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both of the models fit in this case, it is possible to solve the equations

relating relative frequencies to the underlying scale values. It does not

necessarily follow, however, that the values assigned by the two models

will be the same. If the scale values are the same, then the two models

are essentially equivalent. On the other hand, if the scale values differ,

then the models can be said to be different, even though both fit the same

data and cannot be distinguished on an empirical basis. In this case all

that can be said is that we have two different scales derived from the

same set of stimuli, much as height and weight are two different 'scales'

in the comparison of human beings. For all of the category I situations

investigated by the authors, the Thurstone and the monotone models yielded

the same stimulus scale values (or rather, the same classes of scale values).

Hence in the region of overlap the models are the same, although, as we

have already said, it is possible to find data which fits the Thurstone and

not the monotone model, and vice versa. We shall now consider the comparison

in detail.

5.2 Comparison of Thurstone and Monotone Models

The monotone model is defined by the following condition:

Condition (1) (Monotone model): For all p, q, l' and s in S,

f > fp,q- r,s
if and only if v-v>v-v.:p q- r s

This condition is equivalent to stating that L_is a monotone incl'eas ing­
r,s

function of the difference (v -v). A given set of observed relative
l' s
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frequencies fits this model if and only if there exist numbers v for all
r

r in S which sati'sfy conditon (1). Suppes [21] and Davidson and Marschak

[5] have investigated sets of conditions imposed directly on the f 'sr,s

which are sufficient to insure the existence of these required v's satisfy-

ing condition (1), and therefore assure the fit of the model.

We shall first consider a case in which a set of data fits the Thurstone

model and not the monotone model. One consequence easily derived from Condi-

in S, iftion (1) is that for all p, q and r

other element s of S, f > f
p,s q,s

f > f , then for any
p,r q,r

Therefore, if we are able to exhibit

a set of f's which satisfy the Thurstone model but not the above consequence

of Condition (1), we shall have found the required case of category 2. Let

it be supposed that we are given the numbers

as follows:

1

z ,z,z andz
p,r q,r p,s q,s

2z
p,r

zp,s

=

1
=

zq,r

zq,s

=

=
2

Now, if the relative frequencies

according to the equation:

f
r,s

are defined in terms of the z's

f r,s
1

=
/2rr

we obtain a set of f' s for which f > f but
p,r q,r

consequence follows immediately from the fact that

f < f (this
p,s q,s

f is a monotone
r,s
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increasing function of z ). Hence the set of f's thus defined does
r,s

not fit the monotone model. On the other hand, it does fit the Thurstone

model, since if we define:

v = 1 cr = 1
P P

v = 2 cr = 3q q

v = 0 cr = 1r r

v = 0 cr = 3,s s

we find that these numbers satisfy equation (32) of Section 4.2. Hence the

given f's satisfy the Thurstone model.

The authors found considerable difficulty in constructing a counter-

example to prove that there are sets of data which satisfy the monotone

model but not the Thurstone. The actual example given here is in some ways

unsatisfactory, since it involves a continuum of stimuli for its realization.

Before describing the example in detail and outlining the rather difficult

proof, it may be useful to give a heuristic argument that such examples

ought to exist. In the Thurstone model the relative frequencies f
r,s

are completely determined by the scale values v and the discriminal
r

dispersions cr. This is so because the z 's satisfy equation (32) of
r r,s

Section 4.2 and are thereby determined by the v's and cr's, and the f 's
r,s

are functionally related to the z 's"r,s
This is not true in the case of

the monotone model, in which it is always possible to transform the f's by

any monotone increasing transformation of the interval [0,1] into itself,

which is symmetrical about 1/2, and still obtain the same scale values v
r



Therefore if we are given any set of f's which fit both the Thurstone and

monotone models (and we shall see that such sets exist), it will be possible

to transform these by any such monotonic transformation and have the monotone

model still fit. However, we do not have the same freedom to transform f 's

which fit the Thurstone model, because some of them are determined uni~uely

by others. Thus, it should be possible to transform a set of data fitting

both models into data which fit the monotone model but not the Thurstone.

Unfortunately the solution to the e~uations relating the z's to the v's

and a's in the Thurstone model is so difficult that actually constructing

a finite example along the lines suggested by the heuristic argument is not

practicable. Hence the argument given below, which depends upon certain

limiting considerations, is used instead.

Let the function rr be defined over the real numbers such that

(42) 1rr(x) ;
j2;c

00.

rr(x) is a strictly monotone increasing function of x, and so is its

inverse
-1

:IT (x); also rr carries the real line into the interval [0,1].

