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If, for example,

S = 'm{a) > m(b)’

2
i

(2 + 1),

then

S(a) {e+1)m(a) > (2+1)-m(b)?

Definition 2. A formula S of LM is empirically meaningful in

sense A if and only if each atpmic formula occurring in S is itself

empirically meeningful in the sense of Definition 1.

It is clear on the basis of Definiticns 1 and 2 that sentence (5) is not
émpirically meaningful in sense A .

On the other hand, there is a certalin logical diffiéulty, within ordinary
two-valued logic, besetting the set of true formulas which are meaningful in

*
sense A. ‘Following Tarski, —/ a set of formulas is a deductive system if

and only if the set is closed under the relation of logical cdnsequence, that
is, a formula which is a logical conseguence of any subset of formulas in the
given set must also be in the set. Clearly it is most desirable to have the
.set of meaningful true formulas ébout any phenomena be a deductlive system, but

we have for the present case the following negative result.

n .
¥/  Uber einige fundsmentale Begriffe der Metamathematik,” Comp. Rend.
des. 8. de la Soc. des Sci. et des Let. de Varsovie, vol. 23(1930),

el.iii, pp. 22-29. Reprinted in A. Tarski, Logic,.Semantics,
Metamathematica, Oxford, 1956.
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Theorem 1. The set of formulas of LM which are meaningful in

" sense A and whose closures are Ltrue is not a deductive system.

Proof: The true sentence:
(Ve)(x>2 x> 1)

is meaningful in sense -A , but the following logical consequence of it is not:
m(ol) >72'->m(ol) >1,

for the two atomic sentences i'rn(o}_) > 2" and 'm(ol) > 1" are both meaning-

less in the sense of Definition 1.

To be sure, there are some grounds for maintaining that formulas

which are empirically meaningless may play an essential deductive role in

-empirical science, but prima facie it is certainly desirable to eliminate

them if possible.

A second objection to Definition 1 is that by considering numerical
terms @ zrather than similarity transformations, we have in effect restricted
ourselves to a denumerable number of similarity transformations, because the
number of such terms in LM is denumerable. The intuitive idea of invariance

with respect to all similarity transformations may be caught by a definition

of meaningfulness which uses the concept‘of two models of LM being related

by & similarity transformation. (The operation o referred %o in the

definition is that of functional composition.)
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Definition 3. Let /7 | =< J,Al,ml > ad W L=< J,Ae,mz > e

two models of I . Then ib? . and 5??2 are related by a similarity

transformetion if, and only if,

(1) Al= A2 2

(i1) there is s similarity transformation ¢ such that

pom =m,

Using these notions, we may replace Definitions 1 and 2 by the folleowing:

Definition 4. A formula S of LM is empirically meaningful in sense B

and only when it is satisfied in every model of LM related. to ?7( by a

similarity transformation.

Unfortunately, we have for meaningfulness in sense B a result analogous

to Theorem 1.

Theorem 2. Let ??( be a model of LM . Then the set of all formulas

which are meaningful in sense B and whose closures are satisfied in f%f_ is

not a deductive system.

Proof: Consider the two sentences:

(1) (va)(¥)(a = b = (u(a) = 2.5 u(d) = 2))

(2) (va)(vo)(a

p)
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Tt is easy to verify that (1) and (2) are satisfied in any model whose set A

has exactly one element, and are meaningful in sense B , yet they have as a

logical consequence the sentence:
(3) (Va}(Vo)(m(a) = 2 »m(p) = 2)

which is not meaningful in sense B . That this is so may be seen by consider-

ing a model with at least two objects with different masses. Let A={ 019, },
and let i%f =< {8,A,ml,> be such that ml(ol) = 2 and m2(02) =3, and

tet N =<,<8,A,m2_> be related to

o by the similarity transformation

1.
p(x) = 2x . Thus mg(ol) =L and m2(02) =6 . It is then easily checked

- that (3) is satisfied in % 5 but not in 7% 1

The negative result of these two theorems indicate the difficulties of
eliminating the appearance of empirically meaningless statements in valid,
arguments with meaningful premises. We return to this point.in the nexﬁ
section in connection with consideration of a three-valued logic.

On the other hand, we do heve the positive result for both senszes of
meaningfulness that the set of meaningful formulas is a Boolean algebra, more
exactly, the set of such formulas under the appropriate equivelence relation
is such an algebra. Here we carry out the construction only for sense B .
-We consider the theory of Boclean algebras as based on six primitive nofions:
the non-empty set B of elements; the operation + of addition which
corresponds to the sentential connective 'or'; the operation - .of multipli-

cation which corresponds to the connective 'and' ; the operation x of

complementation which corresponds to negatlion; the zero element C , which
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corresponds to the set of logically invaiid formulas; and the unit element 1 ,
which corresponds tb thg set of loglcally valid formulas. We omit stating
familiar postulates on these notions which a Boolean algebra must satisfy.
Let E be the get of formulas which are empirically meaningful in
semse B . We define the eqﬁivalence class of a formula 8 in E as follows:

