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ROZE OF COMPUTING ALL CPTIMAL SOLUTIORS OF A
DAL LINEAR PROGRAMMING PROBLEM

Pasrick Suppes

In certalin sppliceticns of lipear programsing it may be desired to find the
seb of all optimal solutions to the dusl gz\mm@m.y The insbtrustlicns given in
Charnes, Cooper end Henderson [1] are ot best vague. Using the nobtation of {1}
the purpose of this ﬁ()’%} ig o stabe an explielt slgorithm. We begin with two

gluple leommas .
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= My own interest stems from applying lizeer programmipg methods to mmmmf:
of peyehclogiesl scualing. This renesy @;u wag supporbed w the OfTies of Havel
Research wnder Contract BR L7L-0 j’%e( Oroup Payehology Branch.
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put this followe from ouyr industive hypotheslis.
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Proof: Trivial for initial tabhlesu.
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Hence By virtug of our inductive hypothesis, after meking the obvicus cancellation

of berms, we need oxly So show that




We next explicitly Jdefine distinet optimal

e 2

in terms of the sinw) ablenus.

solubions of the dusl problem

o Lax b
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Dgfinition. Let T end T e two opbtimel tsblesus. Then T snd T
yleld distiact cpbimui solubloms of the L problem 1f, end only {F, theve is
& § with n < J < nwm such that
* 1
zj ¢ zJ .
We now state the btheoren which provides an alsoriths for finding such
gistinet solublons oy deciding thers eve pong. I say that bableau Eﬁg iz
impedliately derived from btablesn T vhen %’?e ig computed dipgectly from

T according to the procedure given in [1].
Theorem. Lot T be san optimal tablssu. In order thet thexe exisi aun
optisnl tebless T  immedi stely deriveble from T and yleiding & distinet
zal solublon o the dual problem 1% is necessury and sufficlent thal there

is s row v and s ovlume kK In T such that
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Proof: {Neceasityl. It i convenlent
B there i 2 3 such thad

s conditions in reverse
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By hypothesis on T, z,_~¢ > 0. If z
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Ig Krk = O then T is not well-defined, since thse computation for T

will imvolve division by zero.
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but thenr T esnd T ceonot both be opbimel, for 2z iz the optimsl value of

o
the linear fupeltiomal.
{sufficiency]. Suppose the copditions (1)-{4) ave satisfied and there is

o 3 with 1 <1 <m such that

Row from our hygpothesis we kuow there is & k  suaeh thab
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and slvays

Un our suppositicas k i not the rusber of a slack vector, that is,
1<k <n. EBepce by virtue of Lemms 2 we &n 10w vhat

Lo Py By P g«m Zpet gy
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but this inequality cuxn only hold if for some 1 with l < i <m

rn o

viich ie contrary 4o our suppoglition. This completezs the prool of the theorvewn.
Given the theorem, all optimal solubions to the dusl problen mey be found

by the Tarry method cutlined on pp. 69-70 of {1}, It is perhaps useful to note

bhet vhen z}ﬁ - QI:&‘: = O we may bring the vector kR inbo the basis to find &

new solubion to the originsl problem but as condibion (2) of the theorem shows,

this tebleau caanot yiszld & pevw sclubion to the ‘sim&ﬂz. problem. The remark on

e )

p. 21 of [1] that Lo obbain ell optimel sclutions we need only consider the case

Ty v G @ 0 snd the case of &, = 0 assoeisbed with Xi;} >0 is wisleazd-

ing, for ss the theorem gl here indicates we wey have x, . < 0 and obbain 8
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new solution to the dusl problem. My own experiesce has been thet This iz more

cumon then beving x,., > O.
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