


and if x < x' , then
K(x;y) < K(x';y)

for every y in [a,b] . .The reasonable assumptions that the density K{x;y)
is unimodal (at v} and that it is symmetric will be investigated in the seguel
but not assumed as fundamental axlioms. Prior at least to extensive experi-
mentation these assumptions seem most plausible empirically.

The firet two axioms are simply directed at making explicit assumptions of
smoothing properties which seem highly jusfified empirically. Mathematically
weaker assumptions could be made but this is not a matter of importance here.

The third axiom asserts the analogue of Axioms P1 and ¥F2 for the finite case.

Axiom Cl. The distribution Jrl qgﬁ‘continumus,andwpiecewise twice

differentiable in each variable.

Axiom C2. .The distribution K(x;y) is continuous and piecewise twice

differentiable in both variables.

 Axiom C3.

Jn+l(x |yn,xn,sn_l) = (l-@)Jn(x‘ Sn-l)'+ @K(x;yn) .

)} then the conditional

Axiom C3 ;ays that given the sequesnce (yn,xn,sn_l

distribution of the response randoin variable on trial n+1 is {1 -Q) .times
the conditionsl distribution of the response random variable on trial n

given the sequence sgil plus O +times the smesring distribution K(x;yn)




The parameter of the smearing distribution is, of course, the point of

reinforcement Y, in the sequence (yn,xn,sn_l)

3. Derivation of Integral Equations for Asymptotic Response Distributions.

In this section we want to derive continuous analogues of (1.k), (1.5),
(1.6) and (1.8).

As the analogue of (1.4), we have

Thecrem
X b

(3:2) Ryy() = (- )+ o [ (591, () axay
a. a

and if a < ay < a2 <b , then

5

a, 3 a. rb
(3.2) LQ r o {x)ax = (1-9) f 2 rn(x)dx+GL2L k(x;y)f (v)d=xdy
1 _ 1

Proof:

Rppp (X) = [X Ty (%)%

e b
=f f f m_l(x,s )dxdsn
a8 a.
amer

2n times

by the definition of the merginal distribution R




©
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J[ Jr jf n+l( |yn,x 2B )']n(ynjxn’S l)dxdyndxndsn—l

by usual conditional distribution relations

I

X pb b
J A R R TR E N R L SN

by applying Axiom C3 in terms of densities

1

X b
(1-e)R (x) + @ j f k(x;y, )f (v )y,

by integrating out.

“And {3.2) easily follows from (3.1). ‘Q.E.D.

From (3.1) we easily obtain the non-contingent analogues of (1.5) and (1.6).
Here R(x) is the mean asymptotic probability distribution of responses, and

F(y) is the reinforcement distribution which is independent of n

‘Theorem. In the non-contingent case

X fb ) x pb
(3:3) R (x) =f f k(xs.V)f(y)dxdy—{/ f k(st)f(y)dxdy-Bl(X)](l-@)n“l
and

X b
(3.4) lim R (x) = R(x) =f / k(x;y)f(y)dxdy
a a

n -0

Proof: -Since the non~contingent case is specified by a distribution ‘F(y)

independent of n , {(3..) becomes

%* ab
Rua () = 008,00+ & [ [ ke
. a a
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The integral on the right is a function c(x) of x =alone. Thus the equation

may be written:

Rn+l(x) = (1- @)Rn(x) + ef{x) ,

and exactly the argument which yields (1.5) and (1.6) in the finite case yields
(3.3) and (3.4) as consequences of this last eguation. Q.E.D.

