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EXPERIMENTAL  ANALYSIS OF DUOPOLY Q P A -  

final  section  consists  primarily of an analysis of the experimental re- 
sults. 

Learning  theory based on the notion of s ~ ~ m ~ l u s  sa 
formulated as a quantitative  theory i a basic paper by Estes 131. A 
more  detailed  formulation  was  given  ubsequently in  several  papers 
by Estes  and  Burke 141, [2]. The version to be considered here i 
most closely connected to that given  in  Suppes  and  Atkinson 11 
Before  giving an  exact  verbal  statement of the assumptions or axioms 
from which we  derive  our  results, i t  will be a ~ p ~ o ~ ~ i a t e  to give 
intuitive description of stimulus  sampling  theory. 

We think of the individual’s making a  sequence of responses or de- 
cisions. In a simple experiment  it  might be a response which consists 
of pressing  one of two  keys  in  order to predict  which  one of two 
lights will flash. In  an economic context a response might  be  the 
quarterly decision fixing the prices of all commodities produced by a 
firm. Stimulus  sampling  theory  postulates that  these responses are 
controlled by a set of stimuli in the environment  from  which the 
organism  samples  subsets.  Each  stimulus  in  this set is  connected 
(“conditioned”) to a possible response the organism may make.  The 
experimenter typically requires  that  an  overt response be chosen from 
a finite set of possible responses at fixed intervals.  In  this case, the 
probability that  the  i-th response in  the  set is made by the organism 
is given by the proportion of stimuli, sampled in a short  interval prior 
to  that  response, which are conditioned to  that  response. In  the simple 
two-choice key  experiment  it may  be  realistic to assume that  there is 
but one stimulus,  say  the  signal  light which  announces the beginning 
of a new trial.  The  stimuli  relevant  to  the  quarterly  pricing decision 
could be very  heterogeneous: the  quarterly  gross profit of the firm, the 
quarterly  net profit of the firm,  pricing policies of competitors  during 
the  past  quarter,  etc. 

After some particular response is made, an outcome  occurs which is 
interpreted by the organism as reinforcing  one of the possible responses. 
In  the simple two-choice experiment it is reasonable that  the outcome 
of the  left  light flashing  reinforces the  left response with  probability 
one. The  objective  outcomes which follow in the  wake of a quarterly 
deeision on prices  have no such  simple  relations as reinforcers of pos- 
sible  responses, that  is, possible pricing decisions for  the  next  quarter. 
In  the  experimental  situation we consider in  this  paper,  there  are 
varying  amounts of reward,  representing  units of gross profit, as out- 





actual application of the axioms, to  the still  stronger 
hat exactly one stimulus is available for sampling. Eow- 

bese restrictive  assumptions are not an essential part of the theory. 

o n d i t i o n i ~ ~  Axioms 
cl. on ever3 t r i a l  each s t i m u l u s  i s  conditioned  to  exactly one 

response. 
C2. I f  Ai,, a n d  0 j . m  are the  response  and  outcome respectivelg 0% 

tyial %, t h e n  a sampled   s t imulus  becomes conditioned  to  response A4 
with p ~ o b ~ b i ~ i t y  c%(j)* 

m a t r i a l  do not   change  their  

C 4  The p ~ o b a b ~ l i t ~  ci(j) that a sample   s t imu lus  i s  conditioned 
to  response A, i s  independent of the   t r ia l   number   and   the   occurrewe 
of ~ ~ e c $ d ~ n ~  events. 

pling Axioms 
o Exactly one   s t imulus  i s  sampled  on  each erid. 
. Given  the  set  of stimuli avai lable   for   sampling on a given 

trial, the  probabili ty of sampl ing  a part icular   e lement  i s  independent 
of t he   t r ia l   number  and the  occarrenee of  preceding  events. 

r i a l  that response i s  made t o   wh ich  the sampled 
s ~ ~ ~ ~ l u s  %s conditioned. 

It may be remarked that Axioms C4 and S2 are “independence of 
path” assumptions which are necessary to prove the theorem that 
when exactly one stimulus  is available the sequence of response random 
variables Al, AZ, A,, 0 0 0 is a Markov chain. Of course, in the 

oly ~ ~ ~ u a ~ i o n  it is the sequence 
s which forms the chain. Deta 

and Suppes [q. T s of the  next section 
kov chains are all 
exact  deductive de 

cesses we consider may be given from these axioms, ~ l t h o u ~ h  
ailed proofs will not be presented  here. 

