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12 k 1 2, k
(2.16) o, 5 5 (m,x) = > b, (meX)P¥ (xm+x) S (Xm+X)PX (x) .
dydprdy x 91 Jdp 'S m

The following theorem is then a generalization of Theorem 2.3, which treats

the cage k = 1 :

Theorem 2.4%. The quantities

Vo oee sV VooeaaV
(2.17) lim @t (m,x) —qt F
m—-oo 917k dy-rdg
exist uniformly in x for all non-negative integers Vi e Vi and all

¢ I , and the limits are independent of x .

. a

.Jk

ol
The argument used in proving Theorem 2.3 works in this case also with

only trivial changes, and need not be repesied. .Finally we remark that

moments involving several values of n can be considered, and it can be

shown that their limits exist also. This provides a generalization of

Theorem 2.2.

3. Definition of Linear Learning Models.

The models we consider apply to an experimental situation which congists
of a sequence of trials. On each trial the subject of the experiment makes a
response, which is followed by a reinforcing event. Thus an experiment may
be repredented by a sequence (51’§1’52’§2’ “ee A E ...} of random

variables, wheré the choice aof letters follows conventions est&blishéd in the
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literature: the value of the random variable én is a number § repre-
senting the actual response or trial n , and the value of En is &
number k representing the reinforcing event on trial n . The relevant
data on each trial may then be represented by an ordered pair (j,k) of
integers with 1< j<r , and 0<kx <+t , that is, we envisage in
general r vregponses and t+ 1 reinforcing events. Any sequence of these
pairs of integers is a sequence of values of the random variables and thus
represents a possiblie experimental cutcome. The general aim of the theory
is to pfedict.the probability distribution of the response random variable
when a particular distribution, or class of distributions, is imposed on the
reinforcement random variable.

In dealing with the general linear model with r responses and ++1
reinforeing events we are following the formulation in Chapter 1 of Bush and
Mosteller [2], although our notation is somewhat different, being closer to
Estes [4] and Estes and Suppes [6].

-The theory is formuiated for the probability of a response on trial n+1
given the entire preceding sequencé of responses and reinforcements.  For this

preceding sequence we use the notation X, - Thus

Xn = (kn)Jn’Kn_l?Jn_lJ . ‘J-liJl) -

(It is convenient to write these sequences in this order, but note that the

nurbering here is from past to present, not the reverse as in Section 2,)
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Our single axiom is the following linearity assumption:
Axiom L. If E =k and P(x_ ) >0 then

(3‘1) 'P(éh+l = Ixn) = (l"gk)P(én =3 lxn—l).+'ek&3k ?

where 0 <€, Kjk <1 and %j Kjk =1 .

‘We obtain the linear model studied intensively in [6] by setting:

;‘"ek =8 for k # o

{ Gk = .0 for k=20
(3-2) TR

Ay =0  for j Ak

k\\ t =r

A linear model satisfying (3.2) we shall term an Estes Modél, .and for such

models (3.1) may be replaced by the simpler condition:

(1-8)P(h, = lxn_l)+e if B o=
(3:3) A, =alx) = ((-e)pa =3lx ) if B = kokpO,khS
P(A, = J |_ x, 1) if E =0 .

Axiom L setisfies the combining classes condition of Bush and Mosteller.
.Upon replacing © by 1-o in (3.1) egsentially their general formulation

of the linear model is obtained, aithough they do not explicitly indicate

dependence on the sequence X,
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We also define here certain moments which are of experimenteal interest
‘and whose asymptotic properties we investigate subsequently. The moments
vV

84 of .
PJ

- n(x) are:

2

(3.4) af =>_p(a =dlx, )P(x, ;)
X

J,n
n-1
And if the appropriate limits exist, we define

(3.5) a§= lim o

i,
n — oo ds

‘The moments (3.4) are formed in an uasymmetrical way; however, they
enter in a natural way in the expression of guantities which are easily
observed experimentally -- for instance, the joint probzbility
P(én+l = J,A = j) . (For other examples, see [6].)