The integral equation (3.4) for the asymptotic response distribution calls
for some comment. If the smearing distribution K(x;y) is known, then the
response distribution R(x) mnay be obtained by direct integration, since the
reinforcement distribution F(y) is selected by the experimenter and is thus
completely known. A central difficulty, however, is that the smearing distri-
buticn is not directly observable. By this I mean there is no observable
guantity in the experimental set-up which yields an empirical histogram of this
distribution. It is possible to infer the smearing distribution from R(x)
and F(y) by using (3.4). From this standpoint, if we assume that the density
k(x;y) ig a symmetric function of the difference x-y , we may differentiate
(3.4), meke a change of variable and geb:

: x-D
(3.5) r(x) = JF k(t)f(x -t)dt
X=3
which is an integral equation of Fredholim type with kernel fx-t) .
Techniques for solving (3.5) by using the empirical histogram of r(x) will
not be pursved here, but it may be noted that by approximating r{x) and

fx- t) by means of trigoncmetric polynomials a good approximation of k(t)

may be obtained under relatively mild restrictionsg on degeneracy.
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Because the smearing distribution is postulated to be indepéndént of the
reinforcement distribution, the solution of k(t) from (3.5) for one experiment
may be used to predict the response distribution in other experiﬁents with
different reinforcement distributions.

We now turn %o analogues of the simple contingent case specified by (1.7)
for the finite model. TFor the simplest analogue we choose a point ¢ in {a,b)

and if the response x < ¢ 1s made, we use distribution f, Tfor reinfercements

1

and if response x > ¢ 1is made, we use distribution f That is, the simple

2
contingent case is specified by a triple (c,fl,f2) such that

c 49]
(3.6) £ (y) = f £ (y)r (x)dx + j £, (y)r, (x)ax
a c
Bince R (a) =0 and Rn(b) =1 , we may integrate (3.6) to obtain
(3.7) £ (y) = R (e)f(¥) + (L-R (c))E,(¥)

We may use (3n7) to obtain the asymptotic response distribution:

Thecrem. For the simple contingent case as defined EX.(3'6)

(3.8) R(x)

. _
fo k(x55HR(e)E (v) + (1~ R(e))f,(v)laxay ,

¢ pb
f [ etesnzyrey
c ' b e D
l-f j k(xsy)fl(y)d.xdy-bf f k(%57 ), (v)axdy
a a a a

where

(3-9) R(e) =
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Proof: Putting (3.7) into (3.1) we get:

X rb ‘
(3.10) R (x)=(1-0)R (x)+ fa ]a x(x37)[R (o), (y)+(1-R_(e))2,(y) Jaxay .

By rearranging the second term on the right of {(3.10), and letting x = c ,

we have:
(3.11) R () = (1-9)R (c) + 6[R (c)g) (c) + gy(c)] ,
where
c b
g (o) ja [ ente o) - 201ea
and
¢ #b
gy(c) = Jf 0[‘ k(x5y)f, (v )dxdy
a  Ja

Now (3.11) may be rewritten:

Rn+l§c) = (1-0 + @gl(c))Rh(c) +®g2(c) ,

and 1t follows easily from this difference equation that

‘ g,(c)
ol SR e N

which is precisely (3.9), as was desired. Moreover, given (3.9), (3.8)

follows by a simple argument from (3.10). -Q.E.D.
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Tt is to be noted that (3.9) has exactly the same form as (1.8). More
importantly, (3.8) has the same form as (3.4) for the non-contingent case,

gince

R(e)s, (y) + (1-R(e))E,(y)

is a proper density function. Consequently the same mathematical techniques
apply to solving the integral equation for the smearing distribution.

More complicated cbntingent cases are easily constructed. TFor example,
a straightforward generalization of the results just obtained is the division
of the integral [a,b] inte an arbitrary finite number of subintervals rather
than simply two. For this situation the experimenter selects r reinforcement
distributions, one for each subinterval. Another ekample, further removed from
the finite model, is the use by the experimenter of a continucus conditional
reinforcement distribution £(y |x) . A conditional distribution of some
interest would be one which, in the case of the circular disc mentioned earligf,
would have a mean reinforcement so many degrees clockwise or counterclockwise
from the response.