Now, let S be the set of real numbers, and suppose that for any two real

numbers rand s,

for

f
r,s

~ rr(/r-s)

;1rr(- Js-r) for

r>s

r < s ~/

Letting the set of stimuli 'be' the set of real numbers may seem illegiti­
mate. Actually, all that is re~uired is that we have a set of stimuli
whose scale values range over the real numbers.
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Clearly the set of stimuli whose relative frequencies are given by

satisfy the monotone model, since we may define

f
r,s

(44)

to get:

U :: r,
r

f ; 1£( ';u -u) for r > s.
r,s r s

f is seen to be a monotone increasing function of (u - u ), and hence
r,s r s

U may be taken as the scale value of r satisfying Condition 1.
r

Now, however, we shall show that the given set of f 's do not
r,s '

satisfy the Thurstone model. It follows from equation (43) above and

the developments of Section 4 that for all r > s,

(46)

Hence, from equation (32),

z ; jUr - Us ; Ir - s .r,s

(47)
v -v

r s for all r> s.

Now, it will be shown that there can be no functions v and a

satisfying (47) for all r> s. First, we may assume that vO ; 0 and

a
O

; 1, since given any solution to equation (47) we can transform it

to one in which vo ; 0 and a
O

; 1. Now, setting s; 0 in equation

(47) we get: for all r> 0,



for all

(48)

or

(49)
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v
jr= r ,

ja; + 1

v2
2 r

a = - - 1
r r

r> O.

·Finally, for all r> s> 0, we have:

v -v
r s

Jv; + v~
r s - 2

Equation (50) can in turn be transformed to: for all r > s > 0,

(51)
v2

r-.- +
r

2
V

s
s

- 2 =

(v _ v )2
r s
r - s

Next, we make use of the fact that v
r

is a strictly monotone increas-

ing function of ro This follows from equation (47), which implies that

r> s if and only if V > V 0

r s
It follows from this that there is some

interval not including 0, say [a,b], and a fixed constant c > 0 such that

for all b > r > s :::. a,

(52)

2 2
v v

r s-+--2>cor s

Hence, from (51), for all b> r> s> a, we have:

(v _ v )2
_;o.r s_ > c,

r-s
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or

v - v > Jc(r-s)r s

Now, we divide the interval [a,b] into

[al ,a2],·· .,[ai,a(i+l)],·· .,[a(M_l),b],

i=l, •.. ,(M-l). Then we have:

M equal Elub-intervals:

b-a
where a(i+l) - ai = M for

~>Jc M .

Finally, equation (55) yields the conclusion:

Since M can be made arbitrarily large, it follows that (vb - va) would

have to be larger than any finite number, which is a contradiction; hence

the Thurstone model does not fit these data.

It has now been shown that situations can arise both where the

Thurstone model is satisfied and the monotone not and vice versa. The

situation remaining to be investigated is the one in which both models

simultaneously fit the data to see if under these conditions they both

yield the same scale values. We have not been able to determine whether

the two models always yield the same scale values when both fit the data,

but there is a large class of situations in which the scales are the same.

These are precisely the situations fitting Thurstone's Case V, in which
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the variancES are all equal (see equation 34).

for all r in S, and

v - v
r sz =r,s k

In this case

,

is constant

where k = j2 (J and (J is the discriminal dispersion for all the stimuli.

Here, provided there eXist v's satisfying the Thurstone model, they will

be linearly related to scale values obtained from the monotone model. This

follows from the fact that if u is the scale value from the monotone model,
r

we have:

f
r,s

v - v
= 11( r k s) > f

p,q

v - v
= 11( P q)

k

if and only if u-u>u-u.
r s p q

Hence, for all p, q, r and s in s:

v -' v > v - v if and only if u - u > u - u .
r s p q r s p q

It can be shown that, under the restriction of certain equal-interval

'structural' conditions [21], any two sets of numbers v and u related
r r

by condition (59) must be linear transformations of each other; therefore

the scale values v of the Thurstone model are related to those of the
r

monotone model by a linear transformation.

The relationship between the Thurstone and monotone models may be

summarized as follows: (1) they are not mutually exclusive, but there may

be situations in which either fits and the other does not; and (2) for at

least a large class of situations, corresponding to Thurstone's Case V,



both models fit the data and yield the same scale values. On the other

hand, the question remains open as to whether there could be any cases

in which both models fit the data but nevertheless yield different sets

of scale values.

