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as those foundations resonate elsewhere, and probability is here a
.•.. fine example, led me to a much more purely pragmatic attitude
. towards the nature of probability, which reflects an unwillingness
to commit to any single, sharply defined, conceptual view of how
we use probability. Since publishing that chapter in 2002, I am
ever more persuaded that this pragmatic position is the right ap­
proach. This, by the way, is in certain ways more characteristic of
de Finetti than even his subjective position, or at least so I like
to think.

Finally in 2006, I published the first of two articles on the three
Godfathers of modern decision theory: Ramsey, de Finetti, and
Savage, with an article on "Ramsey's Psychological Theory of Be­
lief." I have in press a similar article about de Finetti, but nothing
in store about Savage, whom I knew even better than I knew de
FinettL The principal point of conceptual relevance to remark on
is my continual viewing of this important early work through the
lens of a broader, psychological theory of behavior that generates
skepticism about overly rational conceptions of human decision
making. (For a late statement of this skepticism, I mention my
2003 article, "Rationality, Habits and Freedom" .)

Stochastic Models of Learning
The second main area of my work using probabilistic ideas has
been my long preoccupation with models of learning. As I ex­
plained earlier, it was only after my introduction to the social
sciences that I began seriously to acquire any extended knowl­
edge of probability theory or of statistics. I mentioned this earlier
in connection with problems of axiomatic work on the theory of .
preference, measurement of utility and measurement of subjective
probability. The work in learning theory took a different turn.
This required detailed use of stochastic processes. Two most dis­
tinctive features of my work have been first, early work with Bill
Estes on foundations of stimulus sampling theory and working out
especially a very thorough and explicit set~theoretical axiomati­
zation. This work was primarily done between the period of 1954
and 1960.

The second related but different contribution was to the asymp­
totic theory of learning models, a standard topic in stochastic
processes. In this case, collaborating with John Lamperti, then
a young probabilist and my constant competitor on the tennis
courts, we first wrote, in 1959 an article entitled "Chains of Infi­
nite Order and their Application to Learning Theory," published
in the Pacific Journal of Mathematics. Such chains are an impor-
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tant feature of behavioral theories in the social sciences, including
both psychology and economics. The reason is that we do not have
a natural Markov cut-off in the theories so that the processes are
for example, only first or second order; that is, what happens i~
the present depends on only one or two time points in the past.
In a chain of infinite order, the dependence has no fixed restric_
tion and, in general, can be regarded as an infinite sequence of
dependency points in past time. We were particularly concerned
to prove that under many standard schedules of reinforcement,
learning models that have the feature of being chains of infinite
order had appropriate ergodic properties. This means that there
existed an asymptotic mean distribution of responses, and sec­
ondly, that this mean was independent of the initial probability
of responding in any particular given way. This last point reflects
the important aspect of ergodic processes: whatever the point of
starting in the past may be under very weak assumptions, with
an ergodic process, this long-term dependency will be wiped out
by subsequent experience. As I have noted on several occasions,
this is, of course, very much contrary to many aspects of Freud's
theory of the mind. In some sense, there is a division of labor here:
both kinds of models reflect something important about human
experience.

In 1960, Lamperti and I published a second article in similar
spirit entitled "Some Asymptotic Properties of Luce's Beta Learn­
ing Model," in Psyehometrika. Luee's model is rather different
from the learning models considered in the earlier article or the
ones developed in conjunction with Estes. The Luce beta model
is a classical additive model so that response strength is increased
additively by each new positive reinforcement. There are many
reasonable aspects of such models, but they do have complicated
asymptotic behavior, and in fact undesirable asymptotic behav­
ior taken in their simplest form. I mean by "undesirable" that
organisms that had such simple additive mechanisms would not
fare well in changing environments where absorption into an as­
ymptotic state from one regime of reinforcement could be hard to
turn around in a new environment, as is generally true of additive
models. In fact, it can be disastrous in the short-term future.

