




































































the introduction of nonsymbolic computational processes, so characteristic
of modern neural networks. More than two centuries after the death of
David Hume in 1776 we again find ourselves returning to associations,
now often in the form of neural networks. Currently they occupy the domi-
nant place in the conception of the mechanisms of thought. Not everyone
will agree with the formulation I have just given. Many will claim that it is
still just too strong to say this, that there are other modes of thinking that
remdin of great importance. I am skeptical of that. I am happy to push the
thesis that those other modes are themselves splendid examples of condi-
tioning, for example, the mental computations of arithmetic, the algorith-
mic rules we all learn early. If we turn from such algorithins with the con-
tempt with which many cognitive scientists and some mathematicians do,
then the response is even better. Surely the evidence is that the best and
hardest mathematical proofs arise, not from some linear, nicely formulated
line of explicit reasons, but from random, scattered, jumbled associations
of the kind mentioned in the passage from James and the one from Ha-
damard. Only later is an orderly exposition of justification found.

To push these ideas further, in 1969 I gave a clear mathematical
proof that, just from ideas of stimulus and response, we could generate fi-
nite automata (Suppes, 1969). In a later article (Suppes, 1977), I showed
how to extend these ideas to an arbitrary Turing machine, all operating by
conditioning, that is, by special cases of association. The argument is am-
plified in Suppes (2002, ch.8). From a psychological standpoint, these con-
structions of finite automata or simulated Turing machines are too simple.
No doubt the actual computational processes in the brain using associations
extensively are more devious and complicated. Moreover, we do not begin
language learning with a mind that is a tabula rasa. Much structure and re-
lated processing is constrained by our common genetic inheritance. It is
then above all association or conditioning that shapes the further deveiop-
ment. :

There is one additional point I want to make to those who remain
skeptical about association. Think about your own methods of memory re-
trieval, and then try to give a theory that does not deeply involve processes
of association. :

Freedom of association. As some may note, the title of this section is
meant as a double entendre. On the one hand, I have in mind associations
in the brain, and on the other, the great historic libertarian demand of free-
dom of association for the individual. But it is the brain about which I am
serious at this point. Let me be explicit about what I want to mean by free-
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dom of association. | have in mind a hierarchical conception of how we
make rational choices. To begin with, we must satisfy our habits. With sat-
isfaction of the constraints given by habits or some specific computations,
we are then left with an unresolved set of choices. How should we choose
from this set? The classical wutilitarian method is by maximizing utility. The
classic algebraic theory I consider a hopeless enterprise, for reasons al-
ready given, The rational individual, who satisfies the constraints of habit,
is one who is freely associating and choosing that one of the remaining
available set of options that seems most attractive, based on past associa-
tions that are brought up, as can be the case in buying a house, or, in other
instances, by the association to anticipated events. Often, a glimpse at
something attractive nearby sets off the train of associations. Belief in the
relatively high frequency of this last case is a fundamental tenet of adver-
tising.

The immediate reaction of some readers may be to challenge this
probabilistic mechanism of choice as normal. They may recall (perhaps 1
should say, associate) their earlier encounter with the literature of psycho-
analysis and its emphasis on the central role of free association in interpret-
ing dreams or analyzing repressions, slips of the tongue and many other
phenomena. But the centrai role of association in our mentat life was not a
Frendian discovery. It goes back at least to Aristotle. Here is Freud de-
scribing the associations arising from the interpretation of a dream:

And next, we obtain these associations. What they bring us is of the most vari-
ous kinds: memories from the day before, the “dream-day’, and from times long
past, reflections, discussions, with arguments for and against, confessions and
enquiries. Some of them the patient pours out; when he comes to others he is
held up for a time. Most of them show a clear connection to some element of
the dream; no wonder, since those elements were their starting-point. (Freud,
1971, p.11) :

It does not sound much different from one of the carliest references to as-
sociations in various passages of Aristotle’s On Memory and Recollection.
For example, _