We are also interested in studying extensions of the linear model to
maltiperson situations. We may suppose that we have s subjects in a
situation such that the probability of a particular reinforcing event for
.any one gubject will depend in general on preceding responses and reinforce-
ments of the other s-1 subjects &s well as on his own prior responses
énd reinforcements. The data on each trial may then be represented by an
ordered 2s-tuple (jl,kl,...,js,ks) of integers with 1< j, <7 ,

0 < k, <-ti , for 1 =1, ..., 5, =2nd any sequence of such tuples
represents a possible experimental outcome. Let ééi) and ,Eii) be the
th

response and reinforcement random variables for the i subject on trisl

‘We may then generalize Axiom L to:
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Axiom M. For 1<i<s , if gz(ll) =k and P(x ) >0 then

(3-6)  rall) =3 by = -elealt) < ylx e el

(1) (1) ST (l)
where 0 < @k 5 Xjk <1l and : h .

-Experimental tests of Axiom M for two-person situations are reported

in Estes [5] and in Atkinson and Suppes [1]. ILet xéii be just the sequence

of first n-1 responses and reinforcements of subject 1 . It is an easy

consequence of Axiom M that

R PG A Y PR

() ()

V:J

and it is in terms of X that we define moments exactiy

analogous to (3.4). ‘We shall also be interested in the joint moments

(3.7) oY

v, (1) . (s) _
‘jl’“"j Z P (én = Jl"”’An = JS [Xn-l)P(Xn—}_)"

paul "
n-1

‘and their asymptotes 7v = jl""’js if they exist. .To work with these
latter moments in terms of Axiom M we need the additional reasonable
assumption that when all the n =1 preceding responses and reinforcements

are given, the & responses on trial n are statistically independent:

Axiom I. If P(anl) > 0 then

n-1

palta gl (x ) = I ralt) = 5, |x
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The experimental restriction implied by Axiom I has been satisfied in the

nultiperson studies emplioying the linear model.

4. Asymptotic Theorems for Learning Models.

After dealing with some matters of notation, we state general theorems
on the existence of asymptotic moments. The hypotheses of the theorems give
some broad conditions which guarantee ergodic behavicor. We begin with the

one-person models satisfying Axiom L.

In this section it will be convenient to use some of the notation of

. : —_ & R 3 - =
Section 2. Thus we may write P(ﬁn =] [xmfx ) in place of P(én-Jl Xn-l)

3o indicate we are interested in the last m terms of X 9 - The "sum"

'xm}x’ is just the combined sequence x ‘We reserve the subscript m

n-1
for counting back m trials from a given trlial n

To clarify the general theorems it is desirable to define in an exact
way the notion of the conditional probability of a reinforcing event .depending

on only a finite number m of past trial outcomes and independent of the

trial number.

Definition. A linear model has a reinforcement schedule with past

dependence of length m if, and only if, for all k , n and n' with n,n'>m

and all X s x' and x"

(%.1) CP(E =k |x+x') = P(E =k | ;Em+x") )
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(It is understood that X includes the response Aj 0 which precedes
R :

E _, ontrial n .} It is to be noticed that the use of n on one side
2

and n' on the other side of (4.1} yields independence of trial number.

The term reinforcement schedule has been used because of its frequent

occurrence with approximately this meaning in the experimental literature.

For the conditional probaebilities of (4.1) we shall use the notation

(h.2) n = P(B =k Ixm+x) .

We may now state the first general theorem.

Theorem 4.1. Let ;ﬁ, be a linear model such that

(i) (ji has a reinforcement schedule with past dependence of length m*

(i1} +there is an integer k* such that

(a) 6.4 #0

(b} there is a 5% and an m such that for all sequences X

and all integers n

P(E

¥ Lok
_n+mo._.k Ixn)::a >0 .

Then the asymptotic moments a§ of £ all exist and are independent of the

initial distribution of responses.
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Prooi: The central task is to characterize 35 as a chain of infinite
order and show that satisfaction of the hypotheses of the theorem implies
satisfaction of conditions (2.3) and (2.5). With this accomplished the
asymptotic theorems of Bection 2 may be applied to ;f . It is most convenient
t0 take as stales of the chain the ordered pairs (j,k) , where J is the
response on trial n , say, and k 1is the reinforcement on the preceding
trial. Consider now the reinforcement k¥ of the hypothesis of the theorem.
Let J¥* Dbe a response such that Kj*k* # 0 . (There is at least one such j*
since E:: Kjk =1 ; in the Estes model Jj¥ = k¥ ,) With the pair (j*,k*) as
the state j = of the infinite order chain, we shall establish (2.3) and (2.5).
To verify (2.3), we use (ii)b of the hypothesis and the following

equalities and inequalities, which hold for ail x and n :