[s] is the set of all formulas S' in E which are satisfied in exactly

the same models ?7{ of L, as S 1is. ILet E be the set of all such

eguivalence classes; obvicusly EL ig a partitition of E . The zerc element
&L is the Sef.of formulas in B which are satisfied in no model of LM ; the
unit element "£ is the set of formulas in ' E which are satisfied in all
models of L . If s‘ and T are in E , then [S]+ [T] is the set of all
formulas in E which are satisfied in the models of LM in which either S

or T is satisfied. If 8 and T are in E , then [8] -.[T] is the set of

all formulas in E which are satisfied in those models in which both S8 and

—-——
Pariy

T are satisfied. Finally if 8 is in E , then [8] is the set of formulas
which are satisfied in a model if and oniy if S is not satisfied in the model.
On the basis of these definitions, it is straightforward but tedious to prove

the following.

Theorem 3. %ew%m.{%b#ﬁ%£>iﬁimuwnﬂgwm

The proof is omitted.

I interpret this theorem as showing that the set of meaningful formulas
in sense B of LM has a logical structure ident,ical with that of ¢lassical

logic. In .connection with cther systems of measurement for which the set of
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transformations referred to in the analogue of Definition 3 is not a group,
this c¢lassical Boolean structufe does not necessarily result.

Exponentiation was introduced into LM deliberately, in corder to
illustrate the sensitivity of the decidability of meaningfulnesé %o the
strength of LM . The problem of decidability for the arithmetical language
of Tarski's monograph mentioned earlier is open when his language is augmented
by notation for exponentiation to a fixed base. It seems unlikely that the
decidability of meaningfulnegs in LM can be solved without soiving this more
general problem. If LM is weakened by deleting exponentiation to the base 2,
then it easily follows from Tarski's well-known result that meaningfulness is
decidable. On the other hand, if LM is strengthenéd to include sufficient
-elementary number theory tc yield undecidability of whether, for instance, a
given term designates zero, then meaningfuiness is not decidable, for the

meaningfulness of formulas of the form m{a) = t would not be decidable.

b, A Three-Valued Logic for LM

Since sentences like '(Va){m{a) = 2)}' of L cannot be determined as
true or false on the basis either of logical argument of or empirical observa-
tion, it is natural to ask what are the consequences of assigning them the
- truth-value meaningless, which we designate by 'W' , and reserving the values
truth and falsity for meaningful sentences, which we designate by 'T' and
'F' respectively. The first thing‘to be noticed is that meaningfulness in
sense B does not lead to & truth-functional logic in these three values.
This ma& be seen by considering two examples._ The component sentences of the

sentence:
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(3a)(m{a) = 1)v - (3a)(m(a) = 1)

have the value # but the whole sentence is meaningful in sense B -and has

- the value T . On the other hand, the component sentences of:
(3a)(m(a) = 1)v (I)(n(p) = 2)

have the value U and so does the whole sentence. Thus these two examples
taken together show that disjunction is not truth-functional for a three-value
logic of meaningfulness in sense B

The state of affairs for meaningfuliness in sense A 1s much better:
it does lead to a truth-functional logic in the three values T, ¥ and p .
The appropriate truth-tables are easily found by using the simple.observation
that a formuls has the value u if any well-formed part of it has that value.

Thus as the. tables for negation and conjuncition we have:

S -5 & T F i
T F T T F i
F T F F F v
M t] M U H u

Tables for the sentential connectives of disjunction, implication snd equiva-
lence follow at once from the standérd definitions of these ccnnectives in
terms of negation and conjunction. On the other hand it is obvious that this

three-valued logic is not functiocnally complete with respect 1o negation and

conjunction. For example, we cannot define in terms of these two connectives

a unary connective which assigne the value p to formulas having the value T
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Besetting meaningfulness in sense A is the negetive result of Theorem 1.
‘This difficulty we shall meet head on by proposing a revision of the definition
of the gemantical notion of logical consequence. However, before turning to
this definition, it will be advantageous to give a model-theoretic definition

of meaningfulness which combines the virtues of sense A and sense B

Definition 6. ‘A formula S of L, is empirically meaningful in

sense C 1if, and only if, every atomic formula occurring in S 1is meaningful

in sense B .

