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Proof:_
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By virtue of the fact that

P(A_|ANE ) =PrA NANE)/PANE)

-1

and

P(A NE ) =P(E |A )P(A ) =m0 ,

we infer from the last line of the above identities:
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The second of these theorems specifies probability of a response given

that it occurred but was not reinforced on the preceding trial:

Theorem 8.26. Provided that P(A, (E, ) >0 and J# Kk,
—— Jsn k,n —_—

o
2+J,n
P(A. A, OB ) = (1-8) S22,
(04
Jyn+l T j,n  Tkyn 1, 3,0
The proof is analogous to that of 8.25.
It may be noted that the difference between the two conditicnal
probabilities of 8.25 and 8.26 equals ©; consequently the difference

between the two corresponding conditional relative frequencies provides

an additional estimator for this parameter.
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9. Applications\&g Two%Person Game Situstions.

By an obvious generslization of the primitive notions and axioms
of Sections 2 and 3 we may apply the linéar model to two-person game
situations (for experimental results, see [1]}, [2], {5]). As might be
expected, we restrict ourselves to games in.normal form with a finite
number of strategies available to each player. Each play of the game
constitutes a trial in the learning senseo. The choice of a strategy
for each frial,corresponds to the cholce of a response. To avoid the
problem of méasuring utility we assume & unit reward which is assigned
.on an all-or-none basis. Rules of the game are taken to be such that
on each trial there is exactly one correct choice leading to the unit
reward for each player. (For simplicity we are omitting non-reinforcéd
trisls.) However, it should be noted that from a game standpoint, this
unit reward is not the pay;ff on a trial, but rather the payoff is the
éxpected value of the reward. This expected value depends on the
reinforcement §qhemé_§§l§cted by the experimenter; this scheme may be
_fepresentgd by a payoff matrix (aij bij) _whére izl,o,n,rl and

7

jzl,noo,rg with r the number of regponses available to the first

‘player, player A, and r, the number availsble to the second ﬁlayer,

2
" player B. Thus the entries in the payeff matrix are pairs of numbers
(aij’bij)° The number 3 is the probability that player A wins
when A makes response i and B regponse J. Correspondingly,
bij is the prdbability-that player B wins when A. makes response 1
and B response J.

Just as for the one-person linesr model, the axioms are independent

of the selection of any particular probabilistic scheme of reinforcement,
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and they apply to more complicated tWD-pEfson situations than the

game paradigm just descriﬁedu Moreover, although the axioms are

gtated for two subjects, it is apparent that all notions generalize

immediately to n-person situations. The regtriction to n=2 has

been imposed ﬁere because all the interesting deductive conseguences

of the axioms whilch we have yet considered are for twb—person situations.
‘We. turn now to a repid capitulation of formel developments cor-

responding to those in Sections 2 and 3. The result of any trial may

be represented by an ordered quadruple < jl’kl’je’ka >, Where jl is
the response of A, 32 the response of B, k., the reinforecing event

1

for A, and k2 the reinforcing event for B, with Jl’kl=l’”°°’rl

and - J 5k =1,...,T,. Our first primitive notion is then the sample

space X which 1s the set of all sequences of such ordered gquadruples.

We.call X the < rl,r > - response space., As before, our second

2
primitive notion is a countably additive probability measure P on the
Borel field Cg(X) of eylinder seté, Qur third and fourth primitive
notions are the two learning parameters SA and eB for players A
and B respectively.

A notation which is essentially needed only for the definitions
immediately to follow is that if xe¢X and x, =< jl’kl’ja’ke > 1is

h
the nt term of the sequence: x; then

H]

1)
A,n

1
b’

1
o



b
>
a3
5
i
T
PO

(2)
XE,n 2

i
W

(This dual use of the subscript A for respbnses in the next few
lines should not be confusing; subsequently A refers once again to
player A.) The event consisting of response J by subject 1 on

trial n dis defined as might be expected.
-Definition 9.1.
(1) (1) _ .
Aj,n_ix, xeX &XA,H = J} .

-Similarly, we define the event of reinforcing event k by subject 1

on trial n.

Definition 9.2.

E(l) = X:{XEX &xé:ill sk}

s

Qur next definition is for the probability of response by subj

-1 on trial n.

. Definition 9.3.

(1) p(all)y.

pjpn - Js

Since we shall be concerned with sequences which are identical,; or

identical for a given subject, through the nth trial, we want to
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define the appropriste eguivalence classes.
DeFinition 9.4,

[x] = {7: yeX & for m<n, Yy, = x 3

[X]r(li)z {y: yeX & for m < n, ylgi) = xéli) E .