The continuous contingent case is formally defined by:

b
(3.12) .fn(y)-=‘/r f(y 'x)rn(x)dx .

a

It 1s possible to establish the existence of the asymptotic response distribu-
tion for the continuous contingent case by considering this case as the limit

of a properly selected sequence of simple contingent cases with an increasing
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number of subintervals. The argument in terms of upper and lower bounds is

standard and yields the following theoren (we omit a detailed proof):

Theorem. .For the continuous contingent case as defined gz‘(B.lE),

x b rb _ :
(3.13) -R(x)=Jf / f k()2 (y | £)r(e)axatay

;
¢

¥/
4,  Some Numerical Examples.

It should be useful to examine the form of the asymptotic response
distributions when simple non-cortingent reinforcement distributions are
lselected and it 1s assumed that the smearing distribution has some ana-
lytically elementary form. All of the examples to be considered refer Lo

the circular disc apparatus mentioned in Section 1.

Example 1. Parabolic smearing distribution. We ilake as the density

of the smearing distribution the parabcla:

g(%)2/3" (X-Y)2 for |x-y[ < (%)1/3
(+.1) _k(x-y) =
Lo for  B1M3 < fua] < x

For the reinforcement distribution, we use a simple linear density function

whose max is at =w

fQ% for O0<y<mx
. @
(&.2) ty) = ¢
<% - %é for <y <2xw
7T

L

T am indebted to Gordon Latta for several helpful suggestions in
connection with the examples in thisg section.
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Moreover, for purposes of mathematical analysis we require that k and T
be periodic functions with pericd 2=

Qur problem now is to use (4.1) and (4.2) to find the density r(x)
of the asymptotic response distribution by integrating the derivative of

(3.k), namely,

: 21 21
(4.3) () = f k(x37)2(y)ay = f (se-y )2 ()3

O

The problem is more complex than the_simple form of the functions k and

f dindicate, for the limits of integration must be carefully adjusted. -What
ﬁe are led to is a division of the cirecle intec six regions with a different
integrand for each. To begin with, since k and f are periodiec with

period 2x , we maey replace x-y by t and have instead of (4.3),

2n :
(bh) r(x) '/ k{t)f(x-t)dt .

Yo

But since k(t) is O when t2 > a? , Where a = (%)1/3 s, we may for

this example replace (&.4) by

(%.5) Cor(x) [fl{(t)f(x-t)dt

J -8

The six regions we have to consider are the following:

n+a

0 <x <a < x <
a<'x§ -3, nta< x < 27-a
q-a < x <o 2n-a < x < 2% .
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‘For the first one, 0 <x < & , we have to consider two cases: % > X

and t <x . Thus we have, for this region:
a X
(%.6) r(x) = /P k(t)f(x-t)dt + ‘/P x(t)f(x~%)dt
WX —EL

For both integrands of (4.6), k(%) = 8 - t2 , but in the case of f{x-1%) ,

for the first one t > x and therefore the argument x -t is negative,
which is not within the domain of definition of (4.2), but given that f has

reriod 2 w , we have
f(x-t) = f(2n + x-t)

Cand <2m+ x-t < 2x , whence from (k.2)

2 (2a+ x-%)
f(x-1t) == - 5
£
_t-x
T2
7
For the second integrand of (4.6), f(x-t) = X'ét . Therefore, we obtain,
7

for 0<x<a,

' a X
(L.7) r(x) —lé-f (a2— t2)(t-x)dt + % f (ag—te)(x-t)dt
. Ton VX T -3 .

~;§ (3a4-+ 6a?x2 - Xh) . .

65
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We turn now to the gecond region, a<x<n-a Here O0<x-t<mx

and thus

flx-%) ;
£
Hence, for this region
1 a
(4.8) r(x). = =5 ,f (a” - t7)(x -t)dt
-8
= -"'J+—2' 3X
3n

For the third region, =n-a <x < , complications once again ensue.