It 1s easily verified that the truth-tables just given are satisfied when the
-value u signifies meaninglessness in sense C . Moreover, the exact analogue
of the Boolean structure theorem for-sense B (Theofem 3) can be proved for
‘sense C

To méet the difficulty of having formulas which are meaningless in
gense C be logical consequences of formulas which are meaningful in

sense C , a revision of the standard definition of logical consequence is

proposed. For this purpose we. need to widen the notion of a model Lo that of

a possible realizsation of LM . -A model of LM requires that the srithmetical
symbols be interpreted in terms of the usual system of real numbers, but no
such restriction is imposed on a possible realizationa For example, any
dqmain of indivi&uals and any two binary cperations on this domain provide

a possible realization of the operation symbols of addition and multiplication.
Details of the exaét definition of a possibie realization are familiar from

the literature and will not be given here. This notion is used to definefthat
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of logical conseguence; nsmely, a formula S of LM is a logical consequence
of a set A of formulag of -LM 1f S 1is satisfied in every possible

realization in which all formulas in A are satisfied. We may then define:

Definition 7. Let ‘5 be a formula and A a set of formulag of 'LM

Then S is a meaningful logical consequence of ‘A if, and only if, 8 is

& logical consequence of A and S 1s meaningful in sense C whenever every

formula in A is meaningful in sense C .

The central problemrin connection with this definition is to givé rules
of inference for which it may be establiched that if A is a set of formulas
meaningful in sense VC then § 1s a meaningful logical consequence of A
if arnd only if S 1is derivable from 4 by une of the rules of inference. f/
‘For this purpose we may consider any one of several systems of natural
deduction. The eight essential rules are: yule for introducing premises,
rute for tautological implications, rule of cnnditinnal proof (the deduction
theorem), rule of universal specification {or instantiation), rule of uni-

versal generalization, rule of existential specification, rule of existential

f/ Although two kinds of varisbles are used in 'LM , we may easily modify
LM to become a theory with standard formalization in first-order
bpredicate logic and thus consider only modification of standard rules

of inference for flrst-order predicate logic.
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*
generalizetion, and rule governing identities“'—/ To these eight rules we

add the general restriction that every line df a derivation must be a formula
.meaningful in sense C . This means, for instance, that in éeriving a
formula by universal specification from another formula, we must check that
the result of the specification is meaningful. This restriction,$ntails

that the modified rules of inference are finitary in character oniy it there
is a decision procedure for meaningfulness in sense C . Remarks on this
problem were made at the end of the previous section. -Bepause we have
medified the rules of inference only by restricting them to meaningful
formulas, it follows easily from results in the literature on the soundness

of standsrd rules of inference that:

Theorem 4. .Let A be a set of formulas meaningful in sense C . If a

formula 8 1is derivable from A Dby use of the rules of inference subject to

the genersl restriction just stated, then 8 1is a meaningful logical

consequence of A .

Of considerable more difficulty is the converse question of completeness,
nemely, does being a mesningful logical consequence of a set of meaningful

formulas imply derivability by the restricted rules? The following

f/ By wvarious devices this list can be reduced, but that is not important for
our present purposes. BExposition of systems of natural deduction whieh
essentially use these eight rules is to be found in: I..Cbpi, Symbolic
Logic, New York, 1954; W.V. Quine, Methods of Logic, New York, 1950; or

my own book, Introduction to Logic, New York, 1957.
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considerations suggest that the answer may be affirmative to this question.
Let L; be a second language which differs from LM in the following single
respect: the one~place function symbol 'm' is replaced by the two-place
function symbol 'r' , where both argument places are filled by individual
variables or constants. The intuitive interpretation of the formula

'r(a,b) = x' is that the numerical ratic of the mass of a o the nass

of b is the real nmumber x , that is,

r{a,b) = m(a)/m(b)

Clearly every formuls in _L; is meaningful with respect to our intuitive
eriteria of invariance. (The practical objection teo L; is that such a
ratio language is tedious to work with .and does not conform to ordinary
practice in theoretical physics.) No restrictions on the ruies of inference
are required for_-L; , and consequently the usual completeness result holds.
The suggestion ig to uge translatability of meaningful formulas.of LM into
L; to prove completeness of inferences from meaningful formulas of LM .
The possible pitfall of this line of reasoning is that translatability
reguires certain arithmetical operations which are preserved in every model
but not.necessarily-in.every possiblé realization of HM . |

Certain aspects of this construction of s three-valued logic for -LM
seem worthy of remark. In the first place, the construction has assumed
throughout use of a two-valued logic in the informsl metalanguage of .LM .
In particulér, ordinary two-valued logic is used in deciding if a given

gentence of -LM is satisfied in a given model of LM . On the other hand,
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the relation betwesen sets of empirical data on mass measurements and models

of 'LM is one-many. The empirical content of the data is expressed not by
a particular model but by an appropriate equivalence class of models.
Conseguently, sentences of LM which are not iﬁvariant in truth-value

(in the two-valued sense) over these eqpivalence'classes do not have any
clear empirical meaning even though they have a perfectly definite meaning
relative to any one model. Thus it seems to me that to call a formmula like
'‘m(a) = 5' empirically meaninglesé is no abuse of ordinary ideas of

" meaningfulness and in this particular situation accords well with our
physical intuitions. And if this is granted, the important conclusion to

be drawn is that for the language ,LM the three-valued logic constructed is

intuitively more natural than the ordinary two-valued one.
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