It often happens that one cannot recollect at the moment, but can do so by.
searching, and finds what he wants. This occurs by his initiating many im-
pulses, uniil at last he initiates one such that it will lead to the object of his
search, For remembering consists in the potential existence in the mind of the
effective stimulus; and this, as has been said, in such a way that the subject is.
stimulated from himself, and from the stimuli which he contains within him.
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But one must secure a starting-point. This is why some people seem, in recol-
lecting, to proceed from foci. The reason for this is that they pass rapidly. from
one step to the next; for instance from milk to white, from white to air, from air
to damp; from which one remembers autumn, if this is the season that he is try-
ing to recall. ... . _

If one is not moving along an old path, one’s movement tends towards

* the more customary; for custom now takes the place of nature. Hence we re-
member quickly things which are often in our thoughts; for as in nature one
thing follows another, so also in the actualization of these stimuli; and the fre-
quency has the effect of nature. ...

That the experience is in some sense physical, and that recollection is the
search for a mental picture in the physical sphere, is proved by the annoyance -
which some men show when in spite of great concentration they cannot remem-
ber, and which persists even when they have abandoned the attempt to recol-
lect, ...

(Aristotle, 1975, pp.303-311)

In the last part of this passage, especially with the reference to fre-
quency, Aristotle is distinguishing between natural and customary associa-
tions. Earlier in the passage, when he mentions Joci he is referring to the
ancient “artificial” art of memory by associating, for example, people with
given places. Ancient and medieval texts are full of a wonderful range of
examples of such use of spatial places as an aid to memory. Aristotle does
not use a Greek term for association, but it is implied in phrases such as
“pass rapidly from one step to the next™ or when he says slightly earlier
than the quoted passage “Arts of recollection occur when one impulse
naturally succeeds another” (p.301). Finally a few lines later on the same
page he describes what are sometimes called his three laws of association.

This Is why we follow the trail in order, starting in thought from the present, or
some other concept, and from something similar or contrary to, or closely con-
nected with, what we seek. (Aristotle, 1975, p.301)

Here similarity is just like Hume’s resemblance, and “closely connected”
with contiguity.

The maxims and heuristics of the ancient art of artificial memory
were aimed at the facilitation of memory, but the associations used, often
with an emphasis on vivid and striking images, are not far removed from
those Freud encountered in the free associations of his patients. (For the
history of the art of memory, see Yates, 1966.)

To make another point, I want to say something more explicit about
what T mean by free associations, since the general theory of associations
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covers a large part of executing practical activities. In such activities the
associations are not free, but conditioned in a fixed sequence to accomptish
the task at hand. As the standard phrase goes, they have become automatic.
Free associations are of a different sort, consciously used in memory
searches, for example, when automatic retrival is not working. Free asso-
ciations are more characteristic during moments of meditation or reverie,
but also as unexpected intrusions of images unrelated to the task at hand,
prompted by any of a great variety of possibilities.

The message [ am trumpeting is that of learning to recognize the
guidance and the help we can get from such associations, and perhaps even
more, from those that do not rise to consciousness, but that are expressed
Jin action by our actual choices. We often describe such choices as instinc-
tual, as “the one I liked but I can’t say why,” or as “the one that seemed
familiar but I can’t explain it.”

Free associations are a mixed bag, some come with positive affect
~ and some not, A good example of “not™ is to be found in the early pages of
Joyce’s Ulysses (1934, pp.7-11) as Stephen Daedalus ruminates about the
death of his mother following Buck Mulligan’s remark that he killed her by
his stubborn refusal to kneet and pray at her bedside as she lay dying. Such
inward-turning ruminations can interfere with the quality of associations
and thus of choi¢es. Experimental confirmation of this claim is to be found
in Wilson and Schooler (1991) and related studies referred to there.

The variety of empirical studies that 1 would classify as relevant to
the understanding of free associations is very large. But there are two
broad, not quite orthogonal, classifications of the most importance. One is
the distinction between those having positive or negative affect, and the
other is between being inward or outward directed. The connections be-
tween ruminative, negative-affect associations and psychological depres-
sion have been much studied. The detailed complex conclusions cannot be
summarized here, but a good overview is to be found in Nolen-Hoeksema
(1991).

