












-81-

Applying now the inductive hypothesis to the right-hand side of the

last line, we infer:

Q.E.D.

·Similarly, we have for the probability of a response given that

some alternative response was reinforced on the thV preceding trial:

Theorem 8.24. If V is.~ positive integer and 11
k

> ° and

j ~ k

The proof is analogous to that of 8.23.

We conclude this section with two theorems concerning the repeti-

tion of "correct" and "incorrect" responses. The first of these specifies

probability of a response given that it occurred and was reinforced on

the preceding trial:

Theorem 8.25. Provided both n> ° and a > 0,l,n

ptA 1 1A nE )n+ n· n
; (1-6)

a
2,na:-- +
l,n

6 .
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Proof:

P(A lOA nE ) = L:- P(A l()A liE nIx] 1)
n+ n n X(n-l) n+ n n n-

= ==- P(A llA (IE n [x] l)"P(A I[xl 1)P([xl 1 )
( ) n+ n n n- n -n- -n-x n-l

= L: [(1-8 )P(A I[x] 1) + 8]" P(A I[x] 1) P([x] 1)
()

n n- n n- n-
X n-l

= ,,[(1-8)0
2

~ 80
1

],
,u ,:q.

By virtue of the fact that

P(A llA (IE ) = P(A ll1A (IE )/P(A (IE )n+ n n n+ n n n n

and

P(A (I E ) = P(E IA )P(A ) = ,,0 ,
n n n n n 1,n

we infer from the last line of the above identities:

,,[ (1-8)0: + eo: ]
P(A IA nE ) = 2,n 1,n

n+l n n ,,0:1,n

o
= (1-8) 02,n + S,

l,n



The second of these theorems specifies probability of a response given

that it occurred but ~ not reinforced on the preceding trial:

Theorem 80260 Provided that PCA. OEk ) > 0 and j ~ k,
J,n ,u

P(A. l!A. nEk )J,n+ J,n ,n
: (l-e)

The proof is analogous to that of 8.25.

It may be noted that the difference between the two conditional

probabilities of 8025 and 8.26 equals e; consequently the difference

between the two corresponding conditional relative frequencies provides

an additional estimator for this parameter.

•





represented by a payoff matrix
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9. Applications to Two-Person Game Situations.

By an obvious generalization of the primitive notions and axioms

of Sections 2 and 3 we may apply the linear model to two-person game

situations (for experimental results, see [1], [2], [5]). As might be

expected, we restrict ourselves to games in normal form with a finite

number of strategies available to each player. Each play of the game

cOnstitutes a trial in the learning sense. The choice of a strategy

for each trial corresponds to the choice of a response. To avoid the

problem of measuring utility we assume a unit reward which is assigned

on an all-or-none basis. Rules of the game are taken to be such that

on each trial there is exactly one correct choice leading to the unit

reward for each player. (For simplicity we are omitting non-reinforced

trials.) However, it should be noted that from a game standpoint, this

unit reward is not the payoff on a trial, but rather the payoff is the

expected value of the reward. This expected value depends on the

reinforcement scheme selected by the experimenter; this scheme may be

(a.. b
i

.) where i=l,. .. ,r
l

and
l.J, J

j=1, .•• ,r2 with r l the number of responses available to the first

player, player A, and r
2

the number available to the second player,

player B. Thus the entries in the payoff matrix are pairs of numbers

(aij,bi ) • The number a .. is the probability that player A wins
l.J

when A makes response i and B response j. Correspondingly,

bij is the probability that player B wins when A makes response i

and B response j.

Just as for the one-person linear model, the axioms are independent

of the selection of any particular probabilistic scheme of reinforcement,



-85-

and they apply to more complicated two-person situations than the

game paradigm just described. Moreover, although the axioms are

stated for two sUbjects, it is apparent that all notions generalize

immediately to n-person situations. The restriction to n=2 has

been imposed here because all the interesting deductive consequences

of the axioms whtch we have yet considered are for two-person situations.