For those  subjects who were told the price set by their competitor 
t the end sf each  trial, it  is natural to ~ ~ e ~ t i ~ ~  this price as the 

most important  stimulus  for the  next  trial.  In  this case the stimulus 
available for  sampling may change  from trial to trial, and the experi- 
mental  situation may be analyzed as a discrimination problem, involving 
learning to make a differential response to di erent stimuli. Once the 
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On the other hand, the equilibriupa  point  in the sense of Nash is  the 
pair of strategies (L, L), yielding the payoff (16,16). The  game  defined 
by (3) is a form of the prisoner’s  dilemma,  which is extensively dis- 
cussed in Luce and RaiRa [a] .  

The learning theory analysis 
8s should  be clear from the p 
Markov  process are  the orde 
The interpretation of being i 
each subject’s single stimul 
considerations of symmetry 
and (H, L) to obtain dt three- 
different predictions of the %ran 
to those From (L,  H )  to (H, 

// 



ticlns frolx the  state (H, L). 

trees  that fshow the 
one tree Por each o 
tree for (L9 L) is ~~~~~ i 
of branches, the tre 
firm (i.ea, subject) ree 
0 when  both have s 
possibilities, indicst 
(32, O ) ,  Thus e,(32) 
element of each subject ~ e ~ ~ ~ ~ s   ~ o ~ ~ d ~ ~ ~ o ~ ~ ~  to ~~~~~~~ 

Gutcome is ($2, O). 
the eJj) ,  the 4 x 4 
be estimated. This weans that identifiability of the individual con- 
ditioning parameters e,(j) is not possible from the  txnsition  data for 
the 4 x 4 matrix. Also, it is neither reasonable  nor interesting to  
assume no constraints on the c i ( j ) .  " i e  shall, in fact, adopt the pos- 
tulate  that for each i = H, L, the c , ( j )  have a 1iraed-c relationship,' 
which  we  define as follows: 

From -what has been  said EO far,  it is easy to construct t 

and 

On the basis of (5) and ( Q 3  the number of free paranaasters  in the  trami- 
tion matrix is reduced to 4, and the matrix assumes a rather simple 
form in terms of thes efan Q -a.ariting down 
complete matrix, we c he ~~~~~~~~~~ ~~~~~~i~~~~~ 
indicate the methods. we simplify (5)  and (S) 
letting i = j/4 in (5) a e tben hay es for ex8 mple 

4 Certainly  it is plausible to assume that the coeflricients zze monotonrcally axreasmg 
functions of gross profit j, and a linearity pmtulate y:eh% the mathematically simplest 
function  having this property. Empirical support for t1 is &sanptim 1s given in the 
final section. 



(a> (a + bi)(I  - a - 

= [a + 4b - (a2 -t- 8ab + 14ba)] e 

Applying the same  methods to  the  other t r a ~ ~ i t i o ~   ~ ~ ~ ~ a ~ i l i t ~ e ~ ~  we 
obtain the following transition  matrix in terms of the  four  parameters 
a, b, CY and p, where 

A = a2 + $ab + B4b2 

(L,L) 1 A I u + 4 b - A  1 u + 4 b - A  I r h + l - Z a - S b l  

There are three  important  observations  to  be made about the kind 
of economic behavior implied by the  transition  matrix (9). In the first 
place, unlike the  theory of Cournot and  many  other  writers,  the  the- 
ory does not  predict the  eventual adoption of a pure  strategy by either 
firm. Secondly, unlike the  Edgeworth  theory  and  others which predict 
cyclic behavior, the  present  theory  predicts random  fluctuations ira 
behavior for both firms. Equilibrium exists,  but in a statistical  rather 
than deterministic  sense.  Thirdly, the  present  theory is more detailed 
than  the classical economic theories of duopoly, for ~ ~ ~ ~ ~ ~ ~ a ~ l ~  pre- 
dictions about  sequential behavior  can be made from (9) and  even more 
from  the  full  theory embodied in the axioms  given  earlier. As already 
remarked,  from the standpoint of behavior theory, much sf classical 
economic theory  is  defective in not providing a detailed  analysis of 
the dynamic  process  by  which  equilibrium  is  reached.  (This same de- 
fect  is  characteristic of many psychological theories 



4. EXPERIMENTAL METHOD 

The  subjects  were 40 volunteers  from  undergraduate courses  in the 
summer session at Stanford  University.  They  were  informed that  the 
experiment  was a ~ ~ ~ o n ~ ~ a ~ ~ n ~ ~ ~  and that t 
be paid between 
pend on their decisions. They  wer 
knowledge of economies, ranging 
of an A.B. degree in economics. The  subjects  were  run  in  pairs  an 
randomly  assigned to  the  two e x ~ ~ r ~ m ~ n t ~ l  groups. 