Even though I am persuaded that the theory of rationality, or of free-
dom for that matter, in the fullest sense should include the psychological
concepts and problems mentioned in the preceding patagraph, it is not fea-
sible to go further here. I do think there has been far too much separation
between the conceptual approaches to choice behavior of economists, on
the one hand, and social or personality psychologists, on the other. Only in
the empirical studies of consumer behavior have we as yet seen a real re-
duction of this separation. :
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A formal remark on utility. Even though I am, as already expressed,
skeptical of the grander schemes of how expected utility is maximized in
the choices of ideally rational persons, there is a natural connection be-
tween the probabilistic phenomena of free associations in choice and
random utility models. Much of the current literature on choice in the so-
cial sciences, especially economics, uses random utility functions (e.g.,
McFadden & Train, 2000). A strict derivation of such utility models from
basic assumptions about momentary mental associations is straightforward.
We sketch the mathematical argument here. We define the momentary ran-
dom utility of a choice response r at time ¢ by the sum of the strengths of
momentary associations of the brain image of r to brain images of scenes,
pictures, persons, and so forth at . The decision rule is now that a choice
response r is made at time ¢ if its momentary random utility at ¢ is the
maximum among choice responses available. In other words, among the
possible choice responses, the probability of choice response » occurring is
just the probability that at time # the momentary associative strength of the
brain image of r is the largest. The essential connection of utility to free as-
sociations is made by using fluctuating random utility functions, which
literally change from moment to moment, as advertisers realize and depend
on to promote their products.

2.4. Psychological nature of the verification of informal mathematical
proofs (Suppes, 2005)

Even less than what was said in the first example on fruth computations
can be easily said about the intuitive steps, without explicit formal verifica-
tion, in informal proofs. But I would defend the proposition that in such
proofs we continually use patterns of associations that are more compli-
cated and subtle than those needed in my truth examples. Yet I suggest, it
is a feasible psychological project to survey the main features of such pat-
terns in the informal proofs that occur in a given area of mathematics.
Memory of many such patterns is undoubtedly a mark of being an expert in
a given domain. Perhaps even more important is having a feeling of how to
judge correctly the similarity of a prior pattern, widely held to be valid, to a
new one being evaluated. Such experienced judgments of similarity are not
at all special to proofs, but occur in every area of experience from case
studies of the law to athletic skills of every variety. The content is special
to the domain, but the general empirical character is not. (For an introduc-
tion to the formai aspects of the large psychological literature on similarity,
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often an intransitive relation due to thresholds, see Chapter 14 on prox-
imity spaces and Chapter 16 on representations and thresholds of Suppes,
Krantz, Luce, and Tversky (1989), which also contains extensive refer-
ences.)

- What I have said is too general, but can quickly be extended to more
specific considerations by examining some examples of informal proofs.
For reasons of space, | restrict myself to two.

Example 1. Proof of an Archimedean axiom, taken from Royden
(1963). The axiom C referred to in the proof is the standard completeness
axiom: every nonempty set S of real numbers which has an upper bound.
has a least upper bound. Here is the theorem and informal proof, as given
by Royden:

Axiom of Archimedes: Given any real number x, there is an infeger n such
thatx <n.

Proof: Let S be the set of integers k such that & < x. Since $ has the upper bound
x, it has a least upper bound y by axiom C. Since y is the least upper bound for
S,y — Y cannot be an upper bound for S, and so there is a k£ € S such that k>
y—Ya. Butk+1>y+%>y andso (k+ 1) ¢ S Since £+ 1 is an integer not in
S, we must have & + 1 greater than x by the definition of S.

(Royden, 1963, p.25)

As expected, there is no filling out of obvious simple arguments. For ex-
ample, “y — ¥ cannot be an upper bound for S.* The formal expansion is
obvious but tedious. What is important here, and critical for informal
proofs, is the power of ordinary language along with a minimum of nota-
tion to describe the argument that could easily be written as an algorithm.
In saying this T am not claiming that we know how to write general algo-
rithms for any such gaps. In general form they may not exist, because of
well-known undecidability resuits, or high lower bounds on such decision
procedures as Tarski’s for the first-order theory of real closed fields. The
last sentence of the proof exhibits a similar use of ordinary language to
summarize informally the argument.

