62
eA/eB on 8, trials 5.3 2.0 1.7

1 -

GA on 52 trials 2.k 2.2 1.1
6, on 8, trials f27 .36 45
GA/GB on 82 trials 8.9 6.Q 2.4
GA 1.3 1.2 1.1
5 6g 24 RIT2) 52
eA/ oy 5.2 2.9 2.2
9, 2.2 1.7 .56
3 GB 22 .16 07
eA/ o 10. 11. 8.0
L eA/ 6y 10, 6.0 2.4
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Although we may obtain bounded estimates of GA and eB by looking =t

detailed sequential properties of the data, we find that it is certain in-
adeguacies of the learning model at precisely this level of analysis which
are the cause of our excessively large learning parameter estimates.

To be more . specific let Al n represent response Al on trial n ,
3

and let El n be defined analogously. Then, it easily follows from our
) 2

‘learning assumptions that on Sl type trials

() P(Al,n+l I'E2,:r1 ? 2,n) =0
lO \ = :e v
(20) _ P(Al,n+l | El,n ’-Ae,n) A

Although it would now seem quite hatural to use (10) as the basis for a bounded
estimate of ©, , we find that it is precisely because (9) is hqt empirically
valid that out previous estimation procedures have yielded estimates of eA
greater than one. It can be easily shown that using estimation Method 1, for
example, eA is indeed restrained to the unit interval if the cbserved relative
frequency associated with the left side of (9) is near zero, which in the pre-
sent study it unfortunately is not.

In spite of its other difficuliies the present model gives a sufficient

description of important qualitative aspects of the data. First, @A is

conslistently greater than GB H secondz comparing Group I (easy, low‘symmetgg)

and Group II (hard, low symmetry),_forfwhich T and ﬂé are the same, Group I,

which involved the easier discrimination, has a greater learning parameter ratio




2P

-SA/SB » -Although the pseudo maximum likelihood estimates of the learning
parameters weakly contradict this latter statement, it is our-feeling,that
we may place more confidence in the true maximum likelihood estimates, since
theif optimality properties are well known.

We should expect under this model no change in the € wvalues as a
function of ] and ﬂé when the same stimuli are used. Unfortunately
there is such a change; indeed, we notice that when the subject makes the
less frequently reinforced response and is reinforced, this reinforcement
tends to have a greater probability of being effective than it wéuld have
otherwise had. This can be seen by comparing the @ estimates made on
Sl and 82 type subsequences; the OB -estimates in Group I, however,

are contrary to this generalization.
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Appendix 2

We congider it to be .of some general interest to present the method of

 obtaining the learning curves (3), (%), (7), and (8), since essentially the

same technique may be used to derive learning curves in an N element pattern

model - (Estes, 1959) with a probability distribution over the elements.

Let
| Bvent of precisely k scamplings
Oi,n,k = ‘of stimulus element i in first
n trials, n=1,2,... .
Let
(1) _ pra - ,
(1) 1 = P(Al,nl Slﬁn[\ °i,n-1,m
Now 2ol
3 :
] vZO P(Al,nnsi,nnai,n—l,v)
2 - P(A ) = =
(2) (A 1850 ZE
l l’}.—l v
= ‘ P(A . P e '
(3) PESi nj %;% ( l,nl Slﬁn’r‘oi,n—l,v) (Si,n[ Gi,n;l,v
, =
: n-1 .
B o _ (i1} [n-1 pv ) n-l-y ]
(%) > oy (7)) P - s

.In a general 2X2 Markov process if Xn is the probability of being

in state one on trial n and

(5) | -0 b

)Pfc

i,n-1,v

)




2l -

then

n a - a
© o xy = Ga-vile -l oy

here, n = 0,1,...

But for the transition matrices for Sl- and S, type trials respectively

2
we have
(7) 8] trials: b o= (1 - m)e,
8 = el +. 31:192 3
.80 a+ b = Bl + 92
(8) 82 trials: b = ,el + néee
a = (L - ﬂ2)62 ,
50 a+b = 61 + 62
Thus,
| (1) _ (i) (1} _ (1) v
(9) @ = o+ (et - o)l -8 -e]
v =0,1,... 5

which substituting in (&) gives
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n-=1 . . .
(10)  Bay I8, ) = 3 el s @ altha le -6 (n;l.
? ? v=0 T
(s - P(si))n‘l'v
- o) = (E;l P'(s,) [1 - P(s )P
A= |
. . n-1. )
+ @t ol Z'(nj) [(1 - 8 - 8,)2(5,)1"[1-2(s,) "™
v=0
- ai?) + (oéi)- aii))i (1-6,-0,)P(8,) + 1 - B(5,) et
(11) | - o @l ol - as (e, + 6,) 1

This becomes for Sl trials, . letting

_aél) =5
8. + 18 O, + w O
P T M9 Oy M5 - n-1
(12) P(Al,nl Sl’n) O + ’:6 T8+ %, 92] [1 - y(e; +8,)]

and for S, trials becomes, letting

2
a§2)='1-5 s

©(1-n.)e | (1-7.)8
(13) P(Al n-[ S5 n) = ——9“—_?_—92- + l}lﬁ) -5 +2622:| [1- (le?’)(el+92)]n“l
' B 1 : YL '
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