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represented simply as a sequence (~, ~l' ~2' ~2'···' ~n' ~n'···) o:f

the response andrein:forcement random variables de:fined by (1.2.1) and

(1.2 .2). Any sequence o:f values o:f these random variables represents

a possible experimental outcome. (For analysis o:f an experiment in

which more than two responses or rein:forcements are possible, (1.2.1)

and (1.2.2) need to be modi:fied so that the value o:f the random

variable A is·a number j representing the response on trial n,-n

and the value o:f E is a number k representing the rein:forcing
-n

event on trial n However, this modi:fication is not necessary :for

purposes o:f this section.)

The linear theory is :formulated :for the probability o:f a response

on trial n + 1 , given the entire preceding sequence o:f responses and

rein:forcements. V For this preceding sequence we use the notation xn

Thus, x is a sequence o:f length 2n with a's
n

and l's in the

odd positions indicating responses A
l

and A
2

and l's and 2's in

the even positions indicating rein:forcing events E
l

and E2 The

axioms o:f the linear theory are as :follows:

Axiom Ll. I:f E = 1 and p(x) > a then
-n n

Axiom L2. I:f E = 2 and p(x) > a then
-n n

P(A = 11 x) = (l-eJ)P(A = llx 1)n+l n n . n-

V In the language o:f stochastic processes, this means we have replaced

the Markov chains o:fearlier sections by chains o:f in:finite order.
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Here, as usual, 8 is to be thought of as the learning parameter.

For the non-contingent .case of §1.3 we can derive from Lland

L2 the same asymptotiC mean result as for the Markov model, namely,

lim peA = 1) = n-n
n40Q

On the other hand, the expression for the variance of the Cesaro sum

~ given by (1.3.29) is different for the linear model. We shall

not derive it here, but in Estes and Suppes [12] it is shown to be:

var(_-A) = n (1 - n) (N g (4 _ 38) _ 2 (1 _ 8)[1 _ (1 _ 8)N])
=-~ (2-e)8

The following interesting result obtains.

Theorem. In the non-contingent case, for every N::: 2 and for

every e in the open interval (0,1), the variance of ~ at

asymptote is less in the linear model than in the one-element Markov

model.

Proof: We seek the conditions on Nand e under which the

following ine'luality holds (n(l - n)/e has been cancelled from both

N e (4 - 38)
2 - e

N
2(1-e)[l-(1-e)] <N(2-e)

2~e

2(1- e)[l - (1- e)N]
e

This simplifies to:

(1) l-(l-el<Ne
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Now

(2) 1- (l_e)N = ell + (l-e) + (1_8)2 + •.•+ (1_e)N-1 J ,

whence from (1) and (2), cancelling 8, which by hypothesis is not 0,

we have:

1 + (l-e) + (1_e)2 + .•.+ (1_8)N-l < N ,

and clearly this strict inequality holds under the conditions of the

hypothesis of the theorem. Q.E.D.

To extend the linear model to two-person situations, we assume that

both subjects satisfy Axioms Ll and L2. For the study of higher moments,

which will not be considered here (see Lamperti and Suppes [18]), we

also need the assumption that, given the sequence of past responses and

reinforcements, the probabilities of responses of the two players on

trial n are statistically independent. It is shown in Estes and

Suppes [12J that the following recursive equations hold for the two­

person zero-sum situation defined in § 1.4 (we use here the notation

of (1.2.9»:

an+l = [1- 6A(2- a2 - a4)Jan + 6A(a4 - a3)~n + 6A(1- a4)

+ eA(al +a
3

-a2 -a4)Yn

~n+l = [1-eB(a3+a4)J~n + 8B(a2 -a4)an + eBa4

+ 6B(a
3

+a4 -al -a2 )Yn
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It is further shown in Lamperti and Suppes [18] that the limits

a, ~ and 7 exist, whence we obtain from (1.5.3) two linear

relations, which are independent of eA and 6B :

(1.5. 4)
(2 - a2 - a4)a = (a4 - a

3
)~ + (al + a

3
- a2 - a4 h + (1 - a4)

(a
3

+ a4)~ = (a2 -a4)a + (a3 +a4 -al - a2 h + a4 .