Example 2. This one concerns equivalents of the axiom of choice. I
take the example from my own book on axiomatic set theory (Suppes,
1960/1972). A useful maximal principle, due independently to Teichmiiller
(1939) and Tukey (1940), is characterized by detfining when a set is of fi-
nite character, which is true of a set 4 if and only if
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(i) 4 is anonempty set of sets, 7
(ii) every finite subset of a member of 4 is also a member of 4.

The intuitive idea behind this formulation is that a property is of finite
character if a set has the property when and only when all of its finite sub-
sets have the property.

Teichmiiller-Tukey Lemma: T. Any ser of finite character has a
- maximal element.

The theorem of interest is:

Theorem: The Teichmiiller-Tukey Lemma T is equivalent to Zorn's
Lemma Z.

Recall that Zorn’s Lemma states that if 4 # 0 and if the sum of each non-

empty chain which is a subset of 4 is in 4, then 4 has a maximal element,

where 4 is a chain if and only if 4 is a set of sets and for any two sets B
and Cin A4 either BC Cor CC B.

Proof: We prove only the first half, namely, that Zorn’s Lemima (Z) implies the
Teichmiiller-Tukey Lemma,

Let A4 be a set of finite character, and let C be any chain which is a subset of 4.
To apply Z we need to prove that U C € 4. Let F be a finite subset of U C,
Then F is a subset of the union .of a finite collection D of members of C, for
each element of F must belong to some member of C and there are only a finite
number of elements in F. Now since D is finite and is a subset of the chain C, it
has-a larpest member, say £; and F must be a subset of E, for otherwise C
would not be a chain. E € 4, whence since 4 is a set of finite characier, F € 4;
but then alse U C € 4. The hypothesis of Z is thus satisfied by 4 and by virtue
of Z, A has a maximal element.

(Suppes, 1960/1972, p.249)

A first rough comparison to the length of this informal proof to for-
mal ones that assumed the same background of prior theorems may be
made using empirical data in Suppes and Sheehan (1981, p.79) on the
length of nine formal proofs made by students in a course I taught for
many years on set theory, for which a computer-based proof checker was
developed and then regularly used. (Details are in the article just cited.)
The mean length, is terms of number of lines with explicit inference rules,
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was 41.8, with the min = 25 and the max = 61. As expected, the informal
proof given above is much shorter. '

The central characteristic of this informal proof, like the previous
one, is the use of ordinary English sentences with some embedded mathe-
matical symbols to summarize intuitively individual arguments, each of
which correspond approximately to a number of steps in a formal proof.

A psychological point about this linguistic feature of many informal
wiitten - proofs is the implication for understanding such sentences. Un-
doubtedly the problem of being satisfied with a personal verification of an
informal proof is quite dependent on the intuitive mathematical clarity of
the written form of the informal proof. So, often it is not the overall struc-
ture of the proof, but the difficulty of comprehending individual sentences.
To comprehend such sentences the reader often needs to be able to build a
mathematical mode! satisfying the sentence, and often some other sen-
tences as well as visnal graphs and the like, at least in sufficient detail to
feel the model is.enough. Mathematicians are good at this. It is-an essential
part of what they have learned. Intellectually, this differs from algorithmic
checking in a way that is parallel to the difference between model theory
and proof theory. ‘

From a broader perspective, the contrast between formal and infor-
mal proofs is striking. A formal proof manipulates symbols, and to check
such a proof a computer program needs to have no understanding at ali of
the symbols to make an evaluation of correctness. A corresponding infor-
mal proof ordinarily does not mention mathematical symbols or language
of any sort, but only mathematical objects, numbers, not nurnerals, opera-
tions on sets, not the notation for the operations, etc. The linguistic
demand, in this case, is semantically driven, not syntactically. Understand-
ing of the informal language used to talk about nonlinguistic mathematical
objects is necessary.