P(A

=j% =K%
en+mo+1 J ’En+mb k Ixn)

EZ: P( —n+m - +l =% IEn+n1 ='k%’xm -1+Xn).P(En+m |Xm l n)P(X l| ) '
x —l : o} o} o

Applying Axiom I, the right-hand side becomes:

EE: [(1- Gk*)P(A —J Ix w_ l+xn)+ek* *k*]P(E* O_k* ; - 1T ) P(x lI )
m_-1 :

> O i ZP( =t e _vx )P(x) 1' )
-l O o

>0 A  PE

e LT _ﬂ+mb=k*lxn)




01

To establish (2.5), consider the following equalities and inequalities:

(B.3) 1P(A, . =35 B o =k lxex') - P(A ;= d5 B =k | xx") |

= Me,x | P(ay, = IEn== k, x+x') - P(én”ﬂ_:'j |'En,,”= k, x+x") |

- —ril
where Xy meens the last n* terms of x , and where the sequence x
contains at least m occurrences of k¥ , with m > m® . The equality

follows from (i) of the hypothesis, for by virtue of (i)

nk’xm* = P(E , =k | x+x') = P(E v=k | xex™)

“Applying Axiom L once to the right-hand side of (4.3) we get, ignoring L
2 ™mF

| (4

_._nf+lI==j IE__nl"_" k’ X+X-’) - P(A n

A +l"=,j |'En” =k, X-l—X")-I

= (1-8 ) | P(A, =3 |=x) - P(a_w=d mx") | .

We .do not know that Qk ;é 0 , but as we apply Axiom L repeatediy , we obtain

the factor (l-@k*) at least m times, so that

(k.4) |P(a E =k |xx') - P(&_,

'+l 3 I—n <9} +l"‘='j’ En”=k IX+X”) [

< (- )" IP(a, , =3 lx) - P, Tx) ],

% .
where h 1is the length of x —/ The difference term on the right of this

¥/ If all S, # 0 , the original condition given in.[3] would be satisfied;
our weaker condition (2.5) allows inclusion of cases where some of the

@k are O (i.e. where there can be trials without a reinforcement).

2

®
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inequality is not moxe than 1 , so that from (4.4) we obtain the estimate

for m > m¥

m
e < (1- Qk*) 5
Whence
@ ?
E €, < w , :
m=0 ;

- which is (2.5).

On the basis of (2.3) and (2.5) we know from Theorem 2.4 that the
asymptotic cross-moments of Qi exist and are independent of the initisal

distribution of respohses, But

P, =3lx ;)= ‘% P(a =3, B =klx ),

and so the moments QY,n can be expressed as sums of the cross-moments forx
" the infinite;order chain Qﬂ s which insures the existence of the limiting
moments (3,5) snd that they do not depend upon initial'conditioné&

.There are several remarks to be made about the theorem just proved.

First, we observe that a simple sufficient (but not necessary) condition

for (ii)b is

(&.5) min x £0 . ‘ | ;

k*,xm*
m*

The interpretation of (h,5) is that the reinforcing event k¥ has positive

of responges and

Pprobability on every txial no matter what sequence X %
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reinforcements preceded. A number of interesting experimental cases of

the linear model can be described in terms of (4.5), (i) and (ii)a of

Theorem %.1.

I. Contingent case with lag v . In the Estes model let

P(§n==k |§h_v:=j,x) = jkj(v) , for all x such that P(Ah~v'=3’ x)>0 .

To satisfy (4.5), we need only that for some k, njk(v) # 0 for all

Experimental data for v = 0,1,2 are given in Estes [5].

. _ s St Y= ;
II. Double contingent case. Let ,P(gn-k Iéhj"J: A =3 X) e 550 2

for all x such that P(én=j, A =3 x) >0 .

Then (i) of Theorem (4%.1) is immediately satisfied, and for (ii)a and (4.5)
we need a k such that o # 0 and for all Jj and j', T gy # 0.
k sdd
An interesting fact about (I) and (II) is that although they are simple
to test experimentally and their asymptotic response moments exist on the
basis of Theorem h.l, there is no known constructive method for computing
the actual asymptotes. (The Estes [5] test of (I) excludes non-reinforced

trials which cause the computational difficulties.) It may also be noted

that the convergence theorems in Karlin [8] do not in general apply to (II),
and apply to (I) only if v =0 .