By eliminating 7 from these two e~uations we obtain the linear

relation (1.4.20) in a and ~ . Unfortunately, this linear

relationship represents one of the few ~uantitative results which

can be directly computed when this model is applied to multiperson

situations.. Our relative neglect of.the linear model in the se~uel

is due mainly to its mathematical intractability in comparison with

the Markov models already discussed ([5]).

§ 1.6 Comparisons with Game Theory. As remarked in the first

section, it is possible to view game theory as a descriptive,

empirical theory of behavior, but in fact, this does not seem to be

a very promising approach. Our a posteriori reason is that for our

own experiments it did not make good predictions. It seems to us

that there are several general reasons why one should not be surprised

by the poor predictive success of game theory. In the classical sense

of psychological theories, game theory is not a behavior theory. It

does not provide an analysis of how the organism interacts with its

environment, that is, of the way in which the organism receives cues



or stimuli from its environment and then adjusts its behavior

accordingly. Another way of stating the matter is that game theory

does not provide, even in schematic form, a formulation of the

elementary process which would lead an organism to select the

appropriate game-theoretic choice of a strategy.

From a general methodological standpoint, the orientation of

game theory is that of classical economics: the concern is with what

should be the behavior of a rational man. This concern with the

rational man is the basis of another strong bond between classical

economics and game theory; namely, both are very much theories of

equilibrium. The derivation of an equilibrium condition does not,

in these disciplines, depend on any assumptions about the particular

dynamic process by which the equilibrium point is reached. This

static character no doubt accounts for the uneasiness with which

many psychologists view the concept of utility. The economist and

game theorist take the utility function of the individual consumer

or player as given, whereas a psychologist immediately tends to

inquire where the utility function came from and to seek the environ­

mental factors controlling the process of acquisition of a particular

set of values or utilities. (We do not imply by this last sentence

that psychologists are yet able to propound a theory which will

account in any detail for the actual preferences, tastes and values of

organisms.)
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Granted that gaJIle theory is an eg.uilibrium theory, i tmay still

be argued that it has predictive pertinence to our experiments. For

it can be maintained that when individuals have reached what, from

the learning standpoint, is described as an asymptotic level of

behavior, then they will be in e'luilibrium with their environment

(including the other players in a gaJIle situation) and the optimality

concepts of gaJIle theory may well apply to their patterns of choice.

For eXaJIlple, even when subjects are not shown the pay-off matrix,

after a large number of trials they may have learned enough about the

prospects of winning and losing to approximate an optimal gaJIle strategy.

For ready reference in reporting our experimental findings with

regard to gaJIle theory, we define here the three concepts of optimality

which later will be used for comparison with learning theory predictions.~

In the first place, when it is applicable, the appealing sure-

thing principle may be used to select an optimal strategy. A strategy

satisfies the sure-thing principle if, no matter what your opponent

does, you are at least as well off, and possibly better off, with this

strategy in comparison to any other available to you. For eXaJIlple,

consider the following 2~ 2 matrix of a two-person, zero-sum game.

~ For a detailed presentation of gaJIle theory, see McKinsey [20],

Luce and Raiffa [19], or Blackwell and Girshick [6].
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5

2

7

-1

On each play of the game player A chooses row A
l

or A2 and

player B chooses column Bl or

then A receives ¢5.00 and B

are chosen, A loses ¢l.OO and

B2 • If Al and Bl are chosen

loses this amount. If ~ and B2

B receives this amount, and

similarly for the other two combinations of strategies. It is

obvious that the choice of Al by player A is the selection of a

strategy satisfying the sure~thing principle, for no matter what B

does, A is better off with Al than ~ However, the weakness

of the sure-thing principle is exemplified by B's situation. Neither

Bl nor B2 satisfies the sure-thing principle, and so, in his

choice of a strategy, B is not in a position to apply this principle

of optimality.

Intuitively, it seems clear what B should do, namely, always

select B , since he will only lose ¢5.00 rather than ¢7.00 when A

chooses A
l The optimality principle which covers the selection of

Bl is von Neumann's famous minimax principle [26].

B should minimize his maximum loss. If he chooses

loss is ¢7.00, and if he chooses B , it is ¢5.00.

minimize this loss and choose B
l

The idea is that

B2 his maximum

So he should
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When the sure-thing principle applies, it agrees with the

minimax principle. Thus, if A minimizes his maximum loss he will

pick .Al . This is most easily seen by maximizing his minimum gain,

which amounts to the same thing. If A picks A
l

his minimum gain

is ¢5.00 and if he picks ~ his minimum "gain" is the loss of ¢l.OO.