" Finally, I want to emphasize that the model sketches, as I am calling
them, used to check informal proofs, are special to mathematicians only in
part, not in their general psychological features, which are surely shared by
architects, builders, and designers of all kinds who rely on a variety of im-
ages, externalized on paper or on a computer screen, but also images of the
imagination, to facilitate thinking about whatever problem is current. -
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3 BRAIN COMPUTATIONS AND REPRESENTATIONS

On the basis of the sound methodological principle that properties of the
mind are really properties of the brain, it is useful to see what can be said
about informal proofs from the standpoint of brain activity, even though it
is obvious we have at present many mental concepts we cannot character-
ize in terms of what we know about the brain.

The first observation is one that brings us back to formal proofs. It is
widely recognized by almost everyone working on the subject that ali com-
putations are physical computations. In other words, any actual computa-
tions require a physical embodiment. This does not mean that digital com-
puters are in any sense the universal model of how computations are made.
Natural computations in the biological world have an endless variety of
physical embodiments. The computational nature of DNA as the genetic
_code is probably the greatest single scientific discovery of the second half
of the twentieth century. But the problems of understanding the physical
computations of the seemingly simple motions of the thousands of insect
species are overwhelming in their complexity and diversity. How, for ex-
ample, does an ordinary house fly compute its escape route of flight from a
detected predator?

Forimal proofs are certainly recognized as having relatively easy im-

“plementation as physical computations on a digital computer. Whatever
abstract talk there is about the meaning and implications of a formai proof,
the verification of the proof is a recursive physical process, painfully ex-
plicit in its détails, as emphasized earlier from a different petspective.

Something similar has to be true of informal proofs, with brain com-
putations replacing digital ones. A much too simple model of such brain
computations was given earlier in the analysis of how the truth is computed
of ordinary empirical statements about highly familiar matters, such as the
most obvious sort of geographic or demographic facts. At the psychologi-
cal level, the method of computation proposed is that of association.
Informal proofs are a triumphant application. At least until recently, many
psychologists unfamiliar with the detailed analysis of mechanisms of com-
putations were inclined to be skeptical of such a claim. But the general
compiexity analogy with digital computers is too obvious to tolerate any
wholesale rejection of association as the primary basis of the brain’s com-
putations. Yet, as I have already stated, it is a long way from Minsky’s
simple universal Turing machine (1967) with four symbols and seven in-
ternal states to the complexity of a digital computer with progratns able to
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defeat the best human chess players, for example, or make a trillion com-
putations to predict the weather. So it is with the brain, from the simple as- -
sociations of small invertebrates like Aplysia to the most intricate math-
ematical proofs.

I have introduced, in these last paragraphs, many inadequately devel-
oped ideas about how the brain works. Fuil details are available nowhere,
but will undoubtedly be a subject of intense research for many years to
come. There is not space to try to say in a careful way what I think we do,
at the present, know. So I will end with two remarks, one speculative and
one empirical. :

The first remark concerns meaning,. It is a standard complaint of
many years that Hilbert’s formal systems for the foundations of mathemat-
ics turn mathematics into a meaningless game. The arithmetic of numerals,
as opposed to numbers, has nothing like the rich content of genuine num-
ber theory or geometry, a source of endless intuitions and meaningful rela-
tions. The new home of Hilbert-style formalisms is, of course, in computer
science, and much more broadly, the programming efforis throughout the
world to use formal languages to write computer programs, which imple-
ment solutions to a vast array of tasks and problems. There is no additional
sense or meaning given to the computer as part of these programs. It is
formalism all the way down, but with physical embodiment. Moreover, it
is hard to think of its being any other way.

Detailed thinking about the brain moves in the same direction. There
is no mysterious Fregean sense lurking somewhere in the cortex, ready to
supply meaning as needed, The meaning of a word, a phrase or a sentence,
like the meaning of a perceptual image, is to be found in a welter of asso-
ciations, or, to put it more soberly, in associative networks that are, in
humans, if not in Aplysia, of great complexity. Of course, to put it this way
is too bald and simple, as if reference to complexity were sufficient to ex-
plain how a predictive model of the weather computes an estimate of what
the weather will be like the day after tomorrow. It helps not at all, in con-
crete terms, to say the program uses a terabyte of memory and computes at
the rate of two terabits a second. Sustained research will be required for the
indefinite future to untangle just how the brain is computing any important
task, but the associative nature of the computations is, on present evidence,
a reasonable conjecture.