5.3 Comparison of ~ Thurstone and Luce Models

We shall not here attempt to sketch the details of the general theory

from which Luce obtains scale values of sets of stimuli [13]. It is

sufficient to state that the theory is concerned with a set S (which

may be interpreted as stimuli), subsets T of S, and a probability

P(r;T) which is the conditional probability that a subject will select

stimulus r from the set T on the basis of some criterion. Luce's

theory may be applied to the paired-comparisons situation by interpreting

f as the probability that the subject will pick r as higher on the
r,s

scale if choosing only from the set tr,s3. The relative frequencies

obtained from paired comparisons are thus seen to be the special cases

of Luce's general situation in which stimuli are chosen from two-element

sets only.

The central assumption of the Luce model, as applied to the paired-

comparisons situation, can be formulated as follows: for all r, s in S,

(60) f r,s

v
= _-::.r__

V + vr s
,

where v and v are the scale values of the stimuli rand sr s

respectively. A set of data fits the Luce model if and only if there
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S which satisfy condition (60). It

can be shown that the necessary and sufficient condition that there exist

a solution to the set of equations (60) is that for all r, sand t

in S,

and

f
r,s

-f-
s,r

f
s,t

-f­
t,s

f
= r,t

f t,r

(62) f +f =1.r,s s,r

It is probably already apparent that in general sets of data which fit the

Thurstone model will not fit the Luce model. Equations (61) and (62)

indicate that f
r,t

is determined by f ,and
r,s

f
s,t

in the Luce Model,

while, owing to the flexibility of unequal discriminal dispersions, no such

restriction follows in the Thurstone model. Thus we can specify data which

will fit the Thurstone model but not the Luce model.

It is of interest to investigate a general relationship between the

scale values v of the Luce model and the scale values of the monotone
r

model, which corresponds to Thurstone's Case V with certain further

restrictions. In the monotone model, the probabilities f are related
r,s

to the scale values u by a monotonic function ¢, such that
r

(63) f = ¢(u - u ).r,s r s

Equations (60) and (63) imply that for all r, s in S,

(64 )
V

_.::.r_ = ¢(u _ u ).
vr+vs r s



Equation (64) implies that v
r

Hence, we can write:

-45-

is a monotone increasing function D of

v = D(u ).
r r

u:
r

(66) - u ).
s

Now, if u ranges over the set of all real numbers, we can replace u by
r r

a real variable· x and

(67)

u by another real variable y, and get:
s

T)(X) ¢()
() () = x-y.T) x + '1 Y

Replacing x by (x~y) and y by (y-y) in equation (67) yields

(68) ry(X-y) ¢( )
T](x y) + DCO) = x - y

Finally, clearing equation (68) of fractions and setting x=y+z,

(69)

It is well known that the only monotone increasing solutions to the

functional equation (69) are of the form:

(7°) kx
D(X) = '1(0) e ,where k> 0.

Therefore, for all r in S,

(71)
ku

rv = v erO ,
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is an arbitrarily fixed scale value associated with a stimulus o

such that Uo = O. Finally, it follows from (64) and (71) that:

1 +

(72 ) f = ¢(u - u ) = __..,.-r-l__",
r,s r s -k(u u)r se

Thus, it is seen that the only sets of data fitting the Luce model for which

the probabilities f r,s
depend on the differences in stimulus scale values

will be ones in which the dependence is of the particular form (72). Thus,

if the Luce and monotone models both fit the data, the monotone model must

have the form of equation (72). It is therefore obvious that the Luce

model does not fit the data if Thurstone' s model for Case V holds, in which

case:

f r,s
1

= --
j2ri \

(u -u )/ (J
r s

-co

However, if the Luce model fits the data, Thurstone's Case V does not hold,

but we have not discounted the possibility that Case III might.

We have now shown that there may be data falling into category 2,

i.e., data fitting the Thurstone and not the Luce model. The question

remains as to whether there may be data in category 1 (fitting both models)

or category 3 (fitting the Luce but not the Thurstone model). Luce [13]

has given a general proof that any set of data fitting his model will not

fit the Thurstone model, provided this model is generalized to permit the

subject to pick the highest stimulus from a set of three or more stimuli.
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This proof is not directly applicable to the Thurstone model being considered

here, since paired-comparison judgments amount to choosing the highest stimulus

from sets of just two stimuli. Furthermore, the elementary argument given by

Luee cannot be modified in any simple way to apply to the paired-comparisons

case. The authors have been as yet unable to determine whether or not there

may be sets of data fitting both models, nor have they been able to solve the

problem of determining whether there are any sets of data which fit the Luce

model but do not fit the Thurstone.

* This paper "as written while the authors were attending the 1957 Social
Science Research Council Summer Institute on Applications of Mathematics
in Social Science. The research was SUPPorted in paI't by Stanford
University under Con,tractIffi l7l-034 with Group PsycholOgy Branch, Office
of Naval Research, by ,.social Science Research Council, and by, Education&l
Testing Service. '
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