Thus to maximize his minimum gain he should pick Al .

Let (a .. J, with i = 1, ... , nand j = 1, ... , m, be t.he
lJ

payoff matrix of an n")( m zero-sum game. If

max min
i j

:::: min max
j i

a .. :::: v,
lJ

we call v the value of the game and any strategies i* and j*

such that

and

min
j

max
i

= max min
i j

:::: min max
j i

are pure minimax strategies, i * for A and j* for B . A pure

strategy is one which selects a given row or column with probability

one.

Unfortunately, pure minimax strategies do not always exist. For

instance, there are none for the following payoff matrix:
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(1.6.1)

because

but

-1

o

max min
i j

min max
j i

3

-2

a .. = -1
lJ

a .. = 0
lJ

The implication of this situation is that in repeated plays of this

game a fixed choice of Al or A2 ' by A, or a fixed choice of Bl

or B2 ' by B , will not be optimal against an intelligent opponent.

The insufficiency of pure strategies may be remedied by intro-

ducing probability mixtures of pure strategies. For instance, player A

might choose Al with probability 1/3 and ~ with probability 2/3

A probability mixture is called a mixed strategy. Such a strategy for

A may be designated S = (Sl'S2) , where Si is the probability of

choosing Ai ' for i = 1,2 .2/ Similarly, mixed strategies for B

The fundamental theorem of von Neumann

2/ If n strategies are available to A, then S = (Sl"'" Sn) is

an n-dimensional vector such ~hat S. > 0 for i = 1, ... , nand
1 -



is that mixed minimax strategies exist for any zero-sum, two-person

game with a finite number of strategies available to each player. In

other words, there are probability mixtures ~* and 1)* such that

(1.6.2) max L a .. ~. I)~ =
• .' . 1.J 1. Js 1.,J

min
T}

La..
. . 1.J
1.,J

v ,

and v is called the value of the game.~ What (1.6.2) shows is that

player A may assure himself of winning at least v by playing ~* and

player B may assure himself of losing at most v by playing T}*.

It is not appropriate to discuss here general methods of finding

the value of a game and its min-imax strategies, but we can illustrate

the simple technique for 2 X2 games with payor:(' matrix (a
ij

) . For

simplicity, let and Then it may be shown that it is

sufficient to consider x and y separately against the use of pure

strategies by the other player. Thus we seek numbers x, y and v

such that

xall + (1 - x)a21 >v

xa12 + (1 - x)a22 >v

(1.6.3) ya
11 + (1- y)a12

<v

ya21 + (1- y)a22
<v

a ::: x,y ::: 1

•
~ Note that ~ aij ~i T}j is just the expectation of A's gain

with respect ''60 the two independent probability mixtures ~ and I) •
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In any numerical case solution of these ine~ualities is a simple matter.

For (1.6.1), we obtain: x = 1/3 , y = 5/6 , v = -1/3. (In example

(1.6.1), x and y are uni~ue. This is not always the case; as a

trivial instance, if a .. =0 for i and j ,any S and any ~
lJ

is a mixed. minimax strategy.)

The development of an adequate theoryof' optimal strategies for

non-zero-sum, two-person games is a complicated matter which as yet

does not have a satisfactory solution. (Recall that a two-person

game is non-zero-sum when what one player receives at the end of a

play is not the negative of what the other player receives.) A

natural division of non-zero-sum games is into cooperative and ~-

cooperative games. In a cOoPerative game the players are permitted

to communicate and bargain before selecting a strategy; in a non-

cooperative game no such communication and bargaining is permitted.

Subsequent chapters devoted to non-zero-sum games are entirely

concerned with those of the non-cooperative type. Probably the best

concept of optimality yet proposed for such games is Nash's notion of

an equilibrium point ([21], [22]). An equilibrium point is a set of

strategies, one for each player, with the property that these strategies

provide a way of playing the game such that if all the players but one

follow their given strategies, the remaining player cannot do better by

following any strategy other than one belonging to the equilibrium point.

It was ShOwn by Nash that every non-zero-sum, n~person game, in which

each player has a finite number of strategies, has an equilibrium point

among its mixed strategies. Consideration of techniques for finding the

equilibrium point will be delayed until Chapter 4.
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