There are two cases to consider:  + > x-x and t < X-7

then x-+t < x and f(x~t)=(x—t)/:rr2 I b<x-w,

and

. If Lt x-w

then x-t > =xn

£(x-t) =% _E-t

2
T
Thus, fof n-a<x<m®,
X-T
(+.9) r(x) = f 2)(x - t)at + f (- )@ -Extar
l.XTE -8 T[

After integrating and simplifying, we get from (4.9):

(k.10) r(x) WS {F i} gg 34

(n -a )x

Ll- b
+ (2a T - = n3)x + ?; e T A - 1
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for n-a<zx<nm

Because r(x) is symmetric about = , the other three regions have
similar densities. More exactly, the interval (=, m+ta] corresponds to
(x-a, ] , the interval (m+a,2n-a] to (a, w-a] , and the interval
(2n-a, 22] to (0,a] . .The graph of r(x) from © to =n is given in

Figure 1 below.

Ixample 2. Trigonometric smearing distribution. We take as the

density of the smearing distribution the cosine function:

(h.11) k(x-y) = % cos Eél for =-n<x-y<mx .

For comparative purposes we retain (4,2) as the reinforcement .distribution.
Because of the periodicity of k¥ and £ , we may, as is convenient for this

example, replace (4.4) by

(h.12) ' r(x) = fﬂ_k(t)f(x-t)dt

T

To integrate (4.12), using (4.2) and (4.11), we must.only decide how to break
up the interval {-x, =) &according to the branch of f(y) we are using. We
may choose as our subintervals {-n, x~n), (x-%, %), (%X, n}), and consider
only %, Tor O<zx<mn .

¥or the first, we have then:

<t < x~-7,
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whence, multiplying by -1 ,
n> -t >x-x,
and now addirg x ,
ﬁ-+ X>x~-%5 >
Thus for this interval,

f(x -t) = %

X~
2
L
For the interval (x-m, x} , we have:
X-n<t<x,
and consequently by the same srgument as above,
T-X>x-t>0 .
Thus for this interval,

flx-t) = X%

T
Finally, for the third interval
x<t<aun,
whence

O>x-t>x-m
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Here =x-t 1is negative, and we add 2x to obtain:

2n.>2n + x-t > mx

Hence for this interval,

f(x—t) :% _ 21 + x-t

(23
1
»

Applying these three results for f to (4.12), we obtain for the

asymptotic response density for 0 < x < =n.;

(£.13) r(x) = rx-ﬂ(% cos %)(% - 1—{“:%)dt+u/x (ﬁ cos )( )dt
7 X-7

S

f (E cos )( )dt = —~(2 sin ; - 2 cos g—+ T-X)

Example 3. -Exponential snmearing distribution. For a final example, we

take as the density of the smearing distribution the exponential function:

~jx-y|
(1) k(x-y) = 9———? for -mn<x-y<ana .
2(l-e )
Again we use (h.2) for the reinforcement distribution. The divisions of the

interval ({-w,n) in (4.13) are appropriate here, but in addition we must also

divide the interval at 0 , since
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-t

e for_ t>0
el { |

et for t <0 .

‘We thus have for the asgymptotic response density function, for 0 <x < w :

- 0
(4.15) r(x):___.._:l_'__};[_ fx i (2wt -x)at + f &% (x-t )t
. =1l

2ng(l-e_ JX-7

+ [x e " (x-t)at + /ﬂe_t(t-x)d’c 1
X

Y0

X~ - -x
-e + (x-m)e "+ e+ x

#(l-e™™)

The linear density function f of the reinforcement distributicn and

the three asymptotic response densities T Tps and r_, of the three examples

2 3
Jjust given are plotted in Figure 1. (rl is for the parabolic example, r,
for the trigonometric, and s for the exponential.) The differences between
_ rl’ 32, and r3 are sharp enough to expéct experimental resolution of their

relative validity. Actually, one of the most likely candidates for the
.smearing distributicn is a truncated normal distribuiion with mean zero and
variance to be estimated from the data. ‘Such an exampile .was not gilven here
because the integrals cannot be given in closed form.

