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Table 3

Separate Maximum Likelihood Estimates of 8
1

, 82 , and Derived Quantities

Type trials on which Quantity Group I Group II Group III

estimates based

~ .60 .38 ·301

1l .20 .54 .62
8

1
2

/\ A
el /e2 3.0 ·71 .48

~l +~2 .78 ·93 ·91
0

~l .42 .36 .48

...g-
.27 .36 .452

S2
/'0 '" 1.6e/82 1.0 1.1

~ .~

.69 ·928
1

+ 82 ·72
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Table 4

Joint Maximum Likelihood Estimates of 6
1

, 62 and Derived Quantities

Quantity Group I Group II Group III

-e .44 ·39 .401

'8 .25 .42 ·522

~/~2 1.8 ·92 ·77

$ B ·70 .81 ·921 + 2
,
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rather surprising phenomenon.

Reference to the tables under discussion will show that the over-all

effectiveness of reinforcement, 81 + 82 ' increased from the easy to the

hard conditions. One might argue that the harder a discrimination, the more

attentive the subject will be to all events surrounding him; thus, reinforce-

ments are generally more effective when 5 is small. Although it is true that

via equations (3) and (4) one can estimate the ratio 8
1
/82 directly from

asymptotic data, we have preferred to make much more efficient estimates of

this ratio by making strong use of the Markov properties of response subsequences.

Specifically, the ratio e
1

are maximum likelihood

estimates, yields the maximum likelihood estimate of 8 1/82 . Consequently,

we wish to emphasize that the extent of agreement between observed asymptotic

behavior and the asymptotes predicted using the maximum likelihood estimates

of B
l

and 62 is an empirical question representing one sort of test of the

model. The predicted asymptotic conditional response probabilities have been

included in Table 5, which also presents for purposes of comparison the re-

levant relative frequencies over the last 50 and 100 trials for each group,

Although the fit is not perfect, the observed and pred.ictedrimk orders

across groups are in agreement for the predictions based on the joint maximum

likelihood" estimates.

Observed mean learning curves on which the predicted asymptotes (of the

last line of Table 5) are indicated as dashed lines are plotted in Figure 2.

In order to determine whether a significant amount of learning occurred, the

conditional response proportions from the first and last fifty trials of each

experiment were compared by two-tailed sign tests (Siegel, 1956); the
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Table 5

Observed and Predicted Asymptotic Conditional Response Probabilities

Group I Group II Group III

P(A
l I81 ) P(A

l I82 ) P(Al I81 ) P(A
l I82 ) P(Al I81 ) P(Al I82 )

Observed: Over last
·92 .31 .83 .40 .79 .19

100 trials
.

Observed: Over last
.94 .28 .84 .39 .74 .18

50 trials

Theoretical: Based on
·92 .20 .83 .48 ·79 .27

8
1

trial estimates

.
Theoretical: Based on

.88 ·31 .85 .40 .85 .19
82 trial estimates

Theoretical: Based on
.89 .29 .84 .42 .83 .23

joint MLE
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significance levels a are shown next to the appropriate curves,

The sign test, which was used here because the distrfbution assumptions

nrcessary for it are almost negligible, does not produce .acceptable signific~ce

levels, Higher level (a < ,01) tests may be obtained if we are willing to

make the rather strong assumption that the individual responses of a particular

subject are independent Bernoulli events, However, this assumption is too

grossly violated to allow one to place much confidence in results based upon

it,

If we draw learning curves [e'luations(3) and (4)] using the maximum like­

lihood estimates of 81 and 82 , we find that the curves rise to their

asymptotes much more rapidly than do the observed curves of Figure 2 We

wish to point out that this does not represent a fundamental problem for the

present theory although it limits the usefulness of the specific form of the

model which we have presented, The problem arises from our having assumed

that only one stimulus "element" or "pattern" (see Estes 1959) was associated

with each stimulus event, 81 By positing a larger number of such stimulus
,
'patterns and retaining the supposition that exactly one is sampled on each

trial, the theoretical learning rate may be decreased at the expense of con­

siderably more tedious computations,

We may take a comproiIlise approach, however, If we suppose there to be N

stimulus .elements associated with each stimulus situation, then although

most formulae become considerably complicated, the learning curves (3) and

(4) are changed only in the last term; let 6i62 = e then we may write
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E +

E + (0 -

1 - Jr
2

E + 1

1 - Jr
2

+ (1 - 0 - E + 1 )[1 - (1-1')

We may estimate E directly from asymptotic data and choose e2/N tomake

a least squares fit of the theoretical to the empirical learning curves.