We turn now to a rapid capitulation of formal developments cor-

responding to those in Sections 2 and 3. The result of any trial may

be represented by an ordered quadruple < jl,kl ,j2,k2 >, where jl is

the response of A, j2 the response of B, k
l

the reinforcing event

for A, and k
2

the reinforcing event for B, with jl,kl=l, .•• ,r
l

and j2,k2=1, ••• ,r2 • Our first primitive notion is then the sample

space X which is the set of all sequences of such ordered quadruples.

We call X the < r l' r 2 > - response space. As before, our second

primitive notion is a countably additive probability measure P on the

Borel field Qj(X) of cylinder sets. Our third and fourth primitive

notiOnS are the two learning parameters 6
A

and 6
B

for players A

and B ~espectively.

A notation which is essentially needed only for the definitions

immediately to follow is that if x € X and xn = < jl,k
l

, j2,k
2

> is

the nth term of the sequence x, then

x(l) = jlA,n

(1)
= k

l"E,n
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(2)
j2x ~A,n

(2)
k2 ·"E,n =

(This dual use of the subscript A for responses in the next few

lines should not be confusing; subsequently A refers once again to

player A.) The event consisting of response j by' subject i on

trial n is defined as might be expected.

Definitlon 9.1.

Similarly, we define the event of reinforcing event k by subject i

on trial n.

Definition 9.2.

x: {XE X& xii) ~. k} .
E,n

Our next definition is for the p'~obahjJ<ty of respon~~~·2·€=~~t~---------------

i on trial n.

Definition 9.3.

Since we shall be concerned with sequences which are identical, or

identical for a given subject, through the th
n trial, we want to
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define the appropriate equivalence classes.

Definition 9.4.

ill .::: n, y = x 1
ill m j

We next define the probability of response j by subject i on

trial n given the first n-l responses and the first n-l reinforc-

ing events for this subject.

Defini"t;ion 9.5.

We are now in a position to state our axioms. It is understood

that if i=l, and 9(i) - 9
- B if i=2.

Definition 9.6. An ordered quadruple X = < X,P,9A,8B > is a

two-person linear model if, and only if, there ~ integers r
l

and

r 2 such that X is the < r l ,r2 > - response space; P is.':!:. proba­

bility measure on G(X); 9A, 8Be (O,l); and the following ~ axioms

~ satisfied for~ positive integer n, for i=l,2, for every x

in X ~ p( [x]~i)) > 0, and for every j and k:
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Axiom 2. If XE E(i)
k,n and j ,;, k then

In subsequent developments the superscript i will be mainly replaced

by other devices. In any case it must not be thought of as an exponent.

We may now formally define the special reinforcement scheme yielding

the payoff matrix (a..,b
i

.).
lJ J

Definition 9.7.

In addition to 9.7 we also need:

·Definition 9.8. A two-person linear model X = < x,p,eA,eB > has

a simple payoff matrix if, and only if, for every n and for every set

W which is an n-l cylinder set if then



and

In the remainder of this section we consider only two-person linear

models which have simple payoff matrices and exactly two responses for

each player, i.e., r
l

= r
2

= 2.

Finally, one last definition to eliminate continual use Of the super-

script 1. We denote player AI S probability by a and player B IS

by II, whereas we denote the joint pI10bability of an Ail) and Ai2 )

response by 'Y'

Definition 9.9.

a _ (1)
n - Pl n,

N
aN = -N

l > a
n=l n

Coming now to our first theorem of this section we derive recursive

expressions for a and II. It is an unfortunate fact, and enormously
n n
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complicating to the mathematics of two~person situations, that both

a
n+l and ~ 1 depend on the joint probability term 7 •w n

But this

awkward mathematical consequence of the theory is psychologically

sound: if the two subjects are interacting at all it would be surpris-

ing indeed if their probabilities of responses were statistically

independent.