.These three examples bring out the most striking difference between the
Tfinite and the continuous non-contingent model: The asymptotic response

distribution is not in general identical with the reinforcement distribuition;




suolNqi§siq Buipewig juelsijlg 994yl pup jUsWadIOUIBY
ADBULT 10} Uolinqlsiq asuodssy dyjojdwAdsy —-| ainbidg
m.._N 4 gl _

L &

-
-

{sor

4GV

169¢°

e’



-0

the obvious analogue of (1.56) does not hold. It is to be anticipated that

the exact form of the smearing distribution, and thus the exact relation
between the reinforcement distribution and the asymptotic response distri-
‘bution, will vary from one piece of apparatus to another. For example, in

the case of the circular disc apparatus, it seems likely that when measurements
are made in radians, the vafiance cf’ the emearing distribution wiil wvary

inversely with the diameter of the disc.

" 5. PFurther Results for the Non-contingent Case.

For the non-contingent case of the continuous model we may derive without
much difficulty results analogous to those in Section & of ES. To begin with,

analogous to the moments (5.2) of ES, for a subinterval (alag) of f[a,b] ,

we have:
v fa2 v
(5.1) Vo an= | | 3 (x |y )i, j)axds .,
1772 Ja s
1 n-1
where integraticn over Sn—l means integration over the whole interval [a,b]

for each of the 2(n-1) random variables corresponding to the sequence 5.1
Note thet the subscript n is omitted on the second density j , a practice
which 1s followed in the sequel when it is not needed for clarity.

A general recursion for the moments just defined, analogous to (8.2) of
ES, is obtainable, but because of its length, we restrict_oufselves hére to

v =2 , which corresponds to (8.6) of ES. We emphasize again that these results

are for the non-contingent case, that is, when for all n
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(5.2) | T (¥) = £(y)

.Theorem.

. a b
(5.3) = (1-0)%, |, +2e(1-8) f ? f r (x)i(x37)2 (y)dxdy
1’2’ a, va

a b
2 2 2
+ 6 f f kK (%57 ) (y)axdy
a, Ja

Proof: By virtue of (5.1)

&,
2 .
Vi 28, 0+l _f f l'!.-l"l(X lS )J S )deS ’
1° 2 8y s

(y X, 58, l) , Whence

2,n+l

H]

but each s
n

Vil;ae,n-i-l =f j Ja f 3(1+l(X |3’r1r1’K 25 l)‘](yn’xn’sn-l)dXdyndxndSn-l :

Applying Axiom C3 to the right-hand side of the above equation

2,
Vgl,a ol f f \/E; . (1-8)] (X‘S .)+Qk(x,yn)] J(yn,xn,s )dxdy dx ds o
A% .

g
=‘f 2 f (1-9)23121(:»: lsn_l)j(sn_l)dxdsn_l
>3

1 Y51

a, rb
' 2 ‘ . .
r2001-2) [ sl maste seite, sy as,
al W 8 S -1

=3 ks
2 [ 2
+ @ f f k™ (x;y)f(y)axdy ,
al & )
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and the theorem easily follows from this last equation, since the first term

, and we may integrate out = in

on the right is simply (l-@)2V2 nel

a. ,a
1’72
the second term on the right and thus replace jn(x \sn_l)j(sn_l) in the

Pyl

integrand by the mean response density rn(x) . Q.E.D.

Asymptotically, we have from (5.3), corresponding to Corollary 8.8 of ES,

a b
(5.4) Vi ,8, =§é_3f_é9_lj Ef r(xJk(x;y )T (y)axdy
1772 al a

a b
0 2 2
t 5o f f K (%53 )£ (v )dxdy
a.l &

To obtaln an expression corregponding to the doublet term P(Al,r+lr\A1 n)’
. - 5

. . . . v
we need first to define some crogs-moments similar to the moments Va s .n
127p?