The  experimenta 
jects could not  se 
who sat facing  them.  They had cards in front of them  with whic 
to indicate  their responses, and poker ch ip  to use for c u r ~ ~ n ~ y .  The 
experimenter  seated t 

This experiment  is one in which  each of you plays the  part of 
a firm in a simplified economic market.  The  market we have in 
mind is  the following: There  are  exactly  two firms, who between 
them  control all of the goods to be presented. Their  outputs  are 
identical, so that  the buyer has no reason to choose one  over  the 
other except for price. For example, we  may  think of two producers 
of electronic  calculating  machines,  assuming  that  these  two  firms 
are  the only manufacturers of these  machines,  and that  their  outputs 
are so close to  equivalent  that price  provides the only  reason to 
choose one over the other.  We  further  assume  that  each of these 
firms is able  to produce up to,  but no more than,  six calculators  in 
the  time period we are considering, say  every  three months. 

Below is  the specific demand curve we have  postulated for  this 
market.  (The  linear demand curve  was shown to  subjects.) Each 
of you can set  the price of your  product  independently at  either 
four or six  units per calculator. You will note that if both sf you 
set price four,  there  is  total demand eight, while if both set price 
six,  there  is demand for  six machines. Your costs  in producing 
these  calculators  are assumed  to be constant; that is, so far  as cost 
is concerned, it  is irnmaterial  to you whether you produce two  or 
six calculators. b 

To be more specific about  the demand curve  and  the behavior 
of the consumers, we may  imagine that  it  is made  up of twelve 
consumers, the  first of whom is  willing  to pay up  to  twelve  units 
for a machine, the second, up to  eleven units,  etc.  Thus, if both 
of you set price  four, there  are  eight consumers  who will pay four 
units or more,  and ’all will attempt  to buy a machine. If you both 
set  the  same price, the consumers are indifferent as to whom they 
buy from,  and so decide essentially a t  random. Thus  the number 
of customers  buying  from  each of you will vary randomly from 

, 



period to period in  the  event  that you both set  the same price. 
If one of you sets price four  and the other sets price six,  then 

all consumers will attempt  to buy at  the lower price, and the first 
six to  get  there (recall that you can only produce six machines) will 
buy. The remaining  two will buy at  the hig 
if they  were among those who were originally willing to pay the 
high price. That is, among the  eight consumers who were  willing 
to buy at the cheap price, there  were  two who  would only buy a t  
that price and if they  were not among the  six served,  they will not 
pay the high price. 

As  strict competitors, you are not a l ~ o w ~ d  to  get together  and 
form a monopoly. In fact, no communication will be allowed be- 
tween the two of you. Each of you will set  his price independently; 
tell  me that price and I will calculate  resulting  sales  and profits for 
each. The experiment will then consist simply of a large  number 
of these decisions. As I mentioned before, costs are fixed and will 
be fourteen  units per quarter.  Thus, we will subtract  fourteen 
from your gross  sales each period, and  the  resulting figure is your 
profit or loss for that period. We will use these  chips to keep track 
of your profits and losses, and pay you at  the end for the chips 
you have. 

Questions  were  answered by paraphrasing the instructions,  and the 
subjects  were  then  run for 200 trials.  The  amount of sales for each 
subject  for a fixed pair of prices was determined in advance from a 
table of random numbers in accordance with  the distributions described 
above. 

Ten pairs of subjects  were  run  in  each sf the  two experimental 
groups. In both groups, the gross profits on each trial of each firm 
were announced to both members of the pair. In addition, in Group 
T (“Told”) the price that each player had set was announced. In 
Group N (“Not Told’ ’)? only gross lpr~fits were a n ~ o ~ n c ~ d ,  and prices 
set by the opponent were unknown.6 

Figure 2 shows the first result of interest,  the changes  in probabili- 
t y  of the various pairs of responses over the 200 trials, ~ ~ o ~ ~ e ~  in 10 
trial blocks. The response pairs (H, L) and (L, ) have been collapsed 
into a single pair (L,  H) .  These learning  curves are remarkably orderly 
(see also Figure 4 below), but of course show none of the cyclic or 
pure  strategy behavior predicted by classical economic theories of 