Conclusions

In conclusion it is our opinion that considerable analytiC advantage

has derived from application of a quantitative theorY of individual behavior

in the present context. Through its use we have been able to make highly

specific remarks about the extent of operation of certain events which are

not directly observable but which may reasonably be postulated to exist,

namely secondary self reinforcement of responses well established in every-

day experience. Also we have been able to compare the magnitude of the

effects of these secondary reinforcements to that of themore.directly con-

trolled social support. ·As far as we can see, it would be considerably more

difficult to obtain comparable infoI'lllation from experimentation not oriented

about a 'luantitative theory.

We wish to ~mphasize again that the central ideas behind the present anal-

ysis' are ones of cbnside:bible generalitY;'similar·techniques of analysis

can be applied to many social psychorogical situations by a fairly straight-

forward extension of the ideas presented here.
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Appendix 1

The model (Model I) originally proposed for the experimental situation

studied in the body of this pap~rdiffered in its reinforcement mechanisms

from the .one (Model II) actually discussed there. Since rather extensive

work was done on it and since we consider some of its failings to be in-

structive, we present here some detailed comments on Model I.

Let us call those trials on which tne subscripts of Ei
and S.

J
do

not agree "conflict trials." Rather than introducing secondary reinforcers

"1 and "2' we assume that the reinforcing event Ek is effective with prob­

ability eA on non-conflict trials and with probability €B. < BA on con-

flict trials. ·While we make no explicit psychological assumptions regarding

the reasons for attenuating the learning parameter on conflict trials, the

intuitive ~easons are clear.

Markov process state identifications are exactly the same as in Model II,

and we here present those results for Model I which correspond to those indi-

cated for Model II in the body of the paper. On Sl trials the transition

matrix is

,

and on S2 trials it is

(6)
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The learning curves are

1 - lt
2(8) P

n
(A

1
IS

2
) ~

SA
~ 112 + (1-lt

2
)

B

1 - lt
2

SA
(1-lt

2
)

6
B

lt
2

+
).

And the graphs of the asymptotes as a function of SJSB ' which are presented

in Figure 3, should be compared with the corresponding ones for Model II.

Several methods of learning parameter estimation were used for this

model ,and each led to the same rather disquieting result:. for all methods

the estimates of 9A were greater than one. Before considering the reason

for this anomaly, let us consider the various methods of estimation from

which .we obtained estimates of SA and SB •

Method 1. This method is precisely the same in principle as the first

method presented in the body of the paper for 6
1

and 92 . It is a true

maximum likelihood estimate on each of the two response subsequences. As

in Model II the method is for a fairly large number of counted transitions
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1.0

Poo(All Sl): rtl = ,7

/

.2
P)All S~): rt = .6

c. 2

.l /
a

lO l2

Fig. 3. Asymptotic behavior of P(All Sl) and

P(All S2) as afnnction of the ratio 8i8B in Model 1.
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per subject equivalent to setting the observed transition matrices equal to

the theoretical ones and solving. A comparison of the transition matrices

A "for the two models shows that using this estimation procedure e2 ~eB .

Method 2. The joint maximum likelihood estimate here,which is consider-

ably simpler than in Model II, may be obtained explicitly by solving. a second

degree equation.

Method 3. The next procedure, which is rather complicated in the pre-

sent experiments, we consider especially interesting, because it seems to

yield many of the advantages of maximum likelihood estimation in situations

where true maximum likelihood estimation is unfeasible.

Consider the full sequence of responses (81 and 82 type trials in

the same sequence now) for a particular subject. It is possible to compute

for large n

~ Poo (A,
J

on trial n I Ai on trial n-l)

independently of the trial number, n. ThUS, while it is true that the

sequence of responses for a subject is a chain of infinite order, we may

as a first approximation treat it as a stationary Markov chain with

transition probabilities, ~ij' and compute under this assumption the

maximum likelihood estimate of the parameter pair (eA, eB) ; such a pro-

cedure is an example of pseudo maximum 'likelihood estimation. The pseudo

likelihood function is
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TT
i,j

where P (A.)
'" l

is taken asymptotically, n.
l

is the number of occurrences of

response Ai on the first trial of the sequence over which the pseudo maximum

likelihood estimate is being taken, and nij is the observed number of trans-

itions from response to A.
J

over 'the sequence in question.

Method 4. One simple estimate of eA/eB was used in order to provide

a check on the above procedures. Let P)All 81) and P",(All 82 ) be the

estimated (over the last fifty trials) asymptotic conditional probabilities

of response. Then the value of eA/BB which minimizes

A 1 - :n:
2

+ /p)All 8
2

) - eA

~,
:n:
2

+ (1-:n:
2

)

is a rather natural estimate of 8A/ e
B although it uses very little of the

information in the data.

The various estimates of eA and eB are given in Table 6.