I will mention two other things about such learning models. One
is the series of articles I wrote starting in 1959 on the extension to
a continuum of responses, of the learning models developed ear­
lier with Estes, which always had a fixed finite set of responses.
The generalization works nicely, and the probability theory is as
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anageable in many ways for the continuum case as for the dis­
'ete case. With several younger colleagues I also did a number of
periments to test empirically this extension.
.The second asymptotic item to mention is a favorite of mine: my

1969 article in the Journal of Mathematical Psychology entitled,
"Stimulus-Response Theory of Finite Automata." This was meant
to be my response to linguists and some cognitively minded psy­
chologists who thought that ideas of association or conditioning
were not strong enough to be the basis of any complex behav­
ior. This was a naIve misunderstanding on their part. Very simple

, mechanisms, such as those of a universal Turing macltine, are able
to compute any computable function. Obviously, if the mechanism
is really simple and clumsy, it will take a long time, but it could
conceptually do the job. It was one of the great triumphs of the
20th century to define explicitly and carefully the class of com­
putable functions, and then to show that they can be produced
by various mechanism of a simple sort. It is easy to extend the
proof I gave in this paper from finite automata to universal Turing
machines, and also the same can be said for associative learning.
I had several controversies about the interpretation of the theory.
I returned to this matter and tried to explain in more detail and
more carefully the surrounding intuitions and applications in the
final chapter of my 2002 book, Representations and Invariance of
Scientific Structures.

Finally I will mention that since 1996 I have been conducting
brain experiments using electroencephalographic (EEG) record­
ings. The main focus has been on language, but also to a lesser
extent on auditory and visual images that are not linguistic in
character. I will not try to describe that work here, since the de­
tails are not really strictly within probability and statistics, but
just mention that probabilistic and statistical methods are at the
center of detailed work, not only the kind I have been doing myself
with my colleagues, but with almost anybody else's that aims at
specific and definite recognition or classification results of system­
atic brain activity. By classification I mean classifying a brain wave
of a given word; for example "Paris" , or the brain wave of another
word. In this sense, early work on detailed analysis of language
in the brain is like cryptology: trying to decode how language is
encoded.

I mentioned in the introduction to my response to this question
my interest in education, so I will refer briefly to my long article'
entitled, "Mastery Learning of Elementary Mathematics: Theory
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and Data" which was written with Mario Zanotti in 1996 and
was the last article we published together before his death. It has
been included in a small book of our papers entitled Foundations
of Probability with Applications, published by Cambridge Univer­
sity Press. The intricate details of the learning models and other
probabilistic aspects of students' behavior in learning elementary
mathematics are, I think, too extensive to summarize here. I do
want to stress that work in learning theory by many people over a
long period of time has had an important impact on educational
conceptions of learning, relevant to what goes on in classrooms in
almost every subject.

The many articles referred to in the answer to this question and
the preceding one can all be found in PDP form on my website:
http://suppes-corpus.stanford.edu.

How do you conceive of the relationship between probability
theory and/or statistics and other disciplines?

There are implicit answers to this question in the long response I
gave to the second question, so I will be much more brief here with
a few short observations. Let me tell first the story from my own
angle. When I wrote my long work of 2002, Representation and
Invariance of Scientific Structures, I intended to follow the chap­
ter Representations of Probability by a chapter on statistics. This
chapter was going to be devoted to models of data, following an
article of mine with this title, published in 1962, by an extensive
discussion of data structures and their statistical analysis. In my
own lexicon of distinctions, I think of statistics as being concerned
with such data analysis, and probability not, but probability the­
ory providing often the concepts and methods that are to be used
in statistical analysis.

On the second aspect, the relation of probability theory to other
disciplines, I have mentioned already that a good part of my work
is concerned with applications in various parts of the social sci­
ences, especially psychology. I will just remark here on the some­
what peculiar status of probability theory in physics. It has come
as a great surprise to me to find that in spite of the probabilistic
nature of quantum mechanics in the general sense, the knowledge
of general probability and its use by physicists is fairly restricted.
In many ways, this restriction is shared in the other direction by
specialists in probability theory. Most of those that I know - and
I know or know about a fair number of the people who have been
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prominent in probability theory in the United States in the sec­
ond half of the 20th century - are reluctant to push very far into
quantum mechanics. There are, of course, connections to be made.
I do not want to claim that my own work has been of any real
importance in this respect, but I do want to mention that my first
article on quantum mechanics was entitled, "Probability Concepts
in Quantum Mechanics," appearing in the Philosophy of Science
in 1961. I was especially concerned in this article to compute not
simply the means and standard deviations of probability distri­
butions, but, when possible, the actual distributions themselves.
More generally, I used the so-called Wigner distributions that are
often not proper distributions, but provide something analogous
for the joint distribution of position and momentum. In the case
of the one-dimensional harmonic oscillator, a classic example in
quantum mechanics, in the ground state, the marginal distribu­
tions of position and momentum are independent normal distrib­
utions and therefore have a simple joint distribution. I noted at
the time that the independence of the two marginal distributions
of momentum and position did not seem to be remarked upon
in the standard physics treatment. This same remark applies to
the marginal distributions in the excited states. For example, in
the first excited state, already the two marginal densities are no
longer normal distributions, and the joint Wigner distribution is
not proper, being negative in one interval.