5 It is, of course, possible in most, but  not all, cases to determine the opponent’s price 
on the previous trial from the total sales. However, only one subject in  Group N gaw 
any indication of doing this. 
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duopoly. There seems to be some evidence that  the asymptotic response 
patterns have not yet been attained. 
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Several other comments may be made about these curves. First, it 
is clear that  there  are no major differences between the  two experi- 
mental groups. A more exact  test of this  p pot hes is will be presented 
later,  but  it is apparent  to  the eye t 
price on the previous trial does not 
havior of the subjects. Second, it is 
sense maximizing their joint utility. 
one pair of subjects, no evidence of 
One pair of subjects in the “Told” 
for  approximately 40 trials,  but EO other s u b ~ e ~ t s  were able to ~ a i n t a ~ ~  
this collusive behavior for more than B few  trials. 

The next question we ask  is wh the theory demands, the 
behavior of the subjects  is in fact n in the responses. To 
test  this hypothesis, (a test which inc 
tion to a model, but which tests 
Markovian character) we use a xz test proposed  by Anderson and 
Goodman [l]. The null hypothesis is that pz jk = for i, j, k = 1,2, 
3, 4. That is, the null hypothesis corresponds to  the theoretical state- 
ment that knowledge of responses made before trial ‘pz - 1 does not 
change the probability of a given response on trial n. For example, 
knowledge that a person has made two consecutive H responses in- 
stead of an L followed by an H does not affect the likelihood that  he 
will make an H response on the  next  trial. The results confirm the 
hypothesis that  the responses do form  a first order Markov chain. 
For the first 100 trials,  the value of f for Group T does not approach 
significance (xz = 35.83, df = 36? P = 0.49), and for Group N it is just 
significant at  the 0.05 level (xz = 51.51). The test was not run  for  the 
last 100 trials because too many of the cell entries were close to zero. 
(See Table 1 below.) 

Another demand of thê specific modeli  we have proposed here (which 
does not hold for  the multi-stimulus model) is that the process is 
stationary in the observable response pa 
probabilities p z j  do not  change over time. 
tested independently of the model, again us 
Anderson and Goodman [l]. The test can b 
row of the  matrix, and in both groups. 
row (L,  L) are highly significant, while in 
are not. Thus  there is some evidence tha 
ary, although in our opinion it is  not seri 
tion of the model. Readers who  do wish 
model  on this evidence will still find it e 
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from O to 1. Meaningful results will t h w  necessarily be lines with 
relatively flat slopes. The data  for &(Q) were  not used on t b  last 
100 trials because the estimated probability is based (an only 13 obeer- 
vations  and is decidedly out of line with ehe other  estimated probabili- 
ties êL(j) for  the  last 100 trials. It is interesting to ncte that /3 > b 
for both the first  and last LOO trials, which w9 take to indicate that 
when subjects zet the rathpr risky high liricct! they are mow  se:.^. , i r  B 

to the exact amount of reward than irr -!,he case of ~ott',qg the wv 
servative low price. 

Of the  four linear  fits, the one for the high ?rice on t h  Isest 200 
trials is clearly the worst. The  evident departure from Ikcmity WW- 

rants  further study in other  experimertsl situai ;ons, for iz is to be 
emphasized that  the  exact  character of the gcm< '~ess-of-E~ resubs &z- 
cussed below depend heavily spon the mxmption :ka-: d-$ rm cernd;tiolrp- 
ing pammeters cpZ(j) are linear m. the amount of ruwardi. X;; Ss ai~pare 
from inspection of Figure 3 that the Iinewrity  cssi~imptism is not a, bad 
one in three of the four cases 
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P t  is to ‘be remarked that  the assumption of linearity a t  this point 
is not equivalent to  the assumption of a  utility  function which is  linear 
in  money. The conditioning parameters q( j )  mainly describe the 
changes in conditioning from trial  to  trial, given the ~ ~ ~ n f o ~ ~ ~ ~ e n t  and 
response. The new response occurs on an a%B or nom basis of condition- 
ing and is not  due to  an estimation of expected utility.  Even if a 
utility  interpretation  were given to  the response probabilities (see 
Suppes [g]), the conditioning parameters would essentially describe 
changes in utilities and not the levels of utilities. 