The occurrence of learning parameter estimates greater than one makes

interpretation of Model I very tenuous. It will be instructive to consider

the ,problem in more detail. It will be seen from (5) and (6) on which our

estimation procedures are primarily based, that eA and eB appear in no

equations which would restrict their values to the unit interval. It is only

in interpretation and in the derivation of transition matrices that we have

made use of the learning parameters' roles as probabilities.
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Table 6

Maximum Likelihood Estimates of 8A, 9B, and 8
A
I 8B

Estimation Q,uantity Group

method I II III

8A on 81 trials LO 1.1 LO

8B on 8
1

trials .20 .54 .62

e/8B on 8
1

trials 5.3 2.0 1.7

1
eA on 8

2
trials 2.4 2.2 1.1

8B on 8
2 trials .27 .36 .45

8/eB on 82 trials 8·9 6.0 2.4
..

8A 1.3 1.2 1.1

2 eB .24 .42 ·52

8/ 8B 5·2 2·9 2.2

eA 2.2 L7 .56

3 eB .22 .16 .07

8/ eB 10. lL 8.0

4 8/ eB 10. 6.0 2.4
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Although we may obtain bounded estimates of eA and eB

detailed sequential properties of the data, we find that it is certain i~-

adequacies of the learning model at precisely this level of analysis which

are the cause of our excesslv!"ly large learning parameter estimates.

To be more specific let Al,n
represent response Al

on trial n ,

and let E be defined analogously. Then, it easily follows from our
l,n

learning assumptions that on 8
1

type trials

P(A I E
l,n+l 2,n

(10)

Although it would now seem quite natural to use (10) as the basis for a bounded

estimate of eA , .we find that it is precisely because (9) is not empirically

valid that out previous estimation procedures have yielded estimates of 8A

greater than one. It can be easily shown that using estimation Method 1, for

example, eA is indeed restrained to the unit interval if the observed relative

frequency associated with the left side of (9) is near zero, which in the pre-

sent study it unfortunately is not.

In spite of its other difficulties the present. model gives a sufficient

description of important qualitative aspects of the data. First, 8A is

consistently greater than eB ; second; comparing Group I (easy, low symmetry)

and Group II (hard, low symmetry) ,for which Rl and R2 are the ~, Group I,

which involved the easier discrimination, has ~ greater learning parameter ratio
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6J6B . Although the pseudo maximum likelihood estimates of the learning

parameters weakly contradict this latter statement, it is our feeling that

we may place more confidence in the true maximum likelihood estimates, since

their optimality properties are well knowno

We should expect under this model no change in the e values as a

function of Ttl and Tt2 when the same stimuli are used. Unfortunately

there is such a change; indeed, we notice that when the subject makes the

less frequently reinforced response and is reinforced, this reinforcement

tends to have a greater probability of being effective than it would have

otherwise had. This can be seen by comparing the e estimates made on

81 and 82 type subsequences; the BB estimates in Group I, however,

are contrary to this generalization.
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Appendix 2

We consider it to be of some general interest to present the method of

obtaining the learning curves (3 ), (4), (7), and (8), since essentially the

same techni~ue may be used to derive learning curves in an N element pattern

model (Estes, 1959) with a probability distribution over the elements.

Let

Event of precisely k samplings

of stimulus element i in first

Let

n trials, n = 1,2, ...

(1) = P(A I S. (\0". )I,n ~,n l,n-ljill

Now,

(2 ) P(A
l

Is. ) =,n l,n

n-l
L P(Al , n s. nO". 1 )v=o . ."n l,n l,n-,V

P(s. )
1. ,n

(3) =
1

P(S. )
1. ,n

n-l

L
v=o

P(A I s. nO". ) pV(s. '[0-:, )p(O".. )
I,n l,n l,n-l,v l,n 1,n-i,V 1,n-l,V

(4) n-l a(i)
= L V+l

V=O

In a general 2><2 Markov process if x
n

is the probability of being

in state one on trial n and

(5)
P

,



then

(6) x = (1 _ a -15 )n[x _ a + .2:-
n 0 a+b a+b

here, n = 0,1, •••

;

But for the.transition matrices for 8
1

and 8
2

type trials respectively

we have

(7) 8
1

trials:

so

(8) 8
2

trials:

so

15 = (1 - "1 )82

a = 8
1

+ "182 ,

a + ]j = "1 + 82

15 = 81 + "282

a = (1 - "2 )82

a+b = 8
1

+ 82

,

Thus,

v = 0,1, ...

which substituting in (4) gives

,
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(10 ) P(A
l

Is. )
,n J. ,n

n-l

=1=
v=O

(11)

= a:~i) r= (B-tl pV(Si) [1 - p(Si)]n-l-V
V=O

+ (c/ i )_ a:(~)) ~.(n-l) [(1 -e _ e )p(S. )]V[l_P(S. )In-l-V
o co ~ v 1 2 l l

This becomes for Sl trials, letting

,

(12 )

and for S2 trials becomes, letting

1 - 5 ,
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