What do you consider the most neglected topics and/or
contributions in probability theory and/or statistics?

My answers have been so long already that I will restrict myself
to some brief remarks on what I think is still a neglected prob­
lem in probability and statistics. This is the discussion of many
different aspects of the concept of randomness. First of all, from
a mathematical standpoint, it is interesting that our standard ax­
iomatizations of probability do not include the concept of ran­
domness. It might be said, "Well, that is easily answered. We can
define it in terms of concepts that are used in the definition of
probability." Certainly there is something to be said that is fa­
vorable to this response, and it has some elements of truth, yet
it is quite clear that no straightforward definition of randomness,
in terms of the usual concepts used in axiomatizing probability, is
agreed upon. Yet, on the other hand, in intuitive characterizations
of what kinds of phenomena are genuinely probabilistic, it seems
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to me that the observable features of randomness are of utmost
importance in our intuitive thinking about probability. Neglect
of such a fundamental concept is surprising. What is especially
surprising is the neglect of this topic in most discussions of sub­
jective views of probability. For example, I have great respect for
the philosophical and foundational character of Bruno de Finetti's
writings about probability, and yet he has not much to say about
the formal problems of defining randomness.

There is a distinction that is natural, but not used as much
as it might be between random results and random procedures.
Much of the discussion, in fact, most of the literature, it seems to
me, is concerned with random results. When does the observable
character of a sequence of outcomes - for example, flipping a coin
- satisfy some definition of randomness we have? On the other
hand, much neglected is the discussion of procedures, especially
if we move on from defining a procedure as simply a mathemat­
ical function, and approach it more from a physical standpoint.
What physical processes do we think generate random results, or,
to put it in a more formal way, what physical processes charac­
terized by physical concepts can we theoretically characterize as
generating random results? Notice that I am characterizing ran­
dom procedures in terms of random results. We might very well
want to seek an intrinsic definition that did not use in such a
strong fashion the results themselves. In any case, it is this and
many other questions that are natural and easy to raise, but seem
to me neglected in many frameworks in which the foundations of
probability and statistics are discussed. This is not to say that
there is not such a large and complex literature on its own on the
characterization, especially of random results, but assessing the
many different kinds of technical results now in the literature is
philosophically challenging, but yet not widely pursued.

What do you consider the most important open problems
in p~obability theory and/or statistics and what are the
prospects for progress?

Again, because of the length of some of my earlier answers, I will
try to keep this one short. But I do think there are important
matters to mention. In the present case, it seems to me the most
important philosophical questions center around the general topic
of the nature of probability, where we still are far from reconcil­
iation of longstanding, strongly held, and ably defended views of
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a different character. These differences are well known, and I will
make no effort to expand upon this remark here.
. The second one is, I think, not often stressed enough. That is

the clarification and deepening of our understanding of the role
of probability in physical processes or, at a different level, in the
theory of physical processes. A simple example is the widespread
occurrence of phenomena that we would expect to have joint prob­
ability distributions in classical quantum mechanics and do not.
Suc1I phenomena are centrally present in many of the issues sur­
rounding entanglement and quantum computing. I know of no
other area of science in which the question of the actual existence
of joint distributions of observable phenomena occupies such a
central and critical role.

.The third concerns the difficulties of reconciling the special the­
ory of relativity as used in quantum electrodynamics and quan­
tum field theory with the standard theory of stochastic processes.
No doubt the difficulties of this topic are involved in the para­
doxes surrounding entanglement at a non-local level of photons,
electrons, or other particles used in quantum entanglement exper­
iments. In a different direction, similar problems arise in giving
a theory of Brownian motion with its probabilistic content kept
central and yet invariant in the sense of special relativity. I have
my own favorite ways of thinking about these problems, but I have
no deep faith in my intuitions and I very likely have ideas that
will in the future turn out to be wrong rather than right. It is
reasonable to conjecture that some new concepts will be needed
to solve what appear to be serious theoretical difficulties that are
deeply puzzling about quantum entanglement.
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