Having  estimated the parameters a, b, a and p we may obtain the 
predicted transition  matrix shown in Table 3. The observed transition 
probabilities @%j, based  on the  data from both gr ups, are also shown 

i 

TABLE 3 
PREDICTED AND OBSERVED TRANSITION PROBABILITIES 

(Observed values in parentheses) 

First 180 trials 
(L ,  L )   ( L H )  (H,  L) 

.67 

(.24) (.36) (.19) 
.26 .26 .26 

(27 )  (.11) (.58) 
.34 .O7 .55 

(.07) (.34)  (.51) 
.Q7 .34 .55 

(.14)  (.12) (.72) 
. l5   . l5  

(&m (L ,  L) 
p- 

.O3 

(.07) (.21) 
. l0  .22 

(.58) (.04) 
.51 .O4 

(54) (.OS) 
.51 .Q4 

(.88) (.OZ) 
.83 

East 100 trials 
(LR) (Z L) ( H , H )  

.O8 .O8 .o1 
(.OS) 
-43 

(.OS) (.01) 

(.14) (.70) ( . O 3  
.25 .40 .25 

(.31) (.OZ) (.O31 
.43 .O3 .Q3 

(.07) (.05) (-33) 
.o3 .o3 

S 

for comparison. The agreement between observed and predicted values 
seems reasonably good for both the first and  last k00 trials. We may 
use a xz test  again; in this case the null hypothesis is that  the  data 
(the observed transition probabilities) fit the model (the predicted prob- 
abilities). The xz distribution under the null hypothesis has 12 degrees 
of freedom, but 4 parameters have been estimated; thus  the significance 
level should be interpreted in terms of 8 df. For both blocks of trials 
the  results  are highly significant ( P  < 0.001). In interpreting  these 
results it is important  to realize that  this  test is e ~ t r e m ~ l y  sensitive 
when the number of observations is large-here 2000 for each block. 
Few of the learning  experiments  reported in the psychological literature 
are  interpreted in terms of models that do not yield highly si 
results on overall goodness-of-fit tests. (For extensive discussion of such 
tests, see Suppes and Atkinson [IO].) 

The theoretical matrix may be  used to predict the mean asymptotic 
probability of response. In  Figure 4, the learning  curves  in 20 trial 
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blocks, with  the  data  poled from both  groups, are shown for  the 
probabilities P@), P(L, E) ,  P(&, l?) and P(H, H ) ,  where $(L, H )  is the 
probability of either (L, M) or (Hy L). The predicted asymptotes are 
shown as horizontal Bines  on the  right.  In disc 
remarked that  the learning  curves seem 
asymptotes. This is reflected in the   d i screp~nc~ 
asymptotes  and the curves €or the  last %WS or  three 
trials.  This  same discrepancy is found w ~ e ~  we compute the 
asymptotic mean probabilities on the basis sf the observed transi- 
tion matrix  for  the  last I00 trials  given in Table 3. Toward the end 
of the experiment  the  subjects  were  tending more and 
the competitive low price, with the one exception alread 
would  be desirable to determine if this tendency would be sustained 
over a much larger number of trials. If so, in  order to maintain the 
present  theory it would  be necessary to postulate  systematic  changes 
in the conditioning parameters over trials. (This seems necessary 
for  other  learning experiments as well; see Suppes and Atkinson [IO, 
(Chap. IO)].) 

On the  other hand, it should  be noticed that consideration of more 
than 200 trials is not realistic  from an economic standpoint. When 
each trial is  interpreted as a quarterly decision, 200 trials already 
cover fifty  years. The external environment sf no  duopoly  would  be 
reasonably constant  for  any longer period of time,  and most likely not 
this long. 

Several other'  remarks, may be made about the experiment: It may 
be argued that  the  data were collected in  such  a highly structured 
and oversimplified situation that  they have little relevance to economic 
behavior. This is possibly true, and it would sf course be desirable 
to collect similar data in the field. But  then one runs  into  the prob- 
lem of lack of control of many variables which are obviously relevant, 
but which are not as yet incorporated into  the theory, P t  was prima- 
rily for  this reason that we  chose to do the experiment in the ]laboratory, 
where it was possible to control many more of these variables. This 
is, of course, common practice in  psychology, but economists have not 
generally adopted this' view. 

It is also true  that we were  using naive subjects. I t  is likely that 
two sophisticated economists or businessmen would have  reacted dif- 
ferently in this  setting, perhaps settling on the advantageous monopoly 
price. Although this  statement should  be  verified before it is  accepted, 
it is  a not unreasonable hypothesis, since the s~tuation is extr 
simple, and the results of any behavior can be e 



seem rather to  be in the position of our subjects, 

set form a continuum. athematical problems  involved are sub- 
stantial, although not in ble. A m ~ r e  direct generalization of 
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