On the basis of the proof of Theorem 4.1 we may, by virtue of Theorem 2.2,
conclude that the asymptotic joint probabilities of successive responses also

exist:
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Corollary 1. If the hypothesis of Theorem b1 is satisfied, then for

‘every m the limit as n - o of P(éh+m =Jo Ay =g 0 s A= JO)

exists.

We may regard the quantities P(A = J Ixn“l)', for 1< j<r asa
random probability vector with an arbitrary joint distribution Fl on
trial 1, and distribution Fn on trial n . The following corollary 1s

a consequence of the existence of the moments Qg independent of the initial

regponge probabilities.

Corollary 2. If the hypothesis of Theorem 4.1 is satisfied, then there

is a unique asymptotic distribution FOD , idndependent EE-'Fl s 30 which the

distributions F, converge.

For the multiperson situations characterized by Axioms I and M, we have a
theorem snalogous to Theorem 4.1. For use in the hypothesis of this theorem

we define the rotion of reinforcement schedule with past dependence of

length m , exactly as we did in {%.1), namely, we have such a schedule if for

all k, 1<i<s, all n and n' with n, n'>m and all X x' and x"

=P(§£l)=k(lz‘..,§£5)=k(s)|xmfx‘)=P(Eél)=k(l)nqo,Eis)zk(S)lxm+x"),

2

")

2o vy

k(52xm

Theorem b.2. Let ?7L be an s-person linear model such thab

(1) 771_has a reinforcement schedule with past dependence of length m* ,
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(i1) there are integers k(l) , for 1<1i< s, such that

W .,
NETRE

(a) @

{b) there is a ®* and an m, such that for all sequences x

and all integers n

P(gr(i% = xO -r(:n)z = k(s)*lxn) > 8% >0
o] [e}

Then the asymptotic moments 7V(l) (2) (s) of %% all exist and are
R At 6 AP
-independent of the initial distribution of responses.

Proof: The states of the chain are now defined as 2s-tuples

(3(12--1;3(52 k(lg..,, k(s)) B j(i)

where is the response made by the

ith-subgect and k(l) is the reinforcement for that subject on the preceding
i )%
NCOEI

f1 \x
trial. Using the reinforcements k(l) of the hypothesis, let e

- (i (1 )% * * *
suen what xUH ) k0 e maxe (385000 RBRk) o
J Kk
the state j = for which we establish (2.3) and (2.5).

To verify (2.3) we proceed exactly as in the proof of Theorem h.l,

applying now Axioms I and M instead of L, and we obtain that

SO O (e) (o) ) L () (o)
0 k(2 )

—n+m +l h —T+m +17d ? ~n+mo 2ome n+m

Jmi k

@) e
> 77 o 7“3<1>*k<1>* -
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For (2.5), we first observe that by virtue of (i) of the hypothesis

and Axiom T
] = s a8 = )20 w0, 280 w6
e = 00 48] = o) O ) - e
W) e, ”7P(An ) s ) . UP(A(:,L,_?_]_ 3 B ey ).
LR 2%

We notice next that the right-hand side is

= j-rk(l)q“ i&(s) [ (A(h)—l l)IE(l) X+X'A)|77 P(A(l '(i)lgr(li,)=k(izx+x‘)
77P(A (1) |E =k 23:4—:{") [+ ﬁp(él(ﬁzl-_-g(i) |_Eé%)=k(izx+x”) :
i=P

IP(A(%il J(l)|E(l) )x+xf) _ P(A(%zl J(l)IE(l)~k )X+X“)|

Continuing this same development, we obtain:

< Z ! P(A AL ._J(l) IE(l )X+X,) P(A(l) (1)|E(1 e )x+x")l

—n P41 =3

And by the line of reasoning used in the proof of Theorem 4.1, if the sequence

(3%

*
x contains state .,,k(s) ) at least m times the last quantity is

<Z (1- e (1)*)

Provided m > m* +this inequality yields an estimate of €, from which we
conclude that (2.5) holds. The existence of the asymptotic moments then

follows from the theory of Section 2 as in the case of Theorém-hul. Q.E.D.
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A pair of corollaries folliow from the theorem just proved which are

‘exactly like the two given after Theorem 4,1.
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