Note that the subscripts of x in this definition do not refer to trial numbers

but index the v wvariables reguired for the definition:
: W & &
(5.5) W P J[ D.Lf\ Jf Jn(xllsn—l)"'Jn(xv‘sn-l)a(sn—l)dxl"'dxvdigf§
1°72 ay a) V8 {1 g

Using the notation j (x',x) for the joint distribution of responses on

n+l,n

trials n+1 and n , we then have:

Theorem. .For a < al < a2 <b

l,ag,n + G[Rﬂ(aE)—RIl(al)] )

a.2 b
/ f k(x;y)f(y)dxdy .
al a

4, a.
2 2 . ' tAe 2
(5.6) Ll [ ol 05 = (100,
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Proof:

g a g, b pra
o % : e [ P2 o . ,

I A A (VAL
1 VY8 1 VBV VB

£(y) (xls__,)ils__,)-ax'dydxds

where we make use on the right-hand side of the non-contingency of reinforcement.

Applying now Axiom C3, we have that the right hand is:
a,2 b aB
— _ 4 1 A A 2 5 =1
2] 1000, (x5, rorte)]) £ )3 ] )i, e ayasas,
8p VB VE VB .

in the second term, we get:

Using nov (5.5), and integrating out 5. 1

) a. ab pa
= (1-e)w§ . f 2ff 2 k(x’;y)f(y)rn(x)dx'dydx
1770¢ a. da Ja 7
1 1

Finally, integrating out x in the second term, we obtain the desired result.
Q.E.D.

The similarity of (5.6) to the corresponding expression:

(1-0 )Vi + oV

in ES should be emphasizéd, 'Wil,aeyn corresponds to the second moment Vi 3
the probability Rn(aE)-Rn(al) of responding in the interval (ag,al) to the
first moment ‘Vi'; and the integral to the probability = .

Using the techniques of proof for the preceding two thecrems it is not

difficult, though somewhat tedious, to get analogues of (8.15), (8.17) --




T

* the covariance Lerm, and the serial correlation T of ES. But since these
analogues involve rather lengthy integral expressions in terms of the
unspecified smearing and reinforcement distributions, we omit them here.

In conclusion, we obtain some relatively simple expressions for the
expected value and variance (asymptotically) of the response random variable
‘An . The expectation of An is defined by:

B
E(An) =fa xrn(x)dx .
Applying the usual techniques o the right-hand side and_ﬁsing Axiom C3,

we have:

b b Pb I L
fxrn(x)dx“f f f/ XJn(Xiyn-l’xn-l’sn—B)J(yn—l’xn-l’sn'—E)dXdyn—lan-ldsn—E
a. . &, a va Sn—2

b b}
J£ ];‘Ls X[(l—@)jn_l(x\sn_g)-kGk(x;yn_l)]j(yn_l,snd2)dxdyn_ld%k2
' n-2

b b b -
(1-@)] xrn_l(x)dx+ff ke (x5y)f (y)dxdy -
a aJa :

Now the first term on the right of the last expression is simply ‘E(An-l) s

and thus we have the recursion:
Theorem.

b b -
(5.7) E(A ) = (1-0)E(A ;) + 6 / / X (x5y ) (y)dxdy .
: Ja Ja
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Moreover, asymptotically

_ b b
(5.8) E(Abo) = lim E(An)-= J[ Jf (x;y)f(y)axdy .

I — 00 a

It is not difficult to show that for the three numericel examples
congidered in the preceding section, E(Abo) =g . (Note that = is not
a probability but the numerical congtant 3.1416. .)
The recurrence relation for the variance of An is not simple, but
asymptotically we have:
o pb b b 2
(5.9) --Var(AOO)=f f k(2037 )8 (y Jaxdy — / f xk(x;7)f(y)axdy} .
a Ja a Ja
If it is assumed, for the circular disc or similar apparatus, that the
smearing distribution is a truncated normal distribution with mean zero and
unknown variance, then (5.8) may be used %o estimate (somewhat inefficiently)
this variance, for var(AbD) may be computed directly from the empifical

histogram of asymptotic response frequencies.
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