Displacing the Aristotelian and Cartesian conceptions of mind, at-
tractive and empirically sound as they were in many respects, will, when
fully accomplished be comparable in intellectual importance to the dis-
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placement of Ptolemaic astronomy by that of Copernicus, Kepler and New-
ton. This philosophical and scientific revolution of the mind was given a
big boost by Hume’s Treatise of Human Nature (1739/1888). Moreover,
the claim that the workings of mind reflect above all the workings of col-
lections of synchronized neurons linked in a complex associative network
is broadly accepted already in neuroscience, and much of psychology, but
by no means to the same extent in philosophy.

The second and final remark is more down to earth and empirical. An
early question that arises in thinking about how the brain processes ordi-
nary language, including that used in informal proofs, is, how does the
brain process linguistic input, i.e., language for listeners? (The question of
linguistic output, i.e., speech production, is even more complicated.) Here |
have in mind the relatively simple question of just what can we say about
the initial brain processing of words and sentences heard. (I consider here
only spoken language, but most of what I have to say applies just as weil to
the visual process of reading.) Now the analysis of sentences as finite se-
quences of words, and the analysis of words as sequences of syliables, and,
at the more detailed level, sequences of phonemes, is widely accepted as
being approximately correct. In addition, for many reasons, it is a sensible
hypothesis to expect that the methods of brain computation are likely to
preserve approximately the temporal order of words in sentences, syllables
in words, and so forth.

To test this idea in brain data is to test a hypothesis of structural iso-
morphism between spoken sentences and their brain representations. I
summarize some unpublished work with my younger colleagues (Suppes,
Perreau-Guimaraes, and Wong, In press). Sentences are presented audito-
rily or visually, one word at a time on a computer screen, at the temporal
pace of the anditory recordings. Electric waves in the cortex, time-locked
to the presentation of each sentence, are recorded for each subject using
standard electroencephalography (EEG) techniques. Various linear models,
such as those based on Fourier transforms and filters, or one-layer neural
networks, are used to eliminate noise and find an approximately invariant
signal (Wong, Perreau-Guimaraes, Uy, and Suppes, 2004). The measure of
success at the first level is being able to classify correctly a significant
number of test trials not used in estimating the parameters of the model be-
ing evaluated. The sentences were of the geographic type mentioned
earlier, and the subjects were asked to judge each one as true or false, and
so indicate by typing ‘1’ for true and <2’ for false. Good, but far from per-
- fect, recognition results were obtained by sets of sentences of size 24, 48 or
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100. We also isolated in the temporal sequence of presentation, individual
words to which the same moedels were applied.

Let f'be a one-one function mapping each sentence s to its brain rep-
resentation f{s). Let g be a corresponding function for words. Then our test
of structural isomorphism is whether or not we can find empirical suppott
for the structural equation, where s = w; w2 ... W,

SR wa o W)= gOwn) 80w2) ... 8.

It perhaps seems too obvious that this equation should hold, just by asking
how else could the brain process sentences. But already at the level of
speech such precise identification is not always easy, so it is a serious
problem whether or not such results can be substantiated in the brain. We
have good support, but not as good as our recognition of sentences, which
is not surprising, since this same relation of relative difficulty holds for
speech. .

Finding support for such a natural isomorphism seems necessary to
get started, but it is clearly a long journey of further results to get to such
questions as how informal proofs are processed in the brain. In this case,
much more than the initial isomorphism of recognition is needed. Semantic
computation in the spirit of the associative networks and model sketches
mentioned earlier are essential. Still, at a certain level the task is well-de-
fined, and I see, at the present, no alternative conception that is more pro-
mising. Whatever empirical route does prove successful, I find it unima-
ginable that there can be a fully satisfactory theory of the verification of
informal proofs that is a priori and devoid of psychological, and ultimately
neutal, concepts and data.
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