Theorem 9.10.

Proof: It will suffice to derive the difference equation for

an+l since the derivation for ~n+l is identical. To begin with we

observe that

(1)
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We next observe that

(2)

Similarly,

and

(4 )
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From (l)-(4) we conclude:

+ (1-a22 )(1-a -~ +7 )n n n

Now by a proof similar to that of Theorem 503 we may show that

(6) a 1 ~ (l-eA)a + e P(E(l)o
n+ n A l,n

Substituting (5) into (6) we have:

The investigation of the asymptotes of a and ~ J or even the
n n

asymptotes of the mean probabilities (over trials) aN and ]3N is

QoE oD 0
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difficult and complicated. The reasOn is not hard to find. The pair

of simultaneous recursive equations of the preceding theorem contain

three, rather than two, expressions depending on n, namely, a , ~
n n

and r
n

. And a recursive expression for r
n

in terms of these three

quantities cannot be derived. Fortunately, without pursuing these

questions we may prove directly that an asymptotic linear sum of aN

and ~N exists and is independent of 8
A

and 8
B

. Moreover this

linear relationship requires no restrictive hypotheses and may be

compared in a strai~htforward manner with experimental data.

Theorem 9.11.

lim [(ag-ce)a
N

+ (bg-Cf)~N] = ch-dg,
N-.oo

where

a = 2-a
12

-a
22

b = a
22

-a
21

c = an+a21-a12-a22

d = l-a
22

e = b22-b12

f = 2-b21-b22

I

I
I
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Proof: From Theorem 9.10 and the definitions of the numbers a

to h above, we have:

and

(1)

(2)

0: - 0:
n+l n

eA
= aO: + bt3 + cy + dn n n

= eO: +ft3 +gy +h.n n n

Summing both (1) and (2) from 1 to N and dividing by N, we obtain:

(3)

and

(4)

Multiplying (3) by g and (4) by c, and then subtracting (4) from (3),

rearranging terms slightly, and letting N --> 00 we obtain the desired

result, since the left-hand side of (3) and of (4) goes to zero. Q.E.D.

By imposing various restrictions on the experimental parameters

and b ..
lJ

a variety of results can be obtained. We restrict
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ourselves here to the consideration of one such case: choice of the

parameters so that the coefficients of 7
n

in the two recursive equa­

tions of Theorem 9.10 vanish. Moreover, we compute only the asymptotes

of an and ~n' although it is not difficult to find explicit expres­

sions for arbitrary n. The method of proof proceeds via consideration

of the mean probabilities aN and ~N' Direct solution of the differ-

ence equations is possible, but more tedious.

Theorem 9.12. Let numbers a to h be defined ~ in 9.11, and let

af-be;io

then

and

lim
n _---? ro

lim
n->CX)

a
n

bh-df
= af-be

ah-de
- af-be

Proof: From Theorem 9.10, the definition of a to ~, and the

hypothesis that c = g = 0, we have:

(1) _ aa
n

+ b~
n

+ d
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and

(2) + f~ + h.
n

Summing both (l) and (2) from l to N and dividing by N we obtain:

and

(4 )

Multiplying (3) by f and (4) by b, subtracting then (4) from (3),

and letting N .... Q), we get:

lim [afaN + df - beaN - bh] = 0,
N .... oo

whence

Since (l) and (2) are simultaneous linear difference equations with

constant coefficients, we know that the asymptotes of an and ~n

exist. Hence by the well known theorem t hat if a sequence

< Yl'Y2'" "Yn"" > of numbers converges to a finite limit y then



lim
N ... co

we conclude from (5) that
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IN.
N LYn = Y,

n=l

(6) lim
n ... ro

bh-dfa =
n af-be

The argument establishing the limit of ~n is similar in character.

Some experimental cases falling within the province of this theorem

have been studied by Atkinson and Suppes [2].
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