We next define the probability of response J by subjeect i on
trial n given the first =n-1 responses and the first n-1 reinforec-

ing events for this subject.

Definition 9.5.

i i i
_pfcjfn = P(Agji][x]fl_{)

We are now in a position to state our axioms. It is understood

that ot . o, if 1=1, end o) o ir ien.

B
Definition 9.6. An ordered guadruple X = < X,P58,,0, > 18 &
two—p'er_son- linear model 1f, and only if, there are integers ri and

I'.2 such that X Ls_ the <« rl,,:r'2 > - regponse space; P is a proba-

bility measure on CQ(X); 6, g€ (0,1); and the following two axioms

are satigfied for every positive integer n, for 1i=1,2, for every x

in X with P([X]il)') > 0, and for every j and k:

£
P

{
* and j = k then
kKyn — . —_—

i RN

Axiom 1. If xe R
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Pi§3n+l 2'(1'9(#))Pi§3n + oft),

Axiom 2. If x-eElglr)l and J # k then
- g » — -

(1) qeli,(®)

pxj,n+l xJ,n’

In subseguent developments the superscript 1 will be mainly replaced
by other devices. In any'caSe it must not be thought of as an exponent.
We may now formally define the special reinforcement scheme yielding

the payoff matrix (aij,bij)°

Definition 9.7.

@°
i

= P(E&I)llAgl) Nate))

i ;0 Jsn
b, . = P(E(.E)IA(]') nald)y,
id Jsnt"i,n Jdsn

In addition to 9.7 we also need:

Definition 9.8. A two-person linear model X = < X,P,0 ’QB > has

a simple payoff matrix if, and only if, for every n and for every set

W which is an n-1 cylinder set if P(Ag}LI]AgEQ{WW) > 0 then
-—— — ) ¥ B

P(Egl
-l,

(1) 4a(2) (1)) (1) (2
ilAi,n()Ajjn()W) =_P(Ei,nlAi,n(wAg,i)
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and

P(E

|A(l)()A(2)(}W) - P(E(B)l (1)(1 (2))

drn ,n'i,n

In the remainder of this section we comgider only two-person linear
models which have simple payoff matrices and exactly two responseé for -é
each player, i.e., T =T, = 2. _ é
Finally, one last definition to eliminate continual use of the super- |
.écript i. We dencte player. A‘s probability by & and player B's 3
by B, whereas we denote the joint probability of an A( ) and A(E) o

response by y.

Definition 9.9.

_ (1)
% = pl; {
_(2) s
Bn - Pl,n {

EFI
|

=1 e

B‘Q

w
=
i
=l
™
B

Coming now to our first theorem of this section we derive recursive

expressions for Oh and Bnu It is an unfortunate fact, and enormously -
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compliesting to ﬁhe mathematics of two-person situations, that both
o - ens . :

'l apd sn+l depend cn the joint probability term 70 But this
awkward mathematical conseguence of the theory is psychologically
sound: 1if the two subjects are interacting at all it Would be surpris-

ing indeed if their probabilities of responses were statistically

independent.

Theorem 9.10.

o 1= @8 (2-a) 5-a 0 + 8y (apy-ay)f +6,(a) +ay -8 -8, )y
+ QA(l~a22)
Bp1= (1-8g(2-b -0, ))B + © (bea b ) + : B(Py1¥P 501 B0 )7,

+ gB(l"bze)'

Proof: It will suffice to derive the difference equation for

an+l gince the derivation for B ig identical. To begin with we

n+l

observe that

(1) P(Eifg) - P(E(l) g) A(l)r) U a®

5 J Tyn

S:zipmuhﬁﬂn%@ﬁmﬁﬂn%?g




= ay,P (Aﬁ:)iﬂ-ﬁ‘fr)l) 8P (Aifr{ﬂAé

-9l

2

2

D+ Conyrt) 042

+ (1-a22)13(.ﬂé}]31 (\Aéfn).

We next observe that

(2)

Similarly,
(3)
and

(%)

L) - el

= ( l—P(A](_i)l |ASI)1) )P(A](j'r)l)

- P(Aﬁi) —.P(Aj(j'gﬂAJ(hgr)l)n

>

WD - WD o)

p(Aéii ﬂAéi)l) = P(Aé::r)l lAéi)l)P(Aé,er)l)
- (1.~P(’A&2L|Aéi)l) )P(Aéi)l)
= 1—P(Afr)l) - P(Agr)lﬂﬂéi)l)

<1l - 2 ).
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From (1)-(4) we conclude:
(5) P(E(l% - a7y + () ¢ (e,

+ (l-aee)(léan—ﬁn+7n)

-(1-a 00781 )8

1278509 + (=

+ (apyray-a pmag)y, + (T-ag,).
Now by a proof similar to that of Theorem 5.3 we may show that.

(6) O = (-8 GAP(E§TA)°

Substituting (5) into (6) we have:

% = (1800 - 8y{1-a) -ay,)a + 6, (a8, )8
+ Oplaypregy e ey dr, + 8y (1-ay)
= (1-8,(2-a, 5-a,, ) + &, (a5-a5 )8,
+ @ (a11+ael 127807, + 8y (1-ag,)-

The investigation of the asymptotes of an and Bn, or even the

asymptotes of the mean probabilities {over trials) al\]’ and BN is
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difficult and complicatéd. The reason is not hard to find. The pair
of simultasneous recursive equations of the preceding theorem contain
three, rather than two, expressions depending on n, namely, Oh, Bn
and T And a recursive expression for 7y in terms of thgse three
quantities cannot be derived. Fortunately, without pursuing these
questioné we may prove directly that an agymptotic linear sum of &

N

and Eﬁ exists and is independent of BA and GB. Moreover this
linear relationship requires no restrictive hypotheses and mey be

compared in a gtraightforward manner with experimentsal data.

Theorem 9}11.

lim {(ag-ce)d_ + (bg-cf)B,_] = ch-dg,
: K N
N-ow :

where

a = 2-a12-322
b =878y
c =

= 819%851 78078

d = 1-8.22
e = by,-by,
f = 2-b_-b

e e e e




~Olf o

g = byy by by by

h = l«beee

Proof: From Theorem 9.10 and the definitions of the numbers

e

to h ahove, we have:

n+l -n
—_— 7 o
(1) : alt  + an + ey, + a

and

n+1 n
LAt B o - .
(2) ea fﬁn + gy, + h

@)
ft

Summing both (1) and (2) from 1 to N and dividing by N, we obtain:

o -
N+l 1 = = —
o S o oad
(3) NQA a0 + bBN + oy + ol
and
B - B
Ml © "1 = = —
(%) ——__—_--NGB = edp + me + gyt h.

Multiplying (3) by g and (4) by ¢, and then subtracting (&) from (3),

rearranging terms slightly, and letting N —co we obtain the desired

result, since the left-hand side of (3) and of (%) goes to zero. Q.E.D.
ﬁy imposing varicus regtyictions on the experimental parameters

aij and bij a variety of resulits can be obtained. We restrict
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ourselves here to the consideration of one such case: choice of the
parameters so that the coefficients of 1 in the two recursive egua-
tions of Theoreml9.10 vanigh. Moreover, we compute only the asymptotes
of o and f:"sn, z.a.l.though it is not difficult to find explicit expres-
‘sions for arbitrary n. The method of proof proceeds vis consideration
of the mean probabilities o and ‘EN' Direct solution of the differ—

N

ence equations is possible, but more tediocus.

Theorem $.12. Let mnumbers a to h be defined as in 9.11, and let

c =g =0
af - be £ 0O
then .
. bh-af
Mm@ = 2fbe
n —o@
and
; ah-de
1im 5n = af-be °
- oo

Proof: From Theorem 9.10, the definition of a +to h, and the

hypothesis that ¢ = g = 0, we have:

(l) ] V n-.'-l n .

R T
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and
(2) ?Eiﬁ;"_“jl__ e + B +h
) T T n n ’

- Summing both {1} and (2) from 1 to N and dividing by N we cbtain:

o4 -
N+1 1 .5 =
and
= - B _
N+1 1 - =
(4) —we, " o + B + h.

Multiplying (3) by £ and (&) by b, subtracting then (4) from (3),

and letting N — @, we get:

lim [af@_ + af - bed_ - bh]l = O,
W W
¥ -

whenece

(5) lim & . B4

N -

Since (1) and {2) are simultanecus linear difference egquations with
constant coefficients, we know that the asymptotes of an and Bn
exist. Hence by the well known theorem that if a sequence

< yl,ye,noo,yn,npa > of numbers converges to a finite limit y then
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1 .
m 53> y, =V,
oo n=1

we conclude from (5) that

7
i

(6) 1lim CXn = .
n—a
The argument establishing the limit of &n is similar in character.
Q.E.D.
Some experimental caseg falling within the province of this theorem

have been studied by Atkinson